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PREFACE TO PARTS I, II. AND IIL 


THE aim of this book is to provide a course in the Elements 
of Geometry embodying those recent reforms in Geometrical 
Teaching that have been generally approved and adopted. 

Parts I., II. and III. cover the ground of Euclid, Books I., 
IT., III. and Book IV., 1-9 and 15, They also treat of Scales, 
Coordinates, Graphs, the Field Book, Pattern Drawing the 
Forms of Simple Solids and the Graphical Extraction of 
Arithmetical Square Root. 

Each Part comprises (i) an Experimental Section, (ii) a 
Theoretical Section, (iii) a Practical Section. The Experi- 
mental Sections are introductory, and are intended to train the 
beginner in neatness,.accuracy and the use of graduated ruler, 
dividers, protractor, set squares and compasses. Dividers are 
used from the beginning so as to avoid the error of parallax. 
No formal definitions are given, but the beginner is led to 
discover for himself the significance of terms and the 
properties of figures by sets of simple experiments. The 
Theoretical and Practical Sections are intended to be read 
concurrently. Terms are now formally defined and those 
Geometrical Truths that were asswmed as the result of ex- 
periment in the Experimental Sections are now proved theor- 
etically. By using Hypothetical Constructions, Theorems are 
rendered independent of Problems, while Problems are able 
to draw upon a wider range of Theorems for the proofs of their 
constructions. 

In the sequence of Theorems and in the selection of Problems 
I have followed the Schedules sanctioned by the Senate of the 
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Cambridge University for the Previous Examination. By 
slight extensions, however, I have found it possible to em- 
brace, within the limits of the subject-matter, the courses 
prescribed for the Oxford Responsions, the London Matricula- 
tion, the Oxford and Cambridge Locals and the Matriculation 
lixaminations of the Indian Universities. The exercises have 
largely been drawn from past examination papers. Of the 
rest, many are original, but some have been taken from text- 
books on the subject, only, however, when they have been 
found to occur in two or more. Hach set is graduated and, 
in Part I., is generally accompanied by an Examination Paper 
which is always retrospective, so that the pupil may not lose 
touch with what has gone before. All but the easiest exercises 
are marked with an asterisk and hints to their solutions are 
given at the end of the book, while many of the Questions for 
Examination are followed by their answers in brackets. The 
attention of the student is particularly drawn to the exercises 
printed in italics because they give results of importance. 

I am much indebted to Mr. E. Sutcliffe, B.Sc., for his care- 
ful reading of the manuscript and proof sheets, and for many 
valuable suggestions, 


A. E, PIERPOINT. 
Luoxnow, December, 1907. 


PREFACE TO SECOND EDITION. 


{n this edition I have revised the text and made such ex- 
tensions and alterations as I deemed desirable. At the same 
time I have added formal Propositions on the Construction of 
Regular Polygons in and about a circle and on the Coneur- 
rence of Straight Lines in a Triangle, so that Parts I., IL, and 
Ill. may satisfy all the requirements of the Syllabus recently 
published for the School-leaving Examination of the University 


of Bombay. 
A. E. PIERPOINT. 
1928, 


PREFACE 


Part IV. treats of Ratio, Proportion, the Proportional Divi- 
sion of Straight Lines and Similar Triangles. It also treata 
of Maxima and Minima, The book will now be found to 
cover the Matriculation Syllabuses of all the English and 


Indian Universities. 
A. BE. PIERPOINT. 
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Instruments and Apparatus Required. 


Two bSiack lead pencils—one H and the other HH—sharpened to a 
chise] edge. 

Glass paper, for keeping a sharp edge on the lead pencils. 

A flat ruler graduated in inches and tenths of an inch and also in cenw- 
metres and tenths of a centimetre (millimetres), 

A semi-circular protractor. 

A pair of pencil compasses, 

A pair of dividers. 

Two set-squares—one having angles of 90°, 45°, 45°, and the other having 
angles of 90°, 60°, 30°, 

Scissors. 

Tracing paper. 

India-rubber. 

Gummed paper. 

Thin cardboard. 

Tenth inch squared paper. 


K1X 


SUGGESTED ORDER FOR READING THE 
THEOREMS AND PROBLEMS. 


PARTS 


Theorems 1 to 1b, 
Problems 1 to 6. 
Theorems 16 to 25, 

and Additionx] Theorems I, to IV, 
Problems 7 to 12. 


PART UL, 


Theorems 6 to 33, 
rvooiem 13, 
Theorems 34 to 89, 
Problems 14, 15. 
Theorems 40 to 48, 
Problems 16 to 23, 

and Additional Problems I., Il, 


PART Itt 


Theorems A to F, 
Theorems 49 to 58, 
Problem 24, 


PART IV, 


Theorems 54 to 59 
Problems 25, 26, 


PART I. 
EXPERIMENTAL SECTION, 


DRAWING AND MEASUREMENT OF STRAIGHT LINES, — 


Exp. 1. Draw straight lines of the following lengths, using your 
culer; 2 in., 3°5 in., 5-4 in., 13 em., 10°7 cm., 90 mm.,.7°4  in., 
16°7 cm. fjeust a8 


Rule from left to right, and be careful that the lines are the same 
thickness throughout. 
Write the length of each line along it as in Fig. 1, 


Fia. 1. 


If the line to be drawn is longer than the whole length of the ruler, 
draw it in parts, but take care that the parts run on so as not to show 
where they join. 


Exp. 2. Draw half a dozen straight lines of different lengths 
with your set-square. Measure their lengths with your dividers 
and graduated ruler (i) in inches, (ii) in centimetres. 


Write the length of each line along it as in Exp. 1. 

In taking lengths with your dividers (if they have not a screw ad-: 
justment) always open them wide to begin with and then close them 
to the given length by pressing the legs together. Press lightly on the 
points so as not to scratch the ruler or puncture the paper, 

In all cases, if the length you are measuring does not end exactly at 
one of the divisions marked on the scale, guess its measurement to the 
nearest hundredth of an inch or hundredth of a centimetre (i.e:, tenth 
cf @ millimetre) according as you are using inches or centimetres, For 
example ;— 1 
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Fia. 2. 


AB = 0°55 in. 
AC = 1°27 in. 
AD = 2°49 in. 


If the line you are measuring is longer than the whole length of 
your ruler or the span of your dividers, measure parts of it separately 
and then add the results. 


Exp. 3. Draw four straight lines of different lengths with your 
set-square, number them, and guess their lengths (i) in inches, (ii) in 
centimetres. Test your guesses by measuring with your dividers 
and ruler and tabulate your answers thus :— 


—— 
a 


.Guessed Length.“ 


Exp. 4. Guess the number of (i) inches, (ii) centimetres in the 
following, and test your guesses by measuring with your dividers 
and ruler: the length of this page, the length of your pencil, the 
breadth of your ruler, the thickness of this book. Tabulate your 
answers as in Exp. 3. 


Exp. 5. Draw from memory, as accurately as you can, with your 
set-square, straight lines of the following lengths: 1 in., 1 cm., 
2°5 in., 3:2 cm., 5 in., 11 cm. Test your guesses by measuring 
with your dividers and ruler. Write the supposed length and true 
length along each. 


Exp. 6. Draw a straight line 4:3 in. long, using your dividers, 
and measure its length in centimetres. Hence find the number of 
centimetres in an inch correct to the first decimal place. Do the 
same for a straight line 3°8 inches long, and see that in each case 
you get the same number of centimetres to the inch. 


ADDITION, SUBTRACTION AND DIVISION OF LENGTHS 8 


ADDITION AND SUBTRACTION AND DIVISION OF LENGTHS. 


Exp. 7. Measure AB, BC, CD in inches, using your dividers. 
Add the results. and verify by measuriny the whole line AD. 


Fia. 3. 
Tabulate thus :— ; 
Length of AB = inches. ips 
” » BC= ” Sua 
9 9 CD — 99 
99 99 AD = 99 


Exp. 8. Repeat Exp. 7, using centimetres instead of inches. 


Exp. 9. Measure AB and BC in inches, using your dividers. 
Subtract the results and verify by measuring AC, 


Fia. @, 
Tabulate thus :— | 
Length of AB = inches. 
9 » BC= 9 
9 99 AC = 99 


Exp. 10. Repeat Exp. 9, using millimetres instead of inches. 


Exp. 11. Draw a straight line 5:3 in. long, using your dividers, 
and from it mark off parts equal to 1:7 in., 0-9 im. and 1-1 in. 
respectively. Show both by calculation and measurement that 
what is left equals 1-6 in, 


Exp. 12. Draw half a dozen straight lines of different Jengths 
with your set-square. Measure their lengths with your dividers 
and ruler. Halve each measurement and so arrive at their middle 
points. Make a mark to show the middle point of each. 

If halving a measurement yields a 83rd decimal place you may 
ignore it. 

Exp. 13, Draw straight lines of the following lengths using your 
dividers, and find their middle points by calculation as in Exp. 12:; 
5 in., 13 em., 7°3 in., 195 em., 6:9 in., 91 mm, 
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Exp. 14. Draw half a dozen straight lines of different lengths 
with your set-square. Let each line measure at least 5 in. Mark 
what you guess to be their middle points and then find their true 
middle points by calculation as in Exp. 12. 5 

Exp. 15. Draw straight lines of the following lengths and divide 
thein into (i) thirds, (ii) fifths, by calculation: 6 in., 4°65 in., 15 cm., 
13°5 cm. 

Exp. 16. Draw three straight lines of different lengths with your 
set-square. Let each line measure at least 5in. Number them 
and divide them into (i) thirds, (ii) fifths, by guess-work. Test 
your guesses by measurement, and make a table to show your.error 
thus :— 


Line 1. 
Supposed thirds, 1°67 in., 1°70 in., 1°76 in. 
+ fifths, _ 


DRAWING AND MEASUREMENT OF ANGLES. 


Exp. 17. Draw two straight lines OA and OB from the same point 
O in different directions, thus :— 


Fia. 5. 
OA and OB are said to form the angle AOB (or BOA, or simply O) 
with one another, and they themselves are called the arms of the 
angle. The point O is called its vertex. 


We shall see later that the size of an angle in no way depends upon 
the lengths of its arms. 


If the arm of an angle are square with one another, thus :— 


Fie. 6. 


the angle is called a right angle. 
Exp. 18, Draw.a right angle using your set-square and ruler, and 
let each of its arms measure one inch, 


DRAWING AND MEASUREMENT. OF ANGLES 5 


| Fia. 7. 
Fig. 7 will show you how to dothis. Rule AB. Place the set-square 


and ruler in position, slide the set-square from one posit! 
along the ruler, and then rule CD. position to the other 


Exp. 19. Draw a right angle, using your protractor, and let each 


ot its arms measure 4°2 cm. 


Fig. 8 will show you how to do this. Notice that the protractor is 
placed with its base along one of the arms of the angle, and the other 
arm is a straight line drawn from A, the centre of the protractor, so 
a6 to pass underneath D, the graduation marked 90. A pin prick at A 
and another at D will help you to draw the second arm of the angle 
wceurately. 
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Exp. 20. Draw a right angle using your protractor. Let its arms. 
be any length you like. Cut it out of the paper with your scissors 
thus :— 


Fira. 9. 


Now fold it so that one arm lies along the other and open it out 
again, The crease divides the right angle into two equal angles 
thus :— 


Fria, 10. 


Go on cutting and folding until you have divided the right angle 
into four equal angles or fourths of a right angle. 

The ninetieth part of a right angle is called a degree. Hence 
there are 45 degrees (written 45°) in half a right angle, and 22}° in 
a quarter of a right angle. How many degrees are there in 


(1) An eighth of aright angle? (Ans. 11}.) 
(2) Two right angles? (Ans. 180.) 


Exp. 21. Draw an angle of 35° using your protractor. 


Fig. 8 will show you how to do this. Notice that the protractor is. 
placed with its base along one of the arms of the angle and then the 
other arm is a straight line drawn from A, the centre of the protractor, 
so as to pass underneath E, the graduation 35. 

Notice, also, that two sets of numbers are given on the protractor— 
one set giving the degrees in angles that have an arm lying along AC, 
and the other set giving the degrees in angles that have an arm lying 
along AB. Be careful to use the right set 


DRAWING AND MEASUREMENT OF ANGLES T 


Exp. 22. Draw the following angles with your protractor : 25°, 
72°, 9°;, 70°, 173°; LAR. 
Write its measurement inside each angle thus :— 


Fia. 11. 


Exp. 23. Draw half a dozen angles of different sizes with your 
ruler and then measure them with your protractor. 


Write its measurement inside each angle. 
In all cases, if the angle you are measuring does not end exactly at 


one of the divisions marked on the protractor, guess its measurement 
to the nearest half degree. 


Exp. 24. Measure the angles of your set-squares. (Ans. 30°, 
60°, 90°, 45°, 45°, 90°.) 


Exp. 25. Draw three angles of different sizes with your ruler, 
number them and guess how many degrees there are in each. ‘Test 


your guesses by measuring with your protractor and tabulate your 
answers thus :— 


True Degrees 


Exp. 26. Draw from memory, as accurately as you can, with your 
ruler, angles of the following sizes : 45°, 30°, 60°, 10°, 80°, 135°. 

Test your guesses by measuring with your protractor and write 
the supposed size and the true size inside each. 
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ADDITION AND SUBTRACTION AND DIVISION OF ANGLES. 

Exp. 27. Measure the angles AOB, BOC, COD, DOE with your 
protractor, add the results and verify by measuring the whole angle 
AOE, 


Fig. 12, 
Fabulate thus :— . ; 
Angle AOB = degrees. 
” BOC = 99 
9 COD =, 99 
” DOE =: 99 
99 AOE = $9 


Exp. 28. Measure the angles AOC and AOB with your pro- 
tractor, subtract the results and verify by measuring the angle 
BOC. 


Fie. 18, 
Tabulate thus :— 
Angle AOC = 
» AOB= 
5 Bote 


Exp. 29. Draw the angle Ji3° and from it take away parts of 
19°, 37°, 54° respectively, using your protractor. Show, both by 
calculation and measurement, that what is left measures 3°. 

Exp. 30. Draw half a dozen angles of different sizes with your 
ruler. Measure them with your protractor. Divide each measure- 
ment by two and so arrive at their halves. Draw the line of bisection 
in each case, that is, the line that divides the angle into two equal 
parte. 


ANGLES AT A POINT 9 


Exp. 31. Draw angles of the following sizes with your protractor 
and find their lines of bisection by calculation, as in Exp. 30: 38°, 
86°, 112°, 164°, 65°, 103°. | 

Exp. 32. Draw half a dozen angles of different sizes with your 
ruler—three less than a right angle and three greater than a right 
angle. Draw what you guess to be their lines of bisection, and 
then find their true lines of bisection by calculation as in Exp. 30. 

Exp.: 33.. Draw the following angles and divide them. into (1) 
thirds, (2) fifths, by calculation; 60°, 90°, 30°, 120°, 105°, 180°. 

Exp. 34. Draw three angles of different sizes with your ruler— 
one less than a right angle and two greater than a right angle. 
Number them and divide them into (1) thirds, (2) fifths, by guess- 
work, Test your guesses by measurement and make a table to 
show your error thus :— 3 

Angle 1 :— | aaa 
Supposed thirds, 254°, 254°, 24°. 

os fifths, 

In the pages that follow we shall often find it convenient to use 
the letters of the Greek Alphabet, especially for denoting angles. 

These. ae they :— 


a pronounced alpha vy pronounced nu 
Pee ig | Ss ee 

y 4 gamma | o : omicron 
) eS delta T é pi 

€ * epsilon | p a rho 

¢ . zeta o re sigma 
¥) 9 eta T ” tau 

6 a théta v i upsilon 
‘ 7 10ta i) “ phi 

K 3 kappa x af chi 

A os lambda | 5 ps 

p me mu w Fe oméga 


ANGLES AT A POINT. 
Exp. 35. Draw one straight line standing on another straight line 


Fig. 14, 


Measure the two angles a and 8 so formed with your protractor, 
dd their measures and tabulate your results :— 
a= degrees. 


B= 9 


ee eel 


a+S= 
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Exp. 36. Repeat Exp. 35 with half a dozen pairs of straight lines 
and say what conclusion you always come to in regard to the sum of 
each pair of angles. 

From these experiments we are led to conclude :— 

If a straight line stands on another straight line, the sum of 
the two angles so formed is equal to two right angles. 

Learn this by heart. 


Exp. 37. Draw two angles whose measures when added together 
make up 180° thus :— 


Fia. 15. 


Cut them out with your scissors and fit them together so that the 
vertex and an arm of one fall on the vertex and an arm of the other 
but each angle falls outside the other thus :— 


Fia. 16. 


Lay your ruler along the other arms of the angles and notice that 
they lie in one and the same straight line. 


Exp. 38. Repeat Exp. 37 with half a dozen pairs of angles and 
say what conclusion you always come to in regard to the two arms 
of the angles that do not fall on one another. 

From these experiments we are led to conclude :— 

[f the sum of two adjacent angles is equal to two right angles 
the exterior arms of the angles are in the same straight 
line. 

Learn this by heart. (The angles are said to be adjacent because 
they lie next to one another.) 


Exp. 39. Draw one straight line cutting anothe: straight line 
thus :— 


PARALLEL STRAIGHT LINES 1} 


Fia. 17, 


Of the four angles thus formed, a, 8, y, 8, measure (1) the opposite 
pair a and 8, (2) the opposite pair y and 3.- Tabulate your resuits. 
a= degrees. y= degrees. 

B= ” 3 = 99 
Exp. 40. Repeat Exp. 39 with half a dozen pairs of straight lines. 
cutting one another, and say what conclusion you always come to 
in regard to the sizes of opposite angles. 


Exp. 41. Illustrate the conclusion you arrived at in Exp. 40 by 
the following experiment: Draw two intersecting straight lines, 
cut out one of the angles so formed as in Exp. 37, and show that it 
can be made to fit exactly over its opposite angle. 

From these experiments we are led to conclude :— 

If two straight lines intersect, the vertically opposite angles 
are equal. 

Learn this by heart. (The angles are said to be vertically op- 
posite because they have the same vertex.) 


PARALLEL STRAIGHT LINES. 


Exp. 42. Move your set-square along your ruler so as to occupy 
two positions, as in Fig. 18. 


Fia. 18, 


Rule the straight lines AB and CD. These straight ‘ines will be 
parallel, and they are 14 inches apart. 
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Exp. 43. Draw two straight lines parallel to one another and 1,4 
inches apart, using your ruler and set-square. 


Exp. 44. Draw a straight line parallel toa given straight line 
and distant 2} inches from it. 


In this case AB in the first position of the set-square (Fig. 18) must 
lie along the given straight line. 


Exp.. 45. Through a-given point draw a straight line parallel to 
8 given straight line. a 


In this case AB in the first position of the set-square (Fig. 18) must 
lie along the given straight line, and CD in the second position must 
-pass through the given point,. — “4 


Exp. 46. Draw two straight lines parallel to one another and one 
inch: apart, using only your pencil. Test your guess witn your 
ruler and set-square. ee 


Exp. 47. Draw a straight line cutting two parallel straight lines 
sthus :— 


Fia. 19. 


Measure the “alternate” angles a and 8 and make a note of their 
«measurements. 


Exp. 48. Repeat Exp. 47 with half a dozen different positions of 
-the cutting line, and say what conclusion you always come to in 
regard to the alternate angles. 


Exp, 49. Iustrate the conclusion you arrived at in Exp. 48 by 
cutting out either of a pair of alternate angles and fitting it over 
the other. 


PARALLEL STRAIGHT LINES 13: 


_* Exp. 50. Draw a straight line cutting two parallel straight lines- 
thus :-— Mag 


Fia. 20. 


Measure the “‘corresponding” angles 8 and y, and make a note- 
of their measurements. 

Exp. 51. Repeat Exp. 50 with half a dozen different positions of 
- the cutting line, and say what conclusion you always come to in: 
regard to the corresponding angles. 

Exp. 52. Illustrate the conclusion you arrived at in Exp. 51 by 
cutting out either of a pair of corresponding angles and fitting it 
over the other. 


Exp. 53. Draw a straight line cutting two parallel straight lines 
us :— 


ag! 2. 


Fig. 21. 
Measure § and 6 the two ‘‘interior” angles on the same side of 
the cutting line, and write down the number of degrees in their 
measurements added together. 
B= degrees. 
5 = 


3? 


B+8= ” 7 


Exp. 54. Repeat Exp. 53 with half a dozen different positions of 
the cutting line, and say what conclusion you always come to in 
regard to the interior angles on the same side of the cutting line. 
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Exp. 55. Illustrate the conclusion you arrived at in Exp. 54 by 
cutting out a pair of interior angles and fitting them together so 
that the vertex and an arm of one may fall upon the vertex and an 
arm of the other, but each angle may fall outside the other thus :— 


Fig. 28 


From experiments 47 to 55 we are led to conclude :— 
If a straight line cuts two parallel straight lines— 
(1) Alternate angles are equal. © 
(2) Corresponding angles are equal. 
(3) The interior angles on the same side of the cutting 
line are together equal to two right angles. 


Learn this by heart. 


Exp. 56. Make three figures of a straight line cutting two other 
straight lines, but in the first figure make a pair of alternate angles 
equal to one another, in the second figure make a pair of correspond- 
ing angles equal to one another, and in the third figure let the two 
interior angles on one side of the cutting line be together equal © 
to 180°. Show by means of your ruler and set-square that 
in all three cases two of the straight lines are paralle) to one 
another. 

From these experiments we are led to conclude :— 

When a straight line cuts two other straight lines, ¢f 
(1) a pair of alternate angles are equal, or 
(2) a patr of corresponding angles are equal, or 
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(3) a pair of interior angles on the same side of the cutting 
line are together equal to two right angles, 
then the two straight lines are parallel. 
Learn this by heart. 


Exp. 57. Draw two straight lines parallel to the same straight 
line (see Exp. 44), and show by means of your ruler and set-square 
that they are parallel to one another. — 

From this experiment we are led to conclude :— 

Straight lines which are parallel to the same straight line 
are parallel to one another. 

Learn this by heart. 


ANGLES OF A TRIANGLE. 


Exp. 58. Draw half a dozen figures of different shapes, but each 
enclosed by only three straight lines. Call them triangles. 


Exp. 59. Drawa triangle. Let a, and y be its three ‘interior ” 
angles. Measure a,8andy. Add their measurements, and nete 
the result. 


a= degrees. 

B= ee 

¥ Boge ” 
at+tBt+y= ” 


Exp. 60. Repeat Exp. 59 with half a dozen different triangles, and 
say what conclusion you always come to in regard to the sum of the 
interior angles of each triangle. 


Exp. 61. Illustrate the conclusion you arrived at in Exp. 60 by 
the following experiment : Draw a triangle, cut out the three in 
terior angles, and fit them together as in Fig. 24. 


Fig, 24, 


From these experiments we are led to conclude :— 
The sum of the angles of a triangle is equal te two right 
angles. 
Learn this by heart. 
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Exp. 62. Draw a triangle and produce one of its sides thus :— 


Fia. 25. 


Measure the ‘‘exterior”’ angle a and the two interior and opposite 
angles 8 and y. Compare the number of degrees in a with the sum 
of the numbers of deyrees in 6 and y. 


= degrees. = degrees. , 
, jor 99 
Py = % 


Exp. 63. Repeat Exp. 62 with half a dozen triangles and say 
what conclusion you always come to when you compare the number 
of degrees in an exterior angle with the sum of the numbers of 
degrees in the two interior and opposite angles. 

Exp. 64. Illustrate the conclusion you arrived at in Exp. 63 by 
cutting out and “‘ superposing” (see Exp. 41) over an exterior angle 
the two interior and opposite angles of any triangle. 

From these experiments we are led to conclude :— 

If one side of a triangle is produced, the exterior angle so 
formed is equal to the sum of the two interior opposite 
angles. 

Learn this by heart. 


ANGLES OF ANY CONVEX POLYGON. 


Exp. 65. Draw half a dozen figures of different shapes but each 
enclosed by four or more straight lines. Call them polygons. 

A polygon is said to be convex when each of its interior angles is 
less than two right angles, vz, in other words, when all its corners 
point outwards. A in Fig. 26isaconvex polygon. B in Fig. 26 is not 


Fig, 26. 
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Exp. 66. Draw a convex polygon. Produce its sides in order 


thus :— 


Fig. 27. 
Let a, B, y, 8, ~ be the exterior angles so formed. Measure 
a, 8, y, 8, ~. Add their measurements and note the result :— 


a= degrees. 

B = ” 

yo 99 s 

56 = ss 

v= 9 
a+Btyt+é8+y= : 


Exp. 67. Repeat Exp. 66 with half a dozen convex polygons. 
varying the shape and number of sides, and say what conclusion you 
always come to in regard to the sum of the exterior angles of each 
volygon formed by producing its sides in the same order. 


Exp. 68. Illustrate the conclusion you arrived at in Exp. 67 by 
the following experiment: Draw a convex polygon; produce its 
sides in order; cut out the exterior angles so formed, and fit 
them together so that their vertices meet and they form a perfect 
mosaic (see Fig. 24), 

From these experiments we are led to conclude :— 

If tne sides of a convex polygon are produced in order, the 
sum of the angles so formed is equal to four right angles. 

Learn this by heart. 


Exp. 69. Draw a convex polygon and show by measurement that 
the sum of its interior angles together with four right angles is equal 


to twice as many right angles as the polygon has sides. 
Learn this by heart. 


CONSTRUCTION AND COMPARISON OF SPECIAL TRIANGLES 


Exp. 70. Make a triangle ABC having the angle ABC = 75°, 
BA = 2°7 in. and BC = 19 in. Measure AC and the angles BAC 
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an@ BCA. (Ans. AC = 2°87 in. ; angle BAC = 393°; angle BCA 
= 65}4°.) 

To make this triangle begin by drawing a line 2:7 in. in length; at 
one extremity draw a line making with it an angle of 75° and from 
this line cut off a length equal to 1°9 in. 

Whenemaking a figure to given measurements it is always well to 
begin by making a rough sketch of the figure in which the given 
measurements are written. 


Exp. 71. Make triangles having the following measurements :— 


(i) Angle ABC =90. BA=12in. BC =1-2in. 
fiijo",,° yy = OO’ eee 4, = 15 in, 


(iii) 4, a 2a 59 = 14 in, 2 Lin 
tt 2 Dee » = 186°. i. = oo em, » =31cm 
$3 eee » = 15}°. 3» = 4'3.0m. » =39cm 


(vi) 4, 5 =175}. ,, =195in, ,, = 1°47 in. 


Exp. 72. Make a triangle ABC having the angle ABC = 63°, BA 
=2°5 in.and BC=1°8 in. Make another triangle ABC having these 
same measurements. Measure the remaining sides and angles of 
the two triangles and show that the two triangles are equal to one 
another in all respects. 


Exp. 73. Show that the two triangles in Exp. 72 are equal in all 
respects by cutting one out and fitting it exactly over the other. 

From these experiments we are led to conclude :— 

If two triangles have two sides of the one equal to two sides 
of the other, each to each, and also the angles contained 
by those sides equal, the triangles are congruent, that ts, 
equal in ail respects. 

Learn this by heart. 

Exp. 74. Make a triangle ABC having BC = 4-4 cm., the angle 
ABC = 63° and the angle ACB = 54°. Measure AB, AC and the 
angle BAC. (Ans. AB=4 cm. ; AC=4°4 cm. ; angle BAC =63°.) 

To make this triangle begin by making BC = 4:4 cm. and then set 
off angles at B and C equal to 63° and 54° respectively. 

Exp. 75. Make triangles having the following measurements :— 

(i) BC = 1°5 in. Angle ABC = 60°. Angle ACB = 60°. 


(ii) -5, = 1°25 in. ‘3 > BO", - 9» = 45° 
(iit) ,, = 38 cm. * a oe, 9 » = 60° 
(iv) 5, = 1°75 in. ” 99 = 22°, ” » = 103°. 
(v) 5, = 4°55 cm. ” » = 544°. ” » ery 


(vi) ,, = 39°5 mm. ” » = 118}°. ” 9» = 319°. 

Exp. 76. Make a triangle ABC having BC = 2°3 in., the angle 
ABC = 28° and the angle ACB = 133°. Make another triangle 
ABC having these same measurements. Measure the remaining 
sides and angles of the two triangles and show that the two triangles 
are congruent. 
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Exp. 77. Show that the two triangles in Exp. 76 are congruent 
Sy cutting one out and fitting it exactly over the other 

Exp. 78. Make a triangle ABC having AB = 1:2 in., the angle 
ABC = 63° and the angle ACB = 75°. Measure BC, AC and the 
angle BAC. (Ans. BC=0°83 in. ; AC=1'1 in. ; angle BAC=42°.) 

Since the sum of the angles of a triangle is equal to two right angles 
(see Exp. 61) we know that the angle CAB of the required triangle 
ABC is equal to 180° minus (63° + 75°), that is 42°, Hence the triangle 
may be described in the same way as the triangles of Exp. 75. 

Exp. 79. Make triangles having the following measurements :— 

oat = 1°4 in. Angle BCA = 30° Angle BAC = 60°. 


(ii) ,, = 1-05 in. + » = 45°. is » = 90°. 
(iii) ,, = 36 cm. 9 » = 43°, 99 » = 72°. 
(iv) ,, = 1-95 in. Be » = 28°. ey ar ie 
(Vv) 5, = 42°5 mm. PS wr OL”, a » = 109°, 


(v1) 5, = 375 mm. ” 9» = 283°. ” 99 = 225°. 

Exp. 80. Make a triangle ABC having BC = 3-2 cm., the angle 
BCA = 57° and the angle BAC = 71°. Make another triangle ABC 
having these same measurements. Measure the remaining sides and 
angles of the two triangles and show that the two triangles are con- 
gruent. 

Exp. 81. Show that the two triangles in Exp. 80 are congruent 
by cutting one out and fitting it exactly over the other. 

From experiments 74 to 81 we are led to conclude :— 

If two triangles have two angles of the one equal to two angles 
of the other, each to each, and also one side of the one 
equal to the corresponding} side of the other, the triangles 
are congruent. 

Learn this by heart. 


ISOSCELES TRIANGLES. 


Exp. 82. Make a triangle ABC having AB and AC each equal 
to 1°7 in., and BC of any length whatever. Measure the angles 
ABC and ACB and compare their measurements. 

Exp. 83. Make half a dozen triangles of different shapes but each 
triangle having two of its sides equal to one another. Call them 
isosceles triangles. Compare the measurements of the two angles in 
each triangle that lie opposite to the equal sides and say what con- 
clusion you always come to. 

From these experiments we are led to conclude i— 

If two sides of a triangle are equal, the angles opposite to 
these sides are equal. 

Learn this by heart. 


Exp. 84. Make a triangle ABC having the angle ABC and the 
angle ACB each equal to 63°, and BC of any length whatever 
Measure AB and AC and compare their measurements. 


1“ Corresponding" sides are opposite to the equal angles one in each triangle 
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Exp. 85. Make half a dozen triangles of different shapes but each 
triangle having two of its angles equal to one another. Compare 
the measurements of the two sides in each triangle that lie Opposite 
to the equal angles and say what conclusion you always come to. 

From these experiments we are led to conclude :— 

If two angles of a triangle are equal, the sides opposite to 
these angles are equal. 

Learn this by heart. 


CONSTRUCTION AND COMPARISON OF SPECIAL TRIANGLES. 


Exp. 86. Describe a circle with your compasses and notice that 
the boundary of the circle, which is called its circumference, is 
always at the same distance from a point within the circle which is 
called its centre. This same distance is called the radius of the circle. 

Hold your compasses by the head and press lightly on the needle 
point so as not to puncture the paper. 

Exp. 87. Draw circles with your compasses having the following 
radii: lin., } in., 2 cm., 1°8 cm., 0-9 in., 23 mm. 

In taking lengths with your compasses, open them wide to begin with 
and then close them to the given length by pressing the legs together. 

Exp. 88. Find half a dozen different points all distant 14 in. 
from a given point A, using your compasses. 


Exp. 89. Draw a straight line AB=1 in. Find a point C 
distant 1 in. from A and 1 in. from B. Show thatC may occupy 
two positions. 

Evidently C lies where the two circles cut one another that are 


described with centres A and B respectively and of radius =1 in. 
See Fig. 28, 


CONSTRUCTION AND COMPARISON OF TRIANGLES 2] 


Exp. 90. Make a triangle whose three sides each measure 4 of 
an inch. 


Exp. 91. Draw a straight line AB =4:3 cm. Find a point C 
distant 3:4 cm. from A and 2:5 cm. from B, Show that C may 
occupy two positions (see Fig. 29). 


Fie. 29, 


Exp. 92. Make triangles having the following measurements :— 


(i) AB =1°2 in. BC = 1°2 in. AC = 1:2 in. 
(li) ,, = Din; yy 1:6 in, » = 08 in. 
(iii) ,, = 1°3 in. iy) = 1 in. » = 09 in. 
(iv) ,, = 2°8 cm. ig, 2 Stl on sy = 2:4 cm. 
(v) 5, = 1:25 in. ie ss 137 in. Wee 11S in. 
(vi) ,, =27 mm. 5, = 32mm. » = 265 mm. 


Exp. 93. Try to make a triangle ABC having AB = 3:4 cm., 
BC =13cm., and AC=18 cm. Why is the construction im- 
possible ? 

From this experiment we are led to conclude :— 

Any two sides of a triangle are together greater than the 
third side. 

Learn this by heart. 


Exp. 94. Make a triangle ABC having AB = 0:85 in., BC = 1-7 
in., AC =1-‘9in. Make another triangle ABC having these same 
measurements. Measure the angles of the two triangles and show 
that the two triangles are congruent, 
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Exp. 95. Show that the two triangles in Exp. 94 are congruent 
by cutting one out and fitting it exactly over the other. 


From these experiments we are led to conclude :— 

If two triangles have the threz sides of the one equal to the 
three sides of the other, each to each, the triangles are 
congruent. 

Learn this by heart. 


Exp. 96. Make a triangle having one of its angles a right angle. 
Call it a right-angled triangle and call the side opposite the right 
angle its hypotenuse. 


Exp. 97. Make a right-angled triangle ABC in which the angle 
ACB is the right. angle, the hypotenuse AB = 3°4.cm. and AC = 
15cm. Measure BC, the angle ABC and the angle BAC. (Ans. 
BC = 3:05 cm., angle ABC = 26°, angle BAC = 64°.) 


To do this, begin by making the right angle ACB; measure of 
CA = 1°5cm., and then with centre A and radius = 3°4 cm. make aw 
aro of a circle cutting CB in B (see Fig. 30), 


Fia. 80. 


Exp. 98. Make the right-angled triangles having the foHowing 
measurements :— 


(i) Hypotenuse AB = 1°65 in. AC = °8 in. 
(ii) ” » = 1°15 iv. » = ‘75 in. 
(ii1) ae » =39 cm. » = 2°4 cm. 
(iv) i. » =37°d mm. » = 22 mm, 


Exp. 99. Make a right-angled triangle ABC in which the angle 
ACB is a right angle, the hypotenuse AB=1°6 in. and AC=1'1 in 
Make another right-angled triangle ABC having these same measure 
ments. Measure the remaining sides and angles of the two tri- 
angles, and show that the two triangles are congruent. 


Exp. 100. Show that the two triangles in Exp. 99 are congrnen? 
by cutting one out and fitting it exactly over the other. 
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From these experiments we are led to conclude :— 

If two right-angled triangles have their hupotenuses equal 
and one side of the one equal to one side of the other, 
the triangles are congruent. 

Learn this by heart. 


INEQUALITIES IN TRIANGLES. 


Exp. 1o1. Make a triangle and measure two of its sides. Then 
measure the angles that are opposite to these sides. Tabulate your 
measurements. You will find that the greater side has the greater 
angle opposite to it and the greater angle has the greater side 
opposite to it. 


Exp. 102. Repeat Exp. 101 with half a dozen triangles of different 
shapes, and learn by heart the conclusions that you always come 
(i) If two sides of a triangle are unequal, the greater side 
has the greater angle opposite to it. 
(ii) Lf two angles of a triangle are unequal, the greater angle 
has the greater side opposite to it. 


Exp. 103. Make two triangles having two sides of the one equal 
to two sides of the other, each to each, but not equal in all respects. 
Measure the contained angle and third side of each triangle. abs: 
late your measurements. You will find that the triangle which has 
the greater contained angle has the greater third side, and the 
triangle which has the greater third side has the greater contained 
angle. 


Exp. 104. Repeat Exp. 103 with half a dozen pairs of triangles, 
and learn by heart the conclusions that you always come to :— 

(i) If two triangles have two sides of the one equal to two 
sides of the other, each to each, and the contained angles 
unequal, the triangle which has the greater contained 
angle has the greater third side. 

(ii) If two triangles have two sides of the one equal to two 
sides of the other, each to each, and the third sides un- 
equal, the triangle which has the greater third side has 
the greater contained angle. 


Exp. 105. [llustrate by drawing a figure and by actual measure- 
ment the following truth :— 

Of all the straight lines that can be drawn to a given straight 
line from a given point outside it, the perpendicular (or 
upright line) is the shortest. 

Learn this by heart. 
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PARALLELOGRAMS, 


Exp. 106. Draw half a dozen four-sided figures of different shapes, 
but make the opposite sides of each figure parallel to one another. 
Call them parallelograms. 

The diagonals of a parallelogram are the straight lines joining 
opposite corners. 


Exp. 107. Illustrate by drawing a figure and by actual measure- 
ment the following truths :— 
The opposite sides and angles of a parallelogram are equal 
and the diagonals bisect one another. 
Learn this by heart. 


Exp. 108. Illustrate by drawing a figure, and by cutting out and 
superposing, the following truth :— 
The diagonais of a parallelogram divide it into two equal 
parts. 
Learn this by heart. 


Exp. 1o9. Illustrate by drawing a figure, and by actual measure. 
ment, the following truth :— 

If there are three or more parallel straight lines and the 
intercepts made by them on any straight line that cuts 
them are equal, then the corresponding intercepts on 
any other straight line that cuts them are also equal, 

Learn this by heart. 


In drawing the figure for this experiment begin by taking points A, 

é -. . On any straight line such that “intercept” AB = “ in- 
tercept” BC =...; then through A, B,C .. . draw straight lines 
parallel to one another and draw any other straight line to cut the 
parallels. 


SOME SIMPLE SOLIDS, 


Fia. 81, Fig. 82 
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Fic. 33, 


Figs. 31, 32, 33 represent a solid which we shall call a rectangular 
block or cuboid. 

Exp. 110. Copy Fig. 33 on thin cardboard—tracing paper may be 
used with advantage. Cut out this copy and form a model of a, rect- 
angular block by bending along the dotted lines -and joining the 
edges with gummed paper. Fig, 33 is called the ‘ net” of a rect- 
angular block. 


Exp. 111. Draw the net and make a model of a rectangular block 
of length 2°6 in., breadth 19 in., and depth 1°4 in. 


Exp. 112. Draw the net and make a model of a rectangalar block 
whose length, breadth and depth are all equal to one another—say 
2 in. Call it a cube. 


Exp. 113. In any rectangular block state :— 
(a) The number of faces. 
(6) The number of edges. 
(c) The number of corners. 
(d) The shape of each face. 
(e) The number of edges that meet at each corner. 
(f) The number of faces that meet at each corner. 
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A 


Figs. 34, 35, 35 represent a solid which we shall call a pyramid 


Fig. 35. 


SOME SIMPLE SOLIDS 2 


A pyramid is triangular, quadrilateral, pentagonal, hexagonal, 
ete., according as its base (that is, the face upon which it stands) 
is bounded by 3, 4, 5, 6, etc., straight lines respectively. 

Exp. 114. Fig. 36 is the net of a pyramid. Copy it on thin card- 
board and make a model of the pyramid by cutting out the net, bend- 
ing along the dotted lines, and joining the edges with gummed paper. 

Exp. 115. Fig. 39 is the net of a pyramid standin Z on a regular 
polygon (that is, a polygon whose sides and angles are equal) as base 
and having all its side edges equa! to oue auother. Copy it and 
make a model of the solid and call it a right regular pyramid, 


Ci 


Fia. 37. 
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Exp. 115. Fig. 42 is the net of a pyramid standing on a triangular 


baba 


: } i pT Cy tes, ne 


SY pean ts t ; 
A r ; ‘ 044 ce. 


Fig. 42, 
‘base. Copy it and make a model of the solid and call ita tetrahedron 
{or triangular pyramid). 
Exp. 117. Draw the net and make a mode) of a tetrahedron having 
all its edges equal to one another. Call it a regular tetrahedron 
Exp. 118. So any tetrahedron state :— 
(a) The number of faces. 
(>) The number of edges. 
(c) The number of corners. 
(d) The shape of each face. 
() The number of edges that meet at each corner. 
J) The number of faces that meet at each corner, 


SOME SIMPLE SOLIDS 


~~ 


{ 
t 


Fizs 43 44, 45 pepresen: 4 solid which we snai’ call a prist. 
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A prism is triangular, quadrilateral, pentagonal, hexagonal, etc., 
according as its base is bounded by three, four, five, six, ete., straight 
lines respectively. 

Exp. 119. Fig. 45 is the net of a prism. Copy it and make 4 
model of the solid. 


Fic. 48. 
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Exp. 120. Fig. 48 is the net of a prism having all its side edges 
apright tothe base. Copy it and make a model of the solid and call 
it a right prism. 

Exp. 121. Draw the net and make a model of a right triangular 
prism or wedge. 

Exp. 122. [n any right triangular prism state :— 

(a) The number of faces. 

(6) The number of edges. 

(c) The number of corners. 

(d) The shape of the end faces. 

(e) The shape of the side faces. 

(f) The number of edges that meet at each corner. 
(g) The number of faces that meet at each corner. 


It is important to remember that so far we have not proved any 
Geometrica! Truths, we have only ///ustrated them. 
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THEORETICAL SECTION, 
INTRODUCTORY. 


Tuink of some solid body—a common brick for instance. It has 
length, breadth and thickness, and these we call its three dimen- 
sions. Now imagine one of these three dimensions—its thickness— 
to be gradually cut away until it disappears altogether. There will 
then be nothing left but a face of the brick, and this is an example 
of what we understand by a geometrical surface. Hence a surface 
has only two dimensions—length and breadth—and it may be re- 
garded as a boundary of a portion of space. Now imagine this face 
of the brick to have its breadth gradually cut away. When all its 
breadth has gone there will be nothing left but an edge of the 
brick, and this is an example of what we understand by a geometrical 
line. Hence a line has only one dimension—length—and it may be 
regarded as a boundary of a surface. Finally, imagine this edge of 
the brick to have its length gradually cut away. When it has lost 
all its length there will be nothing left but a corner of the brick, 
and this is an example of what we understand by a geometrical 
point. Hence a point has no dimensions, and it may be regarded as 
a boundary or extremity of a line. 
We will now define some terms of frequent use in Geometry. 


DEFINITIONS. 
Def. r. A point is that which has position, but no lenyth, breadth 
or thickness. 


Def. 2. A line has position and length, but no breadth or thick- 
ness. 


The extremities of a line are points. 

If the extremities of a line are fixed, the line is said to be finite or 
limited ; if they are not fixed, it is said to be infinite or unlimited. 

The intersection of two lines is a point or points. This suggests & 
convenient way of indicating a point on paper, For example, 


ae 
is a better way of indicating the point P than 
e P, 


The path (or trace) of a moving point is a line, 
The extent of a line is called its length, 
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Def. 3. A straight line lies evenly between its extreme points. 
This definition is not altogether satisfactory, for it only amounts to 
substituting the word “evenly” for the word “straight,” and nothing 
is gained in clearness. As a matter of fact the idea of a straight line is 
familiar to everyone, and cannot be made more so by definition. But 
straight lines have certain properties which it is well to bear in mind. 
These are they :— Kaas, 5 ep aateeeteia Bie,” 
(i) Two straight lines cannot enclose a space. ie 
So (ti) Any part of a'straight line will, however placed, lie wholly'on 
Lis. . \any other part tf its extremities are made to fall on that 
fof : other part. : Be Sane ean ene ee 
(iii) A séraight line is the shortest distance between its extreme 
ear i points, red 3 Liids vie : 7. od 
If a line is not straight it is said to be curved. ‘ 
Def. 4, A surface has position, length and breadth, but no thick- 
ness. ee a ia 
The boundaries of surfaces are lines. _ | 
The intersection of two surfaces is a line or lines, 
The path (or trace) of a moving line is generally a surface. 
The extent of a surface is called its area. oe yaeet 
- Def. 5. A plane surface or plane is a surface in’ which any two’ 
points being taken the straight line that joins them lies wholly. 
in that. surface. | EO Ame 
The intersection of two planes is a straight line. 
If a surface is not plane it is said to be curved. 


Def. 6. A solid has position, length, breadth and thickness. 


The boundaries of solids are surfaces. 

The path (or trace) of a moving surface is generally a solid. 

Notice that the material of a solid does not enter into this definition, 
co that a bubble or a cloud is quite as much a solid geometrically as a 
lump of lead. Hence a solid may be defined as a limited portion of 
space. 


The extent of a solid is called its volume. 


' a eee 
ier F ry ; we y 


<< 6 QUESTIONS FOR EXAMINATION.—I, 
ee DEFINITIONS 1 To 6. 


1, Why is a star not a point? (Ans. Because it has length, breadth 
and thickness.) tia game 
“2, Why is & piece of string nota line? (Ans. Because it has breadth 
and thickness.) | ae a 3 

3. Is a shadow a surface? (Ans. Yes, because it has position, length , 
and breadth, but no thickness.) 


4. Say whether each of the following is a point, a line, a surface, or a | 
solid :— e) 
(a) A sheei of paper. (Ang. A solid.) 
(5) The centre of the earth. (Ans. A point.) 
2 


) y 
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(c) A coat of paint. (Ans. A solid.) 

(@) The equator. (Ans. A line.) 

(6) The North Pole. (Ans. A point.) 

(/) The boundary between the air and water in a tumbler. (Ans. 
A surface.) 

(9) The crease in a piece of paper that has been folded and 
opened out again. (Ans. A line, because it is the inter- 
section of two surfaces.) 

5. If a straight edge can be made to lie along a surface in every 
direction, why do we know that the surface is a plane? (Ans. Because 
any two points being taken in the surface the straight line that joins 
them lies wholly in the surface.) 

6. By how many surfaces is a common brick bounded? (Ans, Six.) 

7. Name a solid that is bounded by :— 

(2) Four surfaces, (Ans, A tetrahedron.) 

ty Three surfaces, (Ans. A round ruler.) 

(c) Two surfaces. (Ans. Half an orange. 

(d@) One surface. (Ans. A cricket ball.) 


DEFINITIONS. 
Def. 7. When two straight lines meet in a point they are said to 
make with each other a plane rectilineal angle or, shortly, an angle. 


The idea of an angle is fundamental and so cannot be satisfactorily 
defined. But we can illustrate the nature of an angie as follows :— 


C 


Fia. 49, 


Let AB and AC meet at A. A line may turn about A from the posi- 
tion occupied by AB until it reaches the position occupied AC, 
This revolving line is said to turn through the angle made by AB with 
AC, and the size of the angle depends entirely upon the amount of 
turning and not in any way upon the lengths of AB, AC or the revolvy- 
ing line. 

Notice that the revolving line can turn from one position to the other 
in either of the two different ways indicated by the arrows. Hence two 
different angles are made by AB with AC, but the smaller angle is the 
one usually understood as the angle made by AB with AC, The greater 
angle is said to be reflex or re-entrant. 

The angle made by AB with AC is denoted by the lettérs BAC or 
CAB or simply A or by inserting a Greek letter, : 

The point at which two straight lines meet to form an angle is called 
the vertex of the angle or the angular point, and the lines themselves 
are called the arms of the angle, 
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When the arms of an angle are in the same straight line but in 


Fia. 50. 


opposite directions, the angle is sometimes called a straight angle. 
Def. 8. Two angles are said to be adjacent when they have a com- 


Fia. 51. 


mon vertex and lie on opposite sides of a common arm. Thus the 
angles ABD, DBC are adjacent. 


Since the angles ABD, DBC together make up the angle ABC, the 
angle ABC is the sum of the angles ABD and DBC, and, therefore, 
the angle DBC is the difference of the angles ABC and ABD. 


Def. 9. A plane figure is a part of a plane bounded by one or more 
lines. 


When the boundaries of a plane figure are all straight lines they are 
said to enclose a plane rectilineal figure and are called its sides. 
A plane rectilineal figure is said to be:— 


Equilateral when all its sides are equal to one another. 
Equiangular when all its angles are equal to one another. 
Regular when it is both equilateral and equiangular. 


The sum of the boundaries of a plane figure is called its perimeter. 
The term “ figure” is also used to denote points lines, surfaces and 
any combination of these. 


We shall for the present confine ourselves to the study of figures 
in a plane—a branch of Geometry called Plane Geometry. 
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QUESTIONS FOR EXAMINATION.—IL 
DEFINITIONS 1 To 9. 


1. Why do we know that only one straight line can be drawn between 
two given points? (Ans. Because two straight lines cannot enclose a 
space.) 


2. Which is the most convenient way of showing the straight line from 
one corner of a room to another? (Ans. By stretching a string, because 
@ straight line is the shortest distance between its extreme points.) 


3. Write down the angle at B in ten different ways. 


Fig. 52, 


(Ans. ABC, CBA, ABE, EBA, DBC, CBD, DBE, EBD, B and B.} 
4. In the accompanying tigure name the four pairs of adjacent angles, 


ct 


Fig. 53. 


(Ans. POT and TQS, TQS and SQR, PQS and SOR, PQT and 
TOR.) 

5. Show that the size of an angle does not depend on the lengths of 
ite.arms. (See Def. 7.) 

6. In what sense is an angle not a figure? (Ans. It is not bounded 
or enclosed by its arms.) ; 

7. How many angles are there inside a ten-sided rectilineal figure? 
{/.ns. Ten.) 


DEFINITIONS OT 


DBFINITIONS. 


Def. 10. When a straight line standing on another straight line 
makes the adjacent angles equal to one another each of these angles 


Fig. 54. 


is called a right angle and the straight line which stands on the other 
is called a perpendicular to it. 


If a line, rotating about an extremity, makes a quarter of a complete 
revolution, it turns through a right angle. 

The ninetieth part of a right angle is called a degree (written 1°). 
The sixtieth part of a degrew is called a minute (written 1’). The 
sixtieth part of a minute is called a second (written 1”). 


Def. 11. An obtuse angle is greater than one right angle but iess 
than two right angles. 


Fia. 65. 


Def. 12. An acute angle is less, than a right angle. 


Fig, 66, 
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Def. 13. A circle is a plane figure contained by one line which is 
called the circumference, and is such that all straight lines drawn 


Fia. 57. 


from a certain point within the figure to the ciroumference are equal 
to one another. This point is called the centre of the circle. 

The word “ circle” is used in geometry sometimes to mean the whole 
figure and sometimes only its circumference. 

Def. 14. Any straight line drawn from the centre of a cixcle to 
{ts circumference is called a radius of the circle, and any straight line 


Fia. 58. 


drawn through the centre of a circle and terminated both ways by 
the circumference is called a diameter of the circle. 
Hence a diameter is double a radius of the same circle. 


Two circles are equal if the radii of one are equal to the radii of 
the other. 

Def. 15. The bisector of a magnitude is that which divides it into 
two equal parts—the trisectors into three equal parts. 


It is obvious that a finite straight line has only one point of bisection, 
and only one straight line can be drawn to bisect a given plane rectilinea)} 
angle, 


QUESTIONS FOR EXAMINATION.—III, 


DEFINITIONS 1 To 15. 


1. Can you think of a smooth surface which is not a plane? (Ans, 
Yes—the surface of a perfectly polished billiard ball.) 


2. How many straight lines at least are needed to bound a figure? 
(Ans. Three.) 
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3. How many times are the hands of a clock at right angles in the 
course of an hour? (Ans. Twice.) 
Prove that any point ons hand of a clock describesacircle. (Ans. 
Because its path is always at the same distance from the centre of the 
clock-face.) 


s Name the angle that is left in the accompanying figure if we take 


Fia. 59. 


away the sum of the angles BOC and COD from the difference of the 
angles AOE and DOE. (Ans. The angle AOB.) — | 


6. Name a figure having only one boundary. (Ans. A circle.) 


CONCERNING THE POSTULATES. 


Geometrical truths are proved by means of figures. To draw 
these figures it must be granted that certain simple constructions 
are possible, but the fewer they are the better. And they must be 
so simple that their possibility is self-evident and requires no proof. 
We shall make three of these demands and call them our postulates. 
These are they :— 


Tue PostTuLATES. 
Let it be granted :— 


1. That a straight line may be drawn from any one point to 
any other point. 

2. That a finite straight line may be produced to any length 
in that straight line. 

3. That a circle may be described with any centre and with 
a radius equal to any finite straight line. 


These postulates practically ask that we may use a ruler or straight- 
edge and compasses, and that the straight lines and circles drawn 
by means of these instruments may be regarded as satisfying our 
definitions. As a matter of fact, we know how imperfect they are 
however skilfully they may be drawn, but that is no reason why 
they should not be assumed to be ideally correct. 

Notice that the postulates do not ask to use the ruler for com- 
paring the lengths of lines, but the compasses may be used for 
carrying lengths from place to place. We may assume that the 
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following simple ‘constructions are possible because they follow 

immediately from postulates 2 and 3:— 

) (ay From a given point to draw a straight line equal.-to 
= "@ given straight line, . 

ae aC)! From the greater of two given straight lines to cut off 
_ - ““@ part equal to the less. tia, 


QUESTIONS FOR EXAMINATION —IV, 
DEFINITIONS 1 To 15 AND THE PosTULATEs. 


x. If two straight lines have their extremities in common, they 
must coincide. Why do we know this? (Ans. Because two straighs 
lines cannot enclose a space.) 

2. Prove that two right’ angles are together greater than twice any 
acute angle. (Ans. Because an acute angle is less than a right angle.) 

3. Prove that any two obtuse, angles are together greater than twice 
a 8 angle. (Ans. Because an obtuse angle is greater than a right. 
angle.) . th pe ek CT | 

4. How would you test) geometrically whether a surface is plane or 
not? (Ans. By taking two points in it and seeing if the straight line 
joining them lies wholly’in the surface wherever the points be taken.) 

5. How would you. test geometrically whether a line is straight or 
not? (Ans. If it is straight it cannot be made to enclose a space with 
another line that we know -to~be straight.) | | 
‘6. Why are a certain. number of postulates necessary? (Ans. To 
enable us to draw the figures that are necessary for the proofs of 
geometrical truths.) 

- 7. What demands do the postulates make beyond the use of ruler ané 
compasses? (Ans, That the figures drawn by these instruments be 
considered geometrically correct.) 


CONCERNING THE AXIOMS.., 


To prove a statement we must show that it' depends upon and 
can be inferred from some other statement or statements that have 
been already proved or that are self-evident. Jt is clear, then, that 
before we begin to reason about figures’ we must assume the truth 
of certain simple statements. They must be as few as possible and 
so simple that they do not depend for their truth upon statementa 
that are still simpler. In other words, it- must be impossible to 
prove them. These self-evident‘truths are called axioms. They 
form the basis of the whole science of geometry, and all geometrical 
truths are derived from them by a process of reasoning called 
deduction. 

We shall arrange our axioms under two headings :— 

(a) General axioms, which are true of magnitudes of all kinds. 
* (6) Geometrical axioms, which are true of geometrical magnitudes 


‘only, 
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, : GENERAL AXIOMS. - 
&4 “| heaig : 


Ae I. | Things which are equal to the same thing are ‘sauth to 
oink ‘another. 
Ax, 2. If equals be added to equals the wholes are equal. 


As a particular case of this axiom we have :— 
‘Things which are doubles of the same thing are abba to one 
another. 


| Ax. 3. If equals be taken from equals the remainders are equal. 
Ax. 4. If equals be added to unequals the wholes are unequal. 
sia 5. If equals be taken Jeon unequals the remainders are wn- 
equal, 
Ax. 6. Things which are halves of the same thing ¢ are e equal to 
one, another. 
“Ax. 7. The whole is equal to the sum of tts parts. 
- Hence the whole is greater than its part. 


GEOMETRICAL AXIOMS. 

Ax. 8. Any magnitude can be transferred from one position to 
another without its shape or size undergoing any change. 

Ax. 9. Magnitudes which coincide with one another; that is 
which exactly fill up the same space, are equal to one another. 

Notice that it is not sufficient for the magnitudes to fill up equal 
spaces, They must fill up the very same space. 

The process of applying one magnitude to another for the purpose of 
comparison is called superposition. 

Ax. 10. Two straight lines cannot enclose a space. 

Ax. 11. All right angles are equal. 


Ax. 12. See page 56. 


QUESTIONS FOR EXAMINATION.—V. 
DEFINITIONS 1 To 15, THE POSTULATES AND THE AXIOMS, 


1. How many dimensions of space have the following ?— 


(a) Acircle. (Ans. Two.) 

(b) The centre of a circle. (Ans. None.) 

(c) The circumference of a circle. (Ans. One.) 
(d) Atennis ball. (Ans. Three.) 


2. Within what limits do the postulates demand the use of ruler and 
compasses? (Ans, That they be used for joining points, producing Jines 
and describing circles, but not for measuring lengths.) 

3. Why are a certain number of axioms necessary? (Ans. To give 
grounds for deducing other geometrical truths that are not so self- 
evident.) 
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4. Which axioms do the following reasonings illustrate ?— 
(2) Two men are the same age. If they both live they will be 
the same age twenty years hence. (Ans. Ax. 2. 
(5) Three bullets are cast in the same mould, hence all three 
bullets will be equal to one another. (Ans. Ax. 9.) 
(c) Ais richer than B. If each loses £50 one will still be richer 
than the other. (Ans. Ax. 5.) . 


5. Prove that the radius of a circle is less than the straight line 
joining the centre of the circle to any point outside the circle. (Ans. 
Because a radius can be drawn which, when produced, will pass through 
the outside point, and the whole is greater than its part.) 


6. In what two ways can the equality of geometrical magnitudes be 
tested? (Ans. (i) By seeing if they are equal to the same thing (Ax. 
1); (ii) By seeing if they can be made to coincide with one another 
(Ax. 9).) 

7. An angle ABC is folded so that BC lies along BA and then opened 
out. Why do we know that the crease divides the angle into two equal 
parts? (Ans. Because one part can be exactly superposed over the 
other.) 


8. C is a point in the straight line AB, The paper is folded so that 
CB lies along CA and then opened out. Why do we know that the 
crease is perpendicular to AB? (Ans. Because the crease makes angles 
with AB which we know to be equal since one can be exactly superposed 
over the other:) 
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THE PROPOSITIONS. 


We are now prepared to enter upon a series of separate discussions 
called propositions, relating to the terms that we have defined and 
regulated by the postulates and axioms that we have laid down. 
These propositions are of two kinds: theorems and problems. 

A theorem is a proposition in which some geometrical property 
is required to be demonstrated, e.g. :— 

 1f two straight lines intersect, the vertically opposite angles 
are equal. 

A problem is a proposit.on in which some geometrical construc- 
tion is required to be effected, e.g. :—- 

Bisect a given finite straight line. 

Remember, then, that in a theorem something has to be proved, 
while in a problem something has to be done. The statement or 
enunciation of a proposition is naturally divided into two parts. 
In the case of a theorem it consists of the hypothesis or conditions 
assumed, and the conclusion or assertion to be proved. Thus in the 
theorem, ‘‘If two straight lines intersect, the vertically opposite 
angles are equal,” we have :— 


Hypothesis—It is assumed that two straight lines intersect. 
Conclusion—It is to be proved that the vertically opposite 
angles are equal. 

In the case of a problem the enunciation consists of the data or 
things given and the quesita or things required. Thus in the pro- 
blem, ‘‘ Bisect a given finite straight line,” we have :— 

Datum—There is given a finite straight line. 
Quesitum—It is required to bisect it. 


Every proposition consists of four parts :— 
J. The general enunciation, which states in general terms the 
conditions of the theorem or problem. 

Il. The particular enunciation, which repeats the general 
enunciation in special terms and makes it refer to seme 
particular figure. 

III. The construction, in which such lines are drawn, on the 
authority of the postulates, as may be necessary to 
prepare the figure for demonstration. 

IV. The demonstration or proof, which shows that the theoram 
is true or the problem is possible, as illustrated by the 
figure. 

Problems belong to Practical Geometry, and will be considered 
ander that branch of the subject. 
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SYMBOLS, 

+ for plus. > for is greater than, are greater 
—- 4, minus. than, greater than. 
Ly» angle. < ,, isless than, are less than, 
- 4, is equal to, are equal to, less than. 

equal to, equal. » circle. 
tJ ,, perpendicular. *.* 4, because. 
f 4, parallel. -". 4, therefore. 
QA » triangle. Cs™,, parallelogram. 
= ,, is equal in all respects to, 


equal in all respects to. 


A symbol followed by the letter s denotes that it is being used ip 
the plural. , | 


ABBREVIATIONS, 

st. for straight, hypot. for hypotenuse. 
rt. ,, right. ’ Q-E.D. ,, quod erat demon- 
8q. ,, square. - strandum(which was 
pt. ,, point. to be proved), 
join AB (for example) for draw a Q-E.F. ,, quod erat faciendum 

straight line from A to B. (which was to be 
hyp. for hypothesis. done). 


And all obvious contractions such as guadl, for ‘‘ quadrilateral ” 
and equiang. for “‘equiangular ”. 
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THEOREMS. 


In proving the following theorems we shall assume that certain 
constructions are possible, though they fall outside the scope of the 
postulates. | 

These hypothetical constructions are :— 

(a) A line or angle can be divided into any number of equal 
arts. 
(b) A line can be drawn from any point tn any. desired 
direction and of any desired length. 
(c) A figure can be reproduced:or placed in any position. 

Though we may not know how to perform these constructions, 

we can perfectly easily imagine them as having been performed. 
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ANGLES AT A POINT, 
THEOREM 1, 
(Kue. I. 13.) 


Gen. Enun. If a straight line stands on another straight line the 
eum of the two angles so formed is equal to two right angles. 


Fia. 60. 


Part. Enun. Let the st. line DC stand on the st. line AB so as to 
form the 2|_s BCD and DCA, 
It 1s reqd. to prove that 
L. BCD +|_ DCA = 2rt. a 
Const. Suppose CE to have been drawn | .to AB. 
Proof. |_ BCD +|_ DCA = L_BCD +|_ DCE + L_ ECA. 
=| BCE +|_ ECA. 
= 2 rt. Ls. Q.E.D. 


QUESTIONS FOR EXAMIN ATION.—VI. 


1. Distinguish between a theorem and a problem. 

2. Name the four parts of a proposition and state the purpose of each 
part. 

3. What is the hypothesis in Theorem 1 ? 

4. What is the conclusion in Theorem 1 ? 

5. Repeat Axiom 7. What use is made of Axiom 7 in Theorem 1] ? 

6. What hypothetical construction is employed in Theorem ] ? 

7. Prove Theorem 1 by rotating a line about C from the position CB 
to the position CD and thence to the position CA, remembering that a 
right angle is a quarter of a complete revolution, 


ANGLES AT A POINT 47 


DEFINITIONS. 


Def. 16. When two angles are together equal to two right angles, 
each is said to be the supplement of the other and the two angles are 
said to be supplementary. | 

Thus in Fig. 60, the angle ACD is the supplement of the angle DCB. 


Def. 17. When two angles are together equal to one right angle, 
each is said to be the complement of the other and the two angles are 
said to be complementary. 

Thus in Fig. 60, the angle BCD is the complement of the angle DCE. 


Def. 18. A corollary is a geometrical truth that can be easily 
deduced from a proved proposition. 


We shall now give some corollaries on Theorem 1 and some exer- 
cises to be worked out by the student. 


Cor. 1. If two straight lines cut one another, the four angles they 
make at the point where they cut are together equal to four right 
angles. 


Cor. 2. All the angles made by any number of straight lines thai 
meet at a point, taken in order, are together equal to four right 
angles. 


Exercises. 


1. What is the complement of each of the following |_s?— - 
(i) 17°. (Ans. 78°.) 
(ii) 29° 13’. (Ans. 60° 47’.) 
(iii) 82° 2615”. (Ans. 7° 33’ 45’.) 
2. What is the supplement of each of the following |_s ?— 
(i) 73°. (Ans. 107°.) 
(ii) 35° 57’. (Ans. 144° 3’.) 
(iii) 115° 19’ 42”, (Ans. 64° 40’ 18”.) 
3. If several st. lines stand upon another st. line at the same pt. the 
consecutive |_s so formed are together = 2 rt.|_s. (See Fig. 61.) 


Fria, 61. 


4. The supplement of an acute |_ is obtuse. 
5 (8 that are complements of the same|_ are = to one another. 
6. |_s that are supplements of the same|_ are = to one another. 


7. If there are 15 rays in a perfect star, show that the angle between 
2 consecutive rays is 24°, 
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8; There are 12 spokes in a wheel. Find the |. between 2 con. 
secutive spokes. (30°,) = 
9. Of the 4 |_s formed by 2 st. lines cutting one another, if one is a 
rt. | they are all rt.|_s. 
to. Gan an = its own supplement, and, if s0, how many degs. 
90°.) 

= its own complement, and, if so, how many degs. are 
(Yes. 45°.) 
12. Can an |_ be double its own su 
degs. are there in it? (Yes. 


pplement, and, if so, how many 
120°.) Pit . vr 
13, Can an|_ be } of its own complement, 
are therein it? (Yes, 15°.) 


7 ce 
are there init? (Yes. 
- 11, Can an 
there in it? 


“and, if so, how many degs. 
14. If a st. line stands on another st. line the bisectors 

formed are | to one another. (Bom. Schl. .Final.) 
15. If| AOB = 72°, how ma 

by OA with OB? (288°.) 


of the 2 |_8 so 
ny degs. are there in the reflex |_ made 
16. BD is the bisector of [_ ABC and DB is produced to E. Prove 
that! ABE =| CBE. - 

_17..The internal and external bisectors of an angle make with one 
another an = } the sum of the |_ and its supplement. 

If the arm of |_ ABC is produced to D, the bisector o 
oalled the external bisector of |_ ABC. 
DCA. 


Norr.— 
f|_ ABD is 
* 18. In Fig. 60 proye that |_ ECD is 4 of the difference of |_s BCD, 


f 

a) 
QO, Sa SOI Ee 
wea at allivvo 


i 
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ee ae | any 3 
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THROREM 2. 
(Euc. I. 14.) | : 
Gen. Enun. If at a point in a straight line two other straight 
lines on opposite sides of it make the adjacent angles together equal 


to two right angles these two straight lines are in one and the same 
straight line. 3 


Fia. 62. 


_Part: Enun. At the point C in the st. line CD and on opposite 
sides of it, let the st. lines CA, CB make the adj. |_s DCA, DCB 
together = 2 rt. |_s. 

It is reqd. to prove that en 

CA and CB are in one and the same st. line. 

Const. Produce .BC to E. 


Proof, °.* DC stands upon the st. line ECB, 
{DCE +4 2:DCB = 2'rt.| 8s. ; ‘ Th. 1. 


Bue | DCA +{_DCB=2rt.|s. : : Hyp. 
-» L, DCE +'|- DCB =|_ DCA + |_ DCB. 
: OD Donate DEA 


.. CA coincides with CE. dei 
‘ But, by construction, CE and CB are in one ‘and the 
. same st. line. . ) 
.. CA and CB are in one and the same st. line. =«-_ QE... 

Def. 19. Two theorems are said to be converse each of the other 
when the hypothesis of each is the conclusion of the other. 

This is true in the case of Theorems 1 anc 2, for in Theorem 1 we 
assume that two straight lines meet one another and we prove that two 
adjacent angles formed by them are together equal to two right angles, 
while in Theorem 2 we assume that two adjacent angles are together 
equal to two right angles and we prove that they are formed by two 
straight lines meeting one another, 

The converse of a theorem need not be true though the theorem itself 
may betrue. For example, the enunciation, 

“If a man is a negro, he must have a dark skin.” 


is true, but its converse, 
“If a man has a dark skin, he must be a negro,” 


is evidently not true. 


& OF 


50 RLEMENTS OF GEOMETRY 


The converse of a theorem whose hypothesis is made up of severa) 
distinct hypotheses and whose conclusion is made up of several distinct 
conclusions is obtained by interchanging one of the conclusions and one 
of the hypotheses. For further explanation see note on Theorem 14. 


QUESTIONS FOR EXAMINATION.—VIL. 


1, Into what two parts can the enunciation of a theorem be divided 7 

2. If the words ‘‘on opposite sides of it’ were omitted, would the 
enunciation of Theorem 2 still hold good ? 

3. Repeat Axiom 1 and show what use is made of it in the proof of 
Theorem 2. What other axiom is used ? 

4. When are two theorems said to be each the converse of the other ? 

5. State the converse of the enunciation :— 

“ All birds have wings”. 


6. In the proof of Theorem 2 we assume that if two angles are equa! 
their arms can be made to coincide. Prove this by superposition. 


Exercises. 


19. OA, OB, OC, OD meet at O. The|_s AOB, BOC, COD, DOA 
are all rt.{_s. Prove that OA is in the same st. line as OC and OB 
as OD. 

20. OA, OB, OC, OD meet at O. |_AOB+|{_BOC={_COD 
+{_ DOA. Prove that OC is in the same st. line as OA. 

21. OA, OB, OC, OD meet atO. |_AOB=|_CODand| BOC 
=| DOA. Prove that OC is in the same st. line as OA and OB as 
OD. 

22. If the bisectors of 2 adj.|_s are | to one another, prove that the 
adj. |_s are formed by 2 st. lines meeting one another. 

23. At the pt. C in the st. line AB, 2 st. lines CD, CE on opp. sides 
of it make |_ DCA=|_ECB. Prove that CD and CE are in the 
same st. line. (Punj. Eur. Schls. Mid.) 

*24. AOB is an acute he Prove that the bisectors of the acute |_ 
AOB and of the reflex |_ AOB are in one and the same st. line. 


Def. 20. Of the four angles formed by two intersecting st. 
lines those that are opposite one another are called vertically 
opposite angles. 


Fia. 63. 


Thus, in Fig. 63, a and £8 are vertically opposite angles and so are 
y and 5. 
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THEOREM 3. 
(Kuc. I. 15.) 


Gen. Enun. If two straight lines intersect, the vertically opposite 
angles are equal. 


Fia. 64. i 


Part. Enun, Let the st. lines AB, CD intersect at E, forming the 
isa, f, y, 6. 
It is reqd. to prove that Bee awe 
| a=vert. opp. Ly. 
and |_ B = vert. opp. __8 
Proof. :.* BE stands on CD, 
Se on Bee OE A aa ae 6 8 Th. :; 
Again *.* CE stands on AB, : 
*LB+L y= 2 rt. |_s. « r Th. 1. 
apes) P= "B+ Loy | 


ae * a a Ls Vs 
Similarly |_ 8B = |_ 6. Q. E.D 
QUESTIONS FOR EXAMINATION.—VIII. 


1, Why do we know that two straight lines cannot intersect in more 
than one point? (Ans. Because two straight lines cannot enclose a 
space.) 

" 2. Define ‘‘ vertically opposite” angles. 

3. Repeat Axiom 11, and show what use is made of Axiom 11 in the 
proof of Theorem 3. 

4. Give the hypothesis and the conclusion in the enrnciation, “ All 
men will die”. 

5. If two straight lines meet at a point, how many angles do they 
make with one another? (Ans, 2.) 

6. From the defn, of a line prove that the intersection of two lines 
is a point or points. 

Exercises. 

25. How many degs. are there in the supplement of 3 of a rt. [_ 
(Ans. 126°.) 

26. In Fig. 64 prove that|_B =|_ 8. 

27. OA and OB meet atO. OC and OD are drawn fromO | to 
OA and OB respectively. Prove that |_ COD is either equal or sup- 
plementary to| AOB. 

28. Two adj.|_s are supplementary. How many degs. are there in 
the |_ formed by their bisectors? (Ans. 90°.) 

29. The bisectors of vert. opp. |_8 are in one and the same st. line. 

*30. AB and CD intersect at E, EF is the bisector of|_ AEC, 
Prove that FE produced will bisect the vert. opp.|_ DEB. 
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PARALLEL STRAIGHT LINES. 


Def. 21. Straight lines, in the same plane, which do not meet 
however far they are produced in either direction, are said to be 
parallel, | 

Note.—[f a straight line cuts two other straight lines, eight angles 
are formed at the two points of intersection, as in Fig. 65. Of 
these 

a, 8, 9, » are called exterior angles. 

y, 9, «, (are called interior angles. 

y, e and 6, ¢ are called alternate angles. 

a,«; 8, ¢; n, dand 4, y are called corresponding angles. 


The cutting line is called a transversal. 


PARALLEL STRAIGHT LINES : 63 


THrorEemM 4.* 


(Kuc. I. 27.) 


Gen. Enun. When a straight line cuts two other straight lines, tf 
a pair of alternate angles are equal, then the two straight lines are 
parallel. 


‘ty fi ee 
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Part. Enun. Let the st. line EF cut the two other st. lines AB, 
CD in E, F respy. and make |_ a = alt. |_ B. 
Lt is reqd. to prove that 
AB is || to CD. 


Const. If AB and CD are not ||, they will meet when produced 
either in one direction or in the other. 

Suppose they meet at G when produced in the direction of A and 
C 


Now imagine a copy, G'A’E’F'C’ to be made of the fig. GAEFC 
on tracing paper, and this copy to be turned round in its own plane 
and to take up a position so that E’F’ may coincide with FE. 

Proof. -..|_ A’E’F’=|_ AEF =| a 

sw Hyp, 
.*. B’A’ will lie along FD. 
And*.:|_E’F'C’=|_ EFC 
= supplement of |_ 8 . ‘Liteon 
= supplement of|_a . Hyp. 
=| FEB . : ‘ Th. 1. 
-'. F’C’ will lie along EB. 

Hence EB and FD when produced in the direction of B and D 
will meet at G’. 

But, if this were so, we should have two st. lines enclosing a 
space, which we know to be impossible. 

-*. AB, CD cannot meet when produced in either direction. 

.". AB is || to CD. Q.E.D. 


* The Proof of this Theorem is difficult for a beginner, and may 
be omitted when reading the book for the first time. 
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ON REDUCTIO AD ABSURDUM. 


It is sometimes easier to prove that a statement cannot be untrue 
than to prove that it is true. And these two conclusions come to 
the same thing. For example, if we prove that two given straight 
lines cannot be unequal, it is the same thing as proving that they 
are equal. A line of argument frequently used in geometry for 
proving the truth of a statement in this round-about manner is 
called the reductio ad absurdum (reducing to an absurdity). This 
method amounts to showing that if the statement whose truth we 
wish to prove is assumed to be untrue then impossible results must 
follow. It has been pointed out that the reductio ad absurdum 
only shows that the statement is true and not why it is true, and 
so is less valuable than a direct proof. 

The reductio ad absurdum is used in the proof of Theorem 4, 
znd is often useful in proving converse propositions. 


QUESTIONS FOR EXAMINATION.—IX. 


1. Repeat the definition of parallel straight lines and point out the 
necessity of the words ‘‘in the same plane”. 


2. Show by a diagram what you understand by “two alternate 
angles”. 


3. What name is given to the method of proof employed in Theorem 
4? Why is it so called ? ; 


4. What false assumption led to the impossible conclusion in 
Theorem 4? 


5. Repeat Axiom 8. What use is made of Axiom 8 in the proof of 
Tieorem 4? 


6. Enunciate the previous theorem that is employed in the proof of 
‘Theorem 4. 


7. Prove by reductio ad absurdum that two straight lines cannot 
have @ common segment. ; 


Exercises, 


31. If all the |_s of a fig. bounded by 4 st, lines are rt.|_s prove that 
its opp. sides are ||. 


32. If 2 st. lines are | to the same st. line they are || to one another. 

33. The bisectors of either pair of alt. |_s in Fig. 66 are |}. 

34. When ast. line cuts 2 other st. lines if a pair of ext. but non-adj. 
{_8, on opp. sides of the cutting line, are =, the 2 st. lines are ||. 


* 35. Prove that only one st. line can be drawn | to a given st. line 
irom @ given pt. within it. 
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THEOREM 5. 
4 ee) (Kuc. I. 28.) 
Gen. Enun. When a straight line cuts two other straight lines, if 
(A) A pair of corresponding angles are equal, or 
(B) A pair of interior angles on the same side of the cutting 


line are together equal to two right angles, 
then the two straight lines are parallel: 


Part. Enun. Let the st. line EF cut the 2 other at. lines AB, CD 
and make (A) |_a= corresp. |_ 8. 


or (B) int. |_s 8, y on the same side of EF together = 
2 rt. |a. 


Fia. 67. 


It ts reqd. to prove that 
AB 1s || ¢o CD. 
Proof of (A) hee a = vert. Opp. [S ik. r) e ® Th. 3. 
But |_a = corresp (B60 ee) 8 ke Hyp. 
6%. = alt. ‘ 
os AB is || C6 CI bere ue i eg Re 
Q.E.D. 


Proof of (B)|_8+(oy=2rt.Ls ° e e ® Th. 1. 
Alsol_y+LB=2rt.Ls e ° e e Hyp. 
es RE ae oy 2s Tealy he) 
e's a) = alt. i Bi 
“AB wCDe ew oO SS ee 


Q.E.D. 
ON DIRECTION AND SENSE. 


Straight lines that make equal angles with any line of reference 
as, for example, the four lines in Fig. 68, are said to have the same 


Fig. 68, 


direction. But these angles that determine the directions of a set 
of atraight lines are what we have called ‘‘ corresponding angles”’. 
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Hence it follows from Theorem 5 that lines having the same direc- 
tion are parallel. Bones 

Any line may be supposed to have been traced by a point moving 
from either extremity towards the other. We recognise this by 
saying that a line may be drawn in either of two opposite senses— 
for instance, from right to left or from left to right. So, too, a 
number of parallel straight lines can be drawn all in the same sense 
or some in one sense and some in another. 

Again, a line rotating about an extremity may be supposed to 
move either clockwise or counter-clockwise. We recognise this by 
saying that a line rotating clockwise and a line rotating counter- 
clockwise are rotating in opposite senses. ae | 

Thus we can speak of two parallel straight lines or of two angles 
of rotation being ‘‘equal in magnitude and opposite in sense,” or, 
briefly, ‘‘ equal and opposite ”. 


QUESTIONS FOR EXAMINATION.—X. 


1. Repeat the definition of parallel straight lines and point out the 
necessity of the words “in either direction ”. 

2. What axioms are employed in proving Theorem 5? 

3. How can the direction of a straight line be determined ? 

4. Why do we know that AB and CD in Fig. 67 are in the same 
direction ? 

5. Prove that straight lines in the same direction are parallel to one 
another. 

6. In Fig. 67 show that AB can be madé to lie along CD by two 
equal rotations in opposite sensés. ! . 

7. Prove by Theorem 5 that parallel straight lines can be correctly 
drawn by the aid of set-squares. v. 


Exercises. 


36. If all the |_s of a fig. bounded by 4 st. lines are rt.|_ 8, prove by 
Theorem 5 in 2 different ways that its opp. sides are ||. 

37. When a st. line cuts 2 other st. lines, if a pair of exterior {_s on 
the same side of the cutting line are together = 2 rt. {_s, then the 
2 st. lines are ||. 

38. Prove Theorem 5 in the same way as Theorem 4. 

Axiom 12 (Playfair’s Axiom). Two straight lines that intersect 
one another cannot both be parallel to the same straight line. 

For example, PQ and PR cannot both be parallel to AB because they 
intersect at P, 


Fia. 69. 
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THEOREM 6. 
(Euc. I. 29.) 


Gen. Enun. If a straight line cuts two parallel straight lings, 
(A) alternate angles are equal, ie a. 
(B) corresponding angles are equal, and 
(C) the interior angles on the same side of the eutting line-are 
together equal to two right angles. |... Cok oe 


Fia. 70. 


Part. Enun. Let the st. line EF cut the 21} st. lines AB, CD in 
G, H gespy.. 173 Gti: agukh 3x ; oe ae 
It iz reqd. to prove.that , 
(A) |_ AGH = ait. |_ GHD, 
(B) __ EGB = corresp. |_ GHD, and 
(C) int. __s BGH, GHD on the same side of EF together, 
= 2 rt. \_s. wer fey 
Proof of (A) If L_ AGH is not = |_ GHD, JOé& ih > 
Suppose GK to have been drawn making |_ KGH = alt. | GHD.” 
-’» KG is || to CD : ‘ ; iTh,.4. 
But AGis||toCD. . ‘Hyp. | 
.“. KG and AG are both || to CD. 


which is impossible : ; ‘ -  Playfair’s, Axiom. 
-*, L_ AGH cannot be unequal to [_ GHD, bat 
that is, L_ AGH = alt.|_ GHD. Q.E.D. 
Proof of (B) *..|_ EGB = vert. opp.L_ AGH . 1s ch. 3. 
and’ “|: AGH =alt.|_ GHD =. ‘ ln’ (A), 
-*» L_ EGB = corresp. |_ GHD. Q.B.D. 


Proot of (Ue Laman + AGH 2 rie Thy 
and | AGH —alt.|_ GHD ©. ; ped som 
-.L BGH+|_ GHD = 2rt.|_s. Q.E.D. 
Cor. Two angles whose arms are parallel and drawn in the same 
ense are equal. 
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QUESTIONS FOR EXAMINATION.—XI. 


1. What false assumption is made in the proof of Theorem 6, and what 
impossible conclusion is the result ? 


2. Why is a reductio ad absurdum proof less valuable than a direct 
proof ? 

3. Prove that parallel straight lines have the same direction. 

4. In Fig. 70, assuming that parallel straight lines have the same 
direction, prove that |_ AGH =|_ GHD. 


Prove as a corollary of Theorem 6: ‘‘If a straight line cuts two 
other straight lines, so as to make the sum of the two interior angles on 
the same side of it less than two right angles, the two straight lines, if 
continually produced, will meet on that side on which are the angles 
whose sum is less than two right angles”. (Huclid’s Twelfth Axiom.) 

6. What different kinds of magnitude are treated of in Plane Geo- 
metry ? 


Exercises, 


39. A fig. is bounded by 4 st. lines of which opp. pairs are ||; prove 
that its 4|_s are together = 4 rt. |_s. 


o. If one of the 4|_s in the fig. of Ex. 39 is a rt. |_, prove that all 
ibaa are rt.|_s. (Calc, F. A. Exam.) 


41. Prove that the opp. |_s in the fig. of Ex. 89 are = to one another. 
42. If AB is | to CD it ts also | to all st. lines || to CD. 


43. AB, CD are |s to EF, GH respy. If EF is || toGH prove that 
AB is || to CD. 

44. The|_ between 2 st. lines is = or supplementary to the|_ between 
2 others which are | s to them respy. 

45. If ast. line cuts 2 || st. lines, prove that the bisectors of alt.| s 
are ||. 

*46. If a st. line cuts 2 || st. lines, prove that the bisectors of the 4 int, 
|__s form a 4-sided fig. whose opp. sides are || and whose |_s are all rt. 


|_8. 


xa In the fig. of Ex. 39 prove that the bisectors of the| s form a 4- 
sided fig. whose opp. sides are || and whose |_s are all rt. | s. (Bom. 
Prev.) 


*48. Of 2 st. lines, if one is while the other is not | toa third st. line, 
prove that these 2 st. lines cannot be ||. 


*49. Prove, without producing a side, thatthe3|_s ofa / are together 
— 2 rt. [_5. (Punj. E. E.) 
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THEOREM 7. 
(Euc. I. 30.) 
Gen. Enun. Straight lines which are parallel to the same straight 


line are parallel to one another. 


Part. Enun. Let the st. lines AB, CD be each || to the st. line 
EF, 


Fia. 71. 


It is reqd. to prove that 
AB is || to CD. 


Proof. If AB and CD are not ||, they will intersect if produced 
far enough, and then two st. lines that intersect would both be | 
to the same st. line. 

But this is impossible ‘ : ; : Playfair’s Axiom. 

.". AB and CD will not intersect, however far produced. 

.. AB is || to CD. Q.E.D. 


QUESTIONS FOR BPXAMINATION.—XII. 


1. State the converse of Theorem 7. 


2. Repeat Playfair’s Axiom. What use is made of it in the proof of 
Theorem 7 ? 


3. If two straight lines are each parallel to a third straight line that 
lies between them, deduce immediately from the definition of parallel 
straight lines that they are parallel to one another, 


4. What two kinds of surfaces are treated of in geometry? 
5. What positive property has a geometrical point ? 


6. What do you understand by the expression|_AOB + |_ BOC = 
| AOC? 


Exercises, 
50. If a st. line is || to one of 2 || st. lines, it is || to the other, 
51. If a st. line is not || to one of 2 || st. lines, it is not |] to the other, 


52. AB and AC are each || to DE. Prove that AB and AC are in 
one and the same st. line. 


* 53. Prove Theorem 7 by means of Theorems 4 and 6 (Euclid’s proof). 


"54. If 2 st. lines are not ||, prove that all st. lines cutting them 
make alt, |_8 which differ by the same|_. 
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RECTILINEAL FIGURES.—EQUALITIES, 
DEFINITIONS. 
Def. 22. A triangle is a figure bounded by three straight lines. 


Fia. 72. 


The side of a triangle on which it may be supposed to stand is called 
its base and the opposite corner is then called its vertex. 

The line drawn perpendicular to the base from the vertex is called its 
height or altitude. 

The line joining a vertex to the middle point of the opposite side is 
called a median. 

Every triangle has three angles as well as three sides, or six parts 
altogether. It has also an area. 


Def. 23. An equilateral triangle is one which has its three sides 
equal. 


Fig. 73. 
Def, 24. An isosceles triangle is one which has two sides equal. 


Fia. 74. 


Hence an equilateral triangle is also isosceles. 
The two equal sides of an isosceles triangle are usually spoken of as 
its sides, and the remaining side as its base, 
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Def. 25. A scalene triangle is one which has three unequal sides. 


Fia. 75. 


Def. 26. A right-angled triangle is one which has right angle. 


Fia. 76. 


In a right-angled triangle the side which is opposite ‘to the right 
angle is called its hypotenuse, and the other two sides its base and 
perpendicular. 


Def. 27. An obtuse-angled triangle is one which has an obtuse 
angle. 


Fia. 77. 


Def. 28, An acute-angled triangle is one which has three acute 
angles. 


Fia. 78. 
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Def. 29. A quadrilateral is a plane figure bounded by four straight 
lines. 


Fia. 79. 


Def. 30. A polygon is a plane figure bounded by four or more 
straight lines. 


F ia. 80. 


Hence a quadrilateral is a polygon. 
A five-sided polygon is called a pentagon, 


A six-sided bs “e », hexagon, 

A seven-sided _,, " »» heptagon. 
An eight-sided ,, ee an octagon. 

A nine-sided - a nonagon. 

A ten-sided 4 is »» decagon. 

An eleven-sided ,, an wndecagon. 
A twelve-sided ,, * a dodecagon. 

A fifteen-sided __,, = 9 QUindecagon. 


Def. 31. A convex polygon has each of its angles less than two 
right angles. 


Fira. 81. 


Def. 32. A regular polygon has all its sides equal and all its angles 
equal (see Def. 9). 
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Fig. 82. 


Def. 33. The dia 


gonals of a polygon are straight lines joining 
opposite corners. 


Fia. 83. 


Note, If all the sides of a plane rectilin 
the sense in which a point would move to 
are said to be produced in order. 


eal figure are produced in 
trace out the figure, they 


Fig. 84. 


The angles formed by producing the sides of a plane rectilineal 
figure are called its exterior angles. ge 
"Of the interior angles of a plane rectilineal figure, those that are 
non-adjacent to an exterior angle are said to be interior and opposite 
- to that exterior angle. Thus in Fig. 84 the sides are produced in 
order, and the angles a, 8, y are interior and opposite to the exterior 
angle 8. 
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 Turorem 8. 
(Euce. I. 32.) 


Gen. Enun. The sum of the angles of a triangle is equal to two 
right angles. 


Fia. 86, 


Part. Enun. Let ABC bea A. 


“Tt 1s reqd. to prove that 
s LA+lLB+lC=2?rt[s. 


Const. Produce BC to D. 
Suppose CE to have been drawn || to BA. 


Proof. *.- CE is || tolBA and AC cuts them, 
. | A Oh eee . : ° Th. 6 (a). 


And °.. CE is || to BA and BD cuts them, 
-. L_ B = corresp. |_ ECD . ‘ Th. 6 (B). 
~ LA+LB={[_ ACE +L ECD &|_ ACD. 
~LA+LB+L.C=[_ ACD +[L. ACB 
= 2 1.1 3. . ‘ ‘ 18. 4. 
Q.E.D. 


Cor. 1. Any two angles of a triangle are together less than two 
right angles. (Kuce. I. 17.) 

Cor. 2. If two triangles have two angles of the one equal to two 
angles of the other, thetr remaining angles are equal. 

Cor. 3. If one side of a triangle is produced, the exterior angle 
so formed ts equal to the sum of the two interior opposite angles. 
(Euc. I. 32.) 

Cor. 4. Ifone side of a triangle is produced, the exterior angle 
so formed: is greater than either of the interior opposite: angles. 
(Euc. I. 16.) 
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QUESTIONS FOR EXAMINATION.—XIII, 


1. Classify triangles (i) with regard to their sides, (ii) with regard to 
their angles. <p) y oe 

2. What is a hypothetical construction? Is any use made of a 
hypothetical construction in the proof of Theorem 8?. If so,.where? 

3. Suppose DAE to have been drawn parallel to the side BC of a 
triangle ABC, prove that the three angles of the triangle are equal to 
two right angles without any further construction. casi a 

4. Illustrate the truth of Theorem 8 by turning down the corners of 
a triangular piece of paper so that they may meet at a point in one of 
the sidés. Sine ; 

5. A man walks round and round a triangular course ABC. Draw a 
diagram to show the three angles through which he turns. Can you, 
give any reason for supposing that the sum of these three angles is, 
equal to four right angles? ae ae 

6. Ifthe sum of the three angles turned through by the man in question 
5 is equal to four right angles, prove that the:sum of the angles of the 
triangle ABC is equal to two right angles. 

e 5 - Exercises, 

55. Show that each |_ of an equiang. /\ = 2? rt.[_. 

56. If 2|_sofa /\ are complementary, prove that the remaining {_ 
ls art. [_. 220% 

57- ff 2|_s ofa / are together = remaining |_, prove that the Ais 
rt. |_d. | 
58. Every rt.[|_d /\ has 2 acute |_s and they are complementary. 
59. If any 2|_s of a / are together > remaining |_, the A is acute 
d. vee coe | 


60. State and prove the converse of Ex. 59. 
61. One |_ of a A is half each of the other two. Find its magnitude. , 
(36°.) - | 
62. If 2 |_s of a A are together < remaining |_, the A is obtuse 
d. } 


63. State and prove the converse of Ex. 62. 

64. lf 2|_s of a A are 63° 11’ 52” and 81° 49’ 23” respectively, what is 
the remaining|_? (34° 58’ 45”.) | 

65. The |_ formed by the bisectors of any 2|_s of a A is always ap 
obtuse [_. 

66. Zhe sum of the|_s of aquadl. = 4rt.|_s. (Bomb. Matric.) 

67. -At least 2 of the |_s of every /\ are acute. | 

68. Two|_s of a /\ are = one another and each is } remaining [_. ' 
Find the 3|_s. (457, 45°, 90°.) 

69. The 3|_ sofa A area, B,y. a=5y,B=4y. Find a, f, y 
(90°, 72°, 18°.) | 

70. The 4| sof a quadl. area, 8B, y,8. a=55,8 = 48, y = 28, 
Find a, B, y, 8. (150°, 120°, 60°, 30°.) 

3 
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71. The base BC of a A ABC is produced to D. BE and CE, 
bisecting the |_s ABC,-ACD respy. meet at E, Prove that| BEC 
= 4| BAC. 

72. If the sides of a /\ are produced in order, two, at least, of the ext. 
{_s 80 formed must be obtuse. 

73. If one side of a quadl. is produced, the ext.|_ so formed is << 
the sum of any 2 of the int. opp. |_s. 

74. If one side of a A is produced, is the ext.|_ > the int. adj. 2 
Draw a fig. and give reasons for your answer. (Punj. Eur. Schls. 
High.) 

75. Could the bse at the base of any /\ be either obtuse or rt. |_s? 
Give a reason. eng. Eur. Schls. Mid.) 

76. The bisector AD of the|_ BAC of a (\ ABC meets the side BC 
in D and BC is produced to E. Prove that|_ ABE +|_ACE = 2 
| ADE. 

77. If the opp. |_s of a quadl. are =, the opp. sides are ||. 

78. ABCD is a quadl., and the bisectors of the |_s A and B meet at 
E. Prove that! C+|[ D=2|[_E. 

79. Prove that the sum of the |_s ofa A\ = 2 rt.|_s by joining the 
vertex to any pt. in the base. 

80. From any pt. in the base of a A [8 are drawn to the 2 sides of 
the A. Prove that the sum of the |_s made by the | s with the base 
= vert.|_ of /\. (Punj. Mat.) 

81. The | drawn from the rt. | of art. |_d f to the opp. side 
divides the rt. |_d /\ into 2 As, such that the|_s of the first taken in 
order are equal respy. to the |_s of the second, taken in order. 

* 82. The sides of a quadl. are produced in order. Prove that the 
bisectors of the 4 ext. |_s form another quadl. whose opp. |_s are 
supplementary. 

* 83. The bisectors of the|_s B, C of a A, ABC meetin D, Prove 


that 
| BDC - 3|_A = 90°. 

*84. Ina A ABC,|_ B+. C = 126°and|_ B-{|_C = 74°. 
Find|_ A,{_ Band|_C. (54°, 100°, 26°.) 

*85. Prove that tf the sides of any /\ are produced beyond the base, and 
the ext.|_s thus formed are bisected, the bisectors will include an|_ = half 
the sum of the base angles. 

*86. The base BC of a ra ABC is produced both ways and the ext. 
|_s so formed are bisected by st. lines meeting at D, Prove that 

| BDC + 4|_A = 90°. 

*87. ABC is a A. AD, BE, CF are drawn within the (A so that 
{ BAD=|_CBE=|_ ACF. If AD, BE, CF do not meet in a 
pt. prove that they form a /\ whose |_5, taken in order, are equal 
respy. to the|_s of the (\ ABC taken in order, 

* 88, Ifa trisector of an ext.| ofa / is || to a trisector of anint.|_, 

rove that the other trisector of the ext. |_ is || to a trisector of an int. 
a (Bombay Previous.) 
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THEOREM 9. 
(Euc. I. 32, Cor.) 


Gen. Enun. If the sides of a convex polygon are produced in order 
the sum of the angles so for med, is equal to four right angles. 


Fra. 86. 


Part. Enun. Let ABCD be a convex polygon wh ere sides are 
produeed in order so as to form the ext. |_s a, B, y, 8 

It is reqd. to prove that 

La+L&+|Lyt+lLi=4rt. Ls. 

Const. Through any point O suppose the st. lines OE, OF, OG, 
OH to have been drawn || to and in the same sense as AB, BC, CD, 
DA respy. 

Proof. Since OE, OF are drawn respy. || to and in the same sense 


as the arms of the |_ a. 
coe =| EOF A . ‘ Th. 6, Cor. 
similarly |_ 8 =|_ FOG, 


| y=[L. GOH, 

6=|_ HOE, 
*LatlLS8t+Lyt+lLs= Fores patented oo) shaken 
=4rt.|s ‘ Th. 4, Cor. 2. 


Q.B.D. 
Cor. The sum of the interior angles of any convex polygon together, 
with four right angles 1s equal to twice as many right angles as the 
polugon has sides. 


Proof. Produce the sides in order, then, 
All int. |_s + all ext. |_s = twice as pies rt.|_8 as the polygon 
Th. 1 


has sides ; 
*, All int. |_s + 4 rt. Ls = twice as many rt. Ls as the eaeior 
has sides a0 2% . Bieta : Th. 9, 


Q.K.D, 


68 ELEMENTS OF GEOMETRY 


QUESTIONS FOR EXAMINATION.—XIV. 


z. Explain the following terms: vertex of a triangle, hypotenuse, 
diagonal. 


2. Draw a diagram of a polygon that is, and another of a polygon that 
is not, convex. 


3. What do you mean by producing the sides of a polygon in order # 


4. The sides of a polygon can be produced in order first in one sense 
and then in the opposite sense. Show that two different sets of exterior 
angles are thus formed. 


5. Illustrate the truth of Theorem 9 by rotation about the angular 
points of the polygon. 


6. Prove the corollary of Theorem 9 for a polygon whether convex 
or not by joining one angular point to all the rest. 


Exercises. 


89. Show that an ext.|_ of a reg. octagon = 45°, 


90. How many degs. are there in each ext. | of (1) a reg. pentagon, 
(2) a reg. nonagon? (72°, 40°.) 


. gi. Each ext.|_ of a reg. polygon = ? of a rt. |. Find the number 
of sides. (Madras Matric.) (10.) 


92. Each ext.|_ of a reg. polygon is half a degree. Find the number 
of sides. (720.) 


93. How many degs. are there in the sum of the int.|_s ofa polygon 
of (1) 4 sides, (2) 7 sides? (360°, 900°.) 

94. If the sum of the int. |_s of a polygon = 12:rt. | 8, how many 
sides has it? (8.) 


95. Show that each |_ of a reg. polygon with 1b sides = ?¢ of a rt. 
{_. (Punj. Eur. Schls. High.) 


96. How many degs. are there in each int.| of (1) a reg. hexagon, 
(2) a reg. dodecagon? (U. P. Eur. Schls. High.) (120°, 150°.) 


97. If each int.|_ of an equiangular polygon is 150°, find the number 
of its sides. (Punj. Mat.) (12.) 


98. Six of the int. |_s of a reg. polygon = 9 rt. |_s. Find the number 
of sides. (8.) 


99. Could (1) reg. octagons, (2) reg. hexagons, be fitted together so as 
to form a perfect mosaic? (No; yes.) 


100. Prove that the sum of the int. |_s of a convex octagon is three 
times the sum of the ext. |_s, 


ror. How many diagonals has (1) a pentagon, (2) a hexagon? (65, 9.) 
102. Draw a pentagon having all its |_s but not all its sides =, 
103. Draw a pentagon having all its sides but not all its | 8 =. 


RECTILINEAL FIGURES.—EQUALITIES 69 


104. Five of the|_s of a hexagon are 132°, 175°, 151°, 96°, 130°. Find 
the remaining|_. (36°.) 
an ~ 4 
n 


105. Each of the |_8 of an equiangular polygon of n sides = 
vt. |_s, (U. P. Eur. Schls. High.) 

106. Find the ratio of an |_ of a reg. octagon to an|_ of a reg. hexa- 
gon. (9: 8.) . 

107. How many sides has a convex polygon whose ext, |_s taken in 
order are together = sum of its int.|_s? (4.) 

108. The sides of a reg. octagon are produced both ways till they meet. 
Show that eight rt. |_s are formed where they meet. 

109. A reg. polygon of more than 4 sides must have all its ext. |_s 
acute. 

110. A reg. polygon of more than 4 sides must have all its int. |_s 
obtuse. 

*111, Can any reg. polygon have its ext. |_s (i) 15°, (ii) 20°, (iii) 25°? 

*112, Can any reg. polygon have its int.|_s (i) 180°, (ii) 135°, (iii) 140°? 

*113, What reg. rect. figs., having the same number of sides, can be 
fitted together so as to make perfect mosaics ? 

*114, If the sides of a convex polygon of » sides be produced both 


ways the sum of the |_s between each alternate pair = 2 (m — 4) rt.|_. 
(Calo. F. E.) 


Def. 34. Figures which can be made by superposition to coincide 
or fit exactly are said to be congruent. 

Hence, by Axiom 9, congruent figures are equal in all respects or 
identically equal. 

The only ultimate test of the identical equality of two figures is that 
they can be made to coincide by superposition. 

. two congruent figures one is sometimes called the duplicate of the 
other. 

The sign = denotes the congruence of two figures, thus 

LA ABC = A DEF 
means that the triangles ABC and DEF are equal in all respects, or 
all the parts of the triangle ABC are equal to all the parts of the triangle 
DEF, each to each. 

When all the angles of one figure are equal to all the angles of 
another figure, each to each, taken in order, we speak of the figures 
being equiangular. Thus two congruent triangles are equiangular. 
Notice that we used the word ‘‘ equiangular ” in a different sense on 
page 35. 

Def. 35. Three or more lines are said to be concurrent when they 
meet in the same point. 


Def. 36. Three or more points are said to be collinear when they 
lie on the same straight line. 
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THEOREM 10. 
(Kuc. I. 4.) 


Gen, Enun. [ftwo triangles have two sides of the one equal to two 
sides of the other, each to each, and also the angles contained by 
those sides equal, the triangles are congruent. 


Fia. 87. 


Part. Enun. Let ABC, DEF be 2 /\s having 
AB = DE 
{ AC = DF 
contained L_ A = contained |_ D. 
It is reqd. to prove that 
LA ABC = A DEF. 
Proof. Apply “\ ABC to A DEF so that A falls on D and AB 
lies along DE. 
Then -.. AB = DE - . 
.". B falls on E. 
And »°.°1, Aveda aja, ; 
.*» AC lies along DF. 
And °.° AC = DF : 
.*. C falls on F. 
-. Z\ ABC coincides with (A, DEF. 
o- A ABC =A/A DEF. Q.E.D. 


. ° . ; Hyp. 
. : Hyp. 
‘ : : ° Hyp. 


QUESTIONS FOR EXAMINATION.—XYV. 


1. Define congruent figures. 


z. Repeat the axiom by which we know that congruent figures are 
equal in all respects. 


3. Which of the axioms does the process of superposition involve ? 


4. If two figures are congruent must they be equal in area, and if 
they are equal in area must they be congruent ? 
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§. Illustrate the two different meanings of the term “ equiangular ” 
din geometry. 

6. Prove Theorem 10 by applying the triangle DEF to the triangle 
ABC in Fig. 87. 


Exercises. 


Note.—When two triangles, which have to be proved congruent, over- 
lap each other, it is advisable for beginners to make a separate sketch 
of each. 


115. The line that bisects one of the|_s of an equilat. /\ divides the /\ 
into 2 = parts. | 

116. ABCD is a reg. quadl. Prove that the diag. AC bisects each of 
the |_s DAB, DCB. 

117. ABCD is a reg. quadl. Prove that the 2 diags. are =. 

118. ABCD isa reg. quadl. FE, F, G are the mid. pts. of AB, BC, 
CD. Prove that EF = FG. 

119. In the fig. of Ex. 118 prove that AF = DF. 

120. In the fig. of Ex. 118 prove that BG = DF. 

121. The line that bisects the vert. |__ of an isos. /\ bisects the base and 
és | to it. 

122. If the st. line joining the mid. pt. of the base of a A\ to the 
vertex is | to the base, prove that the /\ is isos. 

123. AOB, COD are 2 diams. of the same ©. Prove that AC = 
BD. 


124. A radius OC ofa © is | toadiam. AOB. Prove that AC = 
CB. : 

125. AOB, COD are 2 diams. of the same © at rt. [_s to one 
another. Prove that AC = CB = BD = DA. 

126. If the diags. of a quadl. bisect each other at rt. |_s, prove that the 
quadl, 1s equilat. 

127. AB bisects CD at rt.|_s. Prove that any pt. on AB is equi- 
distant from C and D. 

128, Prove that the 2 diags. of a reg. pentagon drawn from any 
angular pt. are =. 

129, Prove that 3 of the diags. of a reg. hexagon form an equilat. /\. 

130. PQ and RS bisect one another at T. Prove that the /\ PST 
can be applied to the /\ RTQ s0 as to coincide with it. 

131. ABCD isaquadl. AB=AD and the diag. AC bisects|_ BAD, 
Prove that CB = CD and AC bisects |_ BCD. 

132, ABCD is a reg. quad]. If = parts AE, AF are cut off from 
AB, AD, prove that DE = BF. 


133. If 2 /\s are congruent, prove that the st. lines joining their ver- 
tices to the mid-pts. of their bases are =, 
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134. Any pt. on the bisector of the vert.|_ of an isos. /\ ts equidistant 
from the extremities of the base. 


135. Two pts. P, Q are taken on the sides of a A equidistant from 
the vertex, and similarly 2 other pts. R, S. Prove that PS = RQ. 


136. ABC is an isos. /\. The = sides AB, AC are produced to D, E 
so that AD = AE, Prove that BE = CD. 


137. In the quadl. ABCD, if AD = BC and|{_ DAB =|_ CBA, 
prove that DB = CA, 


138. Prove that any pt. in a diag. of a reg. quadl. is equidistant from 
2 angular pts. 


139. ABCD is a quadl. having AD = BC and|_ ADC =|_ BCD. 
If E is the mid. pt. of DC prove that AE = BE, 


140. On the = sides AB, AC of an isos. A\ ABC, 2 pts. D, E are 
taken such that AD = AE. Prove that A ADC=/ AEB. 


141. AB and CD bisect one another. Prove that AC is || to DB and 
AD is || to CB. 


142, ABCisa fA. D, Eare the mid. pts. of BC, BA. The | satD, 
E meet at F. Prove that FA = FB = FC. 


143. If the opp. sides of a quadl. are = and also one pair of opp. |_s, 
prove that its opp. sides are ||. 


144. Ifthe | from each of the angular pts. of a /\ upon the opp. side 
always bisects that side, prove that the A is equilat. 


145. Prove that if one diag. of a quadl. bisects the other at rt.|_s it 
divides the quadl. into 2 /\s which are = in all respects. (Mad. Matric.) 


146. ABC isa /\. BA, CA are produced to D, E sothat AD = AB 
and AE =AC, Prove that DE is || to BC. (Bomb. Matric.) 


147. ABC isa /\. D, E are the mid. pts. of AB, AC. BE, CDare 
produced to F, Gso that EF = BE and DG=CD. Prove that AG 
and AF are in one and the same st. line. (Bomb. Matric.) 


148. If 2 A\s have 2|_s of the one =2|_s of the other, eacn w each, 
and also the sides adj, to these |_s =, prove by superposition that the /\s 
are congruent. 


149. Prove that the|_s at the base of am isos. /\ are = by supposing 
the bisector of the vert. |__ to have been drawn. 


150. ABCD, EFGH are 2 quadls. having AB = EF, BC = FG, 
CD = GH,|_ ABC =|_ EFG,|_ BCD =|_FGH. Prove by super- 
position that quadl. ABCD = quadl. EFGH. 


“151. The st. lines that join the extremities of = and || st. lines towards 
the same parts are themselves = and ||. (Kuce. I. 33.) 


“152. From P, any pt. within a rt.|_ AOB, PM isdrawn | to AO 
and produced to Q so that MQ = PM, andPN isdrawn | to BO and 
produced to Rso that NR = PN. Prove that QR passes through O. 
(Bom, Previous.) 
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THEOREM 11. 
(Euc. I. 26.) 


Gen. Enun. I[ftwo triangles have two angles of the one equal to two 
angles of the other, each to each, and also one side of the one equal 
to the corresponding side of the other, the triangles are congruent. 


Fia. 88. 


Part. Enun. Let ABC, DEF be 2/As having 
(Be = EF 
iL Be | .E 


} moat F 
It ts reqd. to prove that 
A ABC=AJ DEF, 
Proof. Apply A, ABC to A DEF g0 that B falls on E and BC lies 
along EF. 
Then eas BC — EF ° e ° e e e Hyp. 
-*. C falls on F, 
and’*,:| 5 = jae CE 
-". BA lies along ED, 
and LC a oF ° ° e e ¢ e Hyp. 
-". CA lies along FD, 
.*. A falls on both ED and F D, 
-’. A falls on D the pt. of intersection of ED and F D, 
-*» A. ABC coincides with /\ DEF, 
-» A. ABC=AJ DEF, a. B.D, 
Note. If we are given|_A=|_D instead of {| C=[_F, 
then "| B=|_Eand|_ A=|_D, 
ma 8 cee 


and the proof may be continued as before. 
QUESTIONS FOR EXAMINATION.—XVI, 


1, Prove Theorem 11 when BC is given equal to EF, the angle B 
equal to the angle E, and the angle A equal to the angle D in Fig. 88, 

2. If & side and two angles of one triangle are equal to a side and two 
angles of another triangle, show that the triangles need not be equal in 
all respects. 

3. Deduce from Theorem 11 that a triangle is determined having 
given a side and the two adjacent angles. 

4. What saven separate statements are included in the expression 

L ABC= A DEF? 


Th, 8, Cor. 2, 
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5. Prove Theorem 11 by reductio ad absurdum. (Euclid’s proof.) 

6. From the defin. of a surface prove that the intersection of two surfaces 
is a line or lines, ig 

Exercises. 

153 If the bisector of an|_ of a /\ és also | to the opp. side, the /\ és 
tsos. (Beng. Eur. Schls. Mid.) 

154. Rt.|_d /\s having an acute |_ of the one = an acute|_ of the 
other, and also their hypotenuses =, are equal in all respects. 

155. If A ABC =A DEF, prove that the | s from the vertex to the 
base of each /\ are =. 

156. A, ABC= A DEF. If the bisectors of the |_s A, D meet 
the bases in G, H respy., prove that AG = DH. 

157. PV is the bisector of an|_ QPR and SVT is drawn | to PV 
meeting PQ, PRin S, T respy. Prove that A, PSV = A PTV. 

158. Through R the mid. pt. of a st. line PQ any st. line is drawn 
and |s PS, QT are dropped upon it from P, Q; show that PS = QT. 
(U. P. Eur. Schis. Mid.) 

159. Through R the mid, pt. of a st. line PQ any st. line is drawn 
which meets, in S, T respy., the lines PS, QT drawn 18 to PQ at 
P,Q. Show that PS = QT. 

160. ABC ts a /\. BDE is drawn | to the bisector of the|_ A, 
meeting the bisector in D and AC in E. Show that BD = DE. 

161. ABCD is a quadl. The diag. AC bisects the |_s A and C. 
Prove that /\ ADC = A ABC. 

162. In the fig. of Ex. 161 prove that AC bisects BD at rt. |_s. 

163. If the opp. sides of a quadl. are || prove that they are also =. 

164. If the opp. sides of a quadl. are || prove that its diags. bisect one 
another. 

165. ABC isa A. Through A, B, C st. lines are drawn || to BC, 
CA, AB respy., meeting one another in D, E,.F. Prove that A, B, C 
are the mid. pts. of EF, FD, DE. 

166. A is @ pt. on the near bank of an impassable river directly opp. 


) 


Fira. 89. 


an object E on the far bank. AC is drawn | to AE and bisected at 
B. CD is drawn | to AC meeting EB produced at D. Prove that 
CD = AE. 


RECTILINEAL FIGURES.—EQUALITIES 75 


167. To what useful purpose can the construction in Ex. 166 be turned’ 

*168. AB and AC are 2st. lines intersecting at A. D is the mid-pt 
of a st. line terminated by AB and AC. Prove that D cannot be the 
mid-pt. of any other st. line terminated by AB and AC. 

*169. In a J if a 1 be drawn from one extremity of the base to the 
bisector of the vert. |_, prove that (i) tt will make with erther of the stdes 
contaiming the vert.|_an|_ = 4 the sumof the base|_s; (ii) tt will make 
with the base an|_ = 3} drffce. of the base|_s. (Calc. F. EK.) 


Def. 37. An axis of symmetry of a figure is a line about which the 
figure can be folded so that one half may coincide with the other half. 
A diameter is an axis of symmetry of a circle. 
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THEOREM 12. 
(Kuc. I. 5.) 


Gen. Enun. If two sides of a triangle are equal, the angles 
opposite to these sides are equal. 


Part. Enun, Let ABC be a A having 
AB = AC. 
It 13 reqd. to prove that 
LC=$|_B. 
Const. Suppose AD to have been drawn bisecting |_ BAC, cutting 
BC in D. 
Proof. In the Ass ABD, ACD, 


AB = AC : ° ° « Hyp. 
{AD is common fo both As, . 

| BAD =| CAD: ; - Const. 

“A ABD=AACD , am. 20. 

-», C=| B, Q.E.D. 


Cor. 1. If the equal sides of an isosceles triangle are produced, the 
angles on the other side of the base will be equal. 


Cor. 2. The bisector of the vertical angle of an isosceles triangle 
bisects the base. 


Cor. 3. The bisector of the vertical angle of an isosceles triangle 
1s perpendicular to the base. 


QUESTIONS FOR EXAMINATION.—XVII. 


1, What do you understand by an “ axis of symmetry ” of a figure ? 


2. Draw an axis of symmetry in (1) an isosceles triangle, (2) an equi- 
lateral triangle, and say how many thera are in each case. 
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3- Can you give a reason why only one straight line can be drawn to 
bisect a given angle? 


4. Prove Theorem 12 by folding the triangle about the bisector of the 
vertical angle. 


5. Prove Theorem 12 by showing that the triangle itself and its own 
‘trace ” reversed are congruent figures. 


6. Can you think of a curved surface on which it is possible to draw 
a straight line? (Ans. Yes; the surface of a round ruler or of a candle 
extinguisher.) 


Exercises. 


170. If a A is. equilateral it ¢s also equiangular. 

171. The | from the vertex of an isos. /\ to the base divides the /\ into 
2 = paris. rye?) 

172. The bisector of the vert. |_ of an isos. /\ divides the /\ into 2 = 
parts. 

173. The st. line joining the vertex to the mid. pt. of the base of an isos. 
L\ dwides the A into 2 = parts. 

174. ABC is an isos. /\. D, E, F are the mid, pts. of BC, CA, AB. 
Prove that’ DEF is an isos. /\. : 

175. The st. lines joining the mid. pts. of the sides of an isos. /\ to the 
opp. ends of the base are =. (U. P. Kur. Schls. High.) 

176. ABC is an isos. /\. D, E are pts. on the base such that DB= 
EC. Prove that| ADE =|_ AED. 

177. How many degrees are there in each of the |_s of an isos, rt. 
| dA? (90°, 45°, 45°.) 

178. ABC is an isos. /\. The base BC is produced .both ways to D, 
E so that BD = CE. .Provethat AD=AE. .. . 

179. The = sides AB, AC of an isos. /\ ABC are produced beyond 


the vertex A to E, F sothat AE = AF, Prove that EC =FB. (U.P. 
Eur. Schlis. Mid.) — / 


180. ABC, DEF are 2 isos. /\s. If vert.|. A = vert. |_ D, prove 
that|_ B=|_Eand|_ C={|_F. (Bomb. Schl. Final.) 3 
181. Lf a side of an isos. (\ ts produced beyond the vertex, prove that 


the ext. |__ so formed is double either of the base |_s of the /\. 

182. ABCD is an equilat. quad]. Prove that|_A=|_Cand|_B 
=| OD. 

183. AB is a diam. of a © and C is a pt. on the circumfce. Prove 
that|_ACBisart.|_. 


184. Prove that the st. line drawn || to the base of an isos. (\ through 
the vertex makes = |_s with the sides of the /\. 
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185. Equilat. 1s DBC, ECA, FAB are described on the sides of an 
equilat. A, ABC. Prove that DEF is an equilat. A. 


186. The diags. of an equilat. quadl. bisect the |_s through which they 
pass. 


187. The diags. of an equilat. quadl. bisect one another at rt.|_s. 


188. Pts. P, Q, R are taken on the sides AB, BC, CA of an equilat. 
A ABC, so that AP = BQ =CR. Prove that PQ = QR = RP. 


189. The 8 st. lines joining the angular pts. of an equilat. /\ to the mid. 
pts. of the opp. sides are =. 


190. The st. lines joining the mid. pts. of the sides of an equilat. /A\ 
are themselves the sides of an equilat. A. 


191. ABC, DBC are 2 isos. /\s standing on the same base BC. 
Prove that AD or AD produced bisects BC at rt.|_s. (Mad. Matric.) 


192. The = sides AB, AC of an isos. \ ABC are produced to D, E 
80 t a ar = AE. If BE and CD intersect at F, prove that A. BDF 
=/A 


193. ABC is an isos. /\. The bisector of the vert. | A meets 
the bisector of the base |_ B at D. Prove that CD bisects the base 
LAG 


cs In the fig. of Ex. 193 prove that AD produced will bisect 
tad B ok 


195. On the same base and on the same side of it there cannot be 2 
isos. /\s having their vertices outside one another. 


*196. The = sides BA, CA of an isos. .\. BAC are produced 
beyond the vertex A to pts. E, F so that AE = AF; FB, EC are 
joined and bisected at K, L. Prove that AK = AL. (Calc. F. E. 
Exam.) 


*197. If 2 A\s have 2 sides of the one = 2 sides of the other, each to 
each, and the |_s opp. to 2 equal sides =, the|_s opp. to the 2 other equal 
sides are either = or supplementary. (Calc. F. A.) 


*198. If AC, the hypotenuse of a rt.|_d A. ABC, = 2 AB, prove that 
{_ BAC = 2]. ACB. L ; 


*199. Anequilat. /\ A’B’C’ has its angular pts. on the sides of another 
equilat. A ABC s0 that A’ falls on BC, B’ on CA, and C’ on AB. 
Prove that the /\s B’AC’, C’BA’, A’CB are congruent. (Bomb. 
Previous.) 
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THEorem 13. 
(Kuc. I. 6.) 


Gen. Enun. Jf two angles of a triangle are equal, the sides 
opposite to these angles are equal. 


Fia, 3h: 


Part. Enun. Let ABC be a A having 
LB y Gs 
It iz reqd. to prove that 
AC = AB. 


Const. Suppose AD to have been drawn bisecting |_ BAC, cutting 
BC in D. 

Proof, In the /\s ABD, ACD. 
of B=i_C . é Hyp. 
BAD © Ses CAD , : Const. 
LAD i is common ; 
.‘“MNVABD=A ACD . ° Thy 

*-AC = AB. Q.E.D. 


QUESTIONS FOR EXAMINATION.—XVIII. 


1, What relation does Theorem 13 bear to Theorem 12? Give the 
enunciations of two other theorems related in the same way. 

2, Prove Theorem 13 by folding the triangle about the bisector of 
the vertical angle. 

3. Prove Theorem 18 by showing that the triangle itself and its own 
‘ trace’ reversed ere congruent figures. 
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4. Prove Theorem 18 on the false assumption that AB is greater 
than AC. (Euclid’s proof.) 


5. What do you understand by a side or angle being common to two 
triangles ? 


6. Which of the axioms is an immediate inference from the definition 
of a straight line ? 


Exercises, 


200. If a A is equiangular it is also equilateral. 

201. ABC isa A havin B= 2| A. DB bisectin B meeis 
AC in D. Poscibet BD. L DA. L aL. 

202. If the bisectors of the base |_s B and C of an isos. LZ, ABC 
meet at O, prove that OB = OC, 

203. The = sides of an isos. (\ ABC are produced and the bisectors 
of aa |_s at the other side of the base BC meet at O. Prove that OB 

204. In the fig. of Ex. 202 prove that OA bisects |. BAC. 

rts ABC isa A. D, E arepts. in AC, AB respy. such that BD 
= and|_ DBC =|_ ECB. Prove that AB = AC. 

206. In the sides AB, AC of an isos. /\ ABC, 2 pts. D, E are taken 
such that DE is|| to BC. Prove that AD = AE, 

207. The 2 sides of a /\ being produced, if the |_s on the other side of 
the base are =, prove that the /\ 1s isos. 

208. State and prove a converse of Ex. 202. 

209. The side BC of a A ABC is produced to D, If the bisector af 
{_ ACD is ||to AB, prove that CA = CB. (Bomb. Matric.) 

210. BC is the base of an isos. (, ABC. BP and CP are drawn is 
to AB, AC respy. meeting at P, Prove that BP = CP. 

211. D is a pt. im the hypot. AC of a rt.|_d A, ABC such that 
L DBA =|_ DAB. Prove that DA = DB = DC. 

212. Prove that the hypot. AC of art.|_d A\ ABC is double the line 
joining B to the mid-pt. of AC. (Bom. Schl. Final.) 

213. OC is the bisector of an an AOB, and CD is drawn || to AO 
meeting OB in D. Prove that DO = DC. 

214. The sides AB, AC of an isos. (\ ABC are produced to D, E 
respy. so that BD = CE, If BE, CD meet at F, prove that BF = 
CF. 

215, In the fig. of Ex. 214 prove that AF bisects|_ BAC. 

216. Two pts. D, E are taken on the sides AB, AC of an isos. LA 
ABC so that BD = CE. If BE, CD meet at F, prove that BF = 
CF. 

217. In the fig. of Ex. 216 prove that AF bisects|_ BAC, 

218. In the fig. of Ex. 216 prove that AF produced bisects BC at rt. 

8. 


219. ABC isa A having AB unequal to AC. Prove by reductio ad 
absurdum that |_ ABC is unequal to|_ ACB. 
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220. State and prove the converse of Ex. 219, 

221. The base BC of a /A\ ABC is produced both ways to D and E, 
if AD = AE and|_ BAD =|_ CAE, prove that AB = AC. 

222. In a quadl. ABCD, if |_A=|_C and DA = DC, prove that 
BA = BC. 

*223. ABC is an isos. A\. D is any pt. taken in the side AC, The 
side AB is produced to E so that BE = CD. Prove that BC bisects 
DE. 

*224. State and prove the converses of Ex, 221, 

*225. ABCD isa quadl, having| A=| Band] C=! D. Prove 
that AD = BC, L L L L 

*226. ABCD is aquadl, having] A=|_BandDC||to AB. Prove 
that AD = BC, 

*227. ABC is an isos. A having |_B=|_C=2]| A. If BD 
bisecting |_ B meets AC in D, Boks that Lp = BC. 

*228. D ts the mid. pt. of the base BC ofa A. ABC, If AD bisects |_ 
BAC prove that AB= AC, (Mad. Matric.) 

*229. AB, CD are 2 st. lines intersecting at D and the adj. |_s so 
formed are bisected; if through any pt. X in DC a st. line YXZ is 
drawn || to AB meeting the bisectors in Y and Z, show that XY = 
XZ. (Punj. Inter.) 


*230. If one acute |_ at the base ofa /\ is double the other| atthe 
base and a | is drawn from the vertex upon the base, show that the 
diffce. between the parts into which the base is divided = the smaller 
side, (Bomb. Matric.) 


“231. Perpendiculars AD and BE are drawn from the|_s of a A 
ABC to meet the opp. sides produced if necessary in D, E; F is the 
mid. pt. of the side AB; prove that FE = FD. (Calc. F. E.) 

*232, ABC isa (A. D is the mid. pt. of BC and BE, CF are the | 5s 
from B and Con CA, AB. The | to EF through E meets the line 
joining F and DinG, Prove that FD =DG. (Mad. F, A.) 
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THEOREM 14. 
(Philo’s proof of Euc. I. 8.) 
Gen, Enun, If two triangles have the three sides of the one equal 


Fig. 92. 


to the three sides of the other, each to each the triangles are con- 
gruent. 


Part. Enun, Let ABC, DEF be 2 /\s having 


AB = DE, 
{ac = DF, 
BC = EF. 


It is reqd. to prove that 
A ABC= A DEF. — 
Const. Let BC be not less than either AB or AC, 
Now -.: EF = BC, ; . ° Hyp. 
A DEF can be placed so int EF Bainoldns with BC and the 
pt. D falls on the side of BC opp. to A. 
Let G be the pt. on which D falls so that GBC is the new position 


of the A\ DEF. 
Join AG, 
Proof, :..AB=DE , ; ; ° : : - Hyp. 
=GB . P ° , . -« Const. 
*t BAG ={[_ BGA ° ° : ° » Tarts 
and‘: AC = DE 355, ° ; . - Hyp. 
= GC 3, ° . . -» Const. 
*L. CAG ={_ CGA 4 Th. 12 


*.L. BAG + L_ CAG = lL BGA+L._ CGA 
.*L BAC=| BGC 
=| EDF. 2 . ° « Const. 
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Hence in the Ais ABC, DEF 


AB = DE 
{ac = DF 
contained |_ BAC = contained |_ EDF 
-.- A ABC=AJA DEF ‘ ‘ Pe Wve CO 


Q.E.D. 


Note 1. The reason for the assumption that BC is not less than 
either AB or AC is to ensure AG falling between B and C. If BC 
were less than either AB or AC we should have to place the A. DEF 
so that DE might coincide with AB or DF with AC according as AB 
er AC were not less than either of the other two sides of the /\ ABC. 

Note 2. The enunciation of Theorem 14 is obtained by interchang- 
ing one of the hypotheses and one of the conclusions in the enuncia< 
tion of Theorem 10, thus :— 


Theorem 10, Theorem 14. 
Hypotheses. Hypotheses. 
AB = DE AB = DE 
AC = DF AC = DF 
| BAC =|_ EDF. BC = EF. 
Conclusions. Conclusions. 
BC = EF (| (BAC =| EDF 
|. ABC =|. DEF L_ ABC =|_ DEF 
| ACB =|. DFE | ACB =|_ DFE 
L\ ABC = A DEF. L\ BAC = A DEF. 


Hence Theorem 14 is a converse of Theorem 10. (See page 49.) 


QUESTIONS FOR EXAMINATION.—XIX. 


1. In Theorem 14 EF in the figure is made to coincide with BC, 
because “‘ BC is not less than either AB or AC”. Is this condition 
mecessary? Ifso, why? 


2. Prove Theorem 14 when BC in the figure is less than AB and also 
less than AC, 


3. There are three separate hypotheses and four separate conclusions 
in the enunciation of Theorem 14. State them. 


4. What two other theorems have we proved dealing with the con- 
gruence of triangles? Give the three separate hypotheses and the four 
separate conclusions in each case, 


5. As far as you know at present what parts ofa triangle being given 
enable you to determine the triangle in all respects ? 


6. Which of the axioms is an immediate inference from the definition 
of parallel straight lines ? 


Exercises, 


233. If the 3 sides of one /\ are respy. = the 3 sides of another, the 3 
|_ 8 of the one = the 3 |_s of the other, each to each, (Mad. Matric.) 


234. EXquilat. /\s on = bases are congruent. 
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235. A, B, C, D are pts. on the circumfce. of a © whose centre is O. 
If AB = CD prove that , AOB = A COD, 

236. Two ©s cut one another at A and B. If their centres are Cr 
respy. prove that /\ CAD = A CBD. 

237. A and B are pts. on the circumfce. of a © whose centre is O. 
If O is joined to C the mid. pt. of AB, prove that A AOC=AJA BOC. 

238. If the opp. sides of a quadl. are =, its opp. | sarealso =. 

239. In a quadl. ABCD if AB = AD and CB = CD prove that. 
diag. AC divides it into 2 = parts. 

240. A pt. D is taken inside an equilat. A. ABC so that|_ DBC = 
| DCB. Prove that DA bisects|_ BAC, 

241. PQRS isa quadl. in which PQ = SRand PR = SQ. Prove 
that __QPS = |_ RSP, and, if QS, PR meet in O, PO = SO. 
(Mad. Matric.) 

242. The diags. of a quadl. are = and its opp. sides are || Prove that 
all its |_s are rt. |_s. 


243- ABC is an isos. A. BO, CO bisecting the base |_s meet at O. 
Prove that AO bisects the vert. | . 

244. On the same base AB and on the same side of it, 2 Z\s ABC, 
ABD are desed. having AC = BD and BC = AD. If BC and AD 
cut in E, prove that AE = BE. 

245. In the fig. of Ex. 244 prove that (, AEC = A BED. 


246. If the opp. sides of a quadl. are = they are also ||. (U.P, Eur. 
Schls. Mid.) 

247. ABCD isa quadl. AB= CD,AD = BC,AC = BD. Prove 
that; A=|_B=[_Ce#=l|_D. 

248. BAC is an|_. From centre Aa © is desed. cutting AB, AC at 
D, E respy. From centres D, E @s are descd. with = radii, cutting 
one another in F, Prove that AF bisects|_ BAC. 

249. On the same base and on the same side of it there cannot be 2 
different equilat. /\s constructed. (Bom. Sch. Final.) 

250. If /\s lie on the same side of a common base, and have the sides 
terminating in one extremity of that base =, the other sides must be 
unequal. (Mad. Matric.) (Hue. I. 7.) ~ ar ang 

251. ABCD 1s a 4-sided frame loosely jointed at the corners. ‘4 cross- 
bar AC will make the frame rigid. Prove this. (Bom. Schl. Final.) 

252. If a /\ ABC is turned over about the side BC, prove that BC 
is | to the st. line joining the 2 positions of A. 

253. ABCD is a 4-sided fig. such that AB = AD and CB = CD. 
Prove that BD and AC cut at rt.|_s. (Beng. Eur. Schls. Mid.) 

254- If 2 ©s cut one another, the st. line joining their centres bisects at 
rt. |_s the st. line joining their pts. of intersection. 

255. Four pts. A, B, C, D are so situated that AC = BC and AD 
= BD. Prove that CD or CD produced bisects AB. 
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256. ABCD is an equilat. quadl. Prove that any pt. on BD is 
equidistant from A and C, 


257. State and prove a converse of Ex. 256. 


258. ABCD is an equilat. quadl. AC is bisectedatO. IfQOis joined 
_to the angular pts. B and D, prove that OB and OD are inone straight 
line. (Bomb. Matric.) 


259. Four pts. are taken in a plane such that the distance between 
any two is equal to the distance between the other two; find the form 
of the quadl. obtained by joining the 4 pts. (Bomb. Matric.) 


*260. The 3 | s drawn from the mid. pts. of the sides of a A are con- 
current. (Punj. Interm.) 


*261. One © cannot cut another im more than 2 pts. 


“262. The 3 18 drawn from the vertices of a /\ to the opp. sides are 
concurrent, 


This point of concurrence is called the orthocentre of the A. 


*263. ABC is an isos, A. The line AD bisecting the base BC is 
produced to E and DE made equal to AD. E is joined to the mid. pts. 
of AB and AC by lines cutting BC in F and G. Prove that AFEG is 
an equilaé. quadl. (Punj. Mat.) 


*264. In the equal sides AB, AC of an isos. A, ABC, 2 pts. X, Y are 
taken so that AX = AY, and CX, BY are drawn intersecting at O. 
Prove that AO bisects the vert.|_ BAC, and also bisects the base at 
ré.|_s. (Punj. Inter.) 
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TuHeorEm 15. 


Gen. Enun. [f two right-angled triangles have their hupotenusea 
equal, and one side of the one equal to one side of the other, the 
triangles are congruent. 


Fie. 93. 


Part. Enun. Let ABC, DEF be 2 rt.|_d /\s having 
hypot. AC = hypot. DF. 
AB = DE. 

It is reqd. to prove that LA ABC = A DEF. 
Const. -.. DE = AB. 

LA DEF can be placed so that DE coincides with AB and 

the pt. F falls on the side of AB opp. to C. 
Let G be the pt. on which F falls so that ABG is the new 
osition of the /\ DEF. 
Proof. °.° ze ABC, ABG (= DEF) are rt. |'s ; Hyp. 
.. GBC isast. line . . Th. 2. 


°° AG = DF : ; ; . ; . Const. 
= AC ’ ‘ . : ° . Hyp. 

.L ACG =[_AGC. % . > . Th. 12. 

=| DFE. ° = . Const. 
Hence in the /A\s ABC, DEF 

F B=|\_E : ° . Hyp. 

| C=[_F ‘ > : Proved. 
AC = DF e . € . . Hyp. 

-. A ABC = A DEF A ° ° Th. 11. 

Q.E.D 


QUESTIONS FOR EXAMINATION.—XX. 


1. In what five cases does it follow that two triangles are congruent 
because three parts of one triangle are equal respectively to three parts 
of the other? 
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2. In what two cases does it not follow that two triangles are congruent 
because three parts of one triangle are equal respectively to three parts 
of the other ? 

3. Prove that the sum and difference of two geometrical magnitudes 
are together double the greater. 

4. Draw diagrams to illustrate adjacent angles, reflex angle, ex- 
terior angle. 

5. What name is given to the process of reasoning by which we prove 
@ proposition in geometry ? 

6. What do you mean by saying that two angles are ‘‘ equal and 
opposite ” ? 


Exercises, 


265. A, B are 2 pts. on the circumfce. of a © whose centreisO. Prove 
thatthe | from O on AB divides AB into 2 = paris. 
266. BD, CE are drawn |[s to the sides AC, AB of a A ABC. If 
BD = CE, prove that AB = AC. 
267. A, B, C, D are 4 pts. on the circumfce. of a© whose centre is O. 
Ifthe | s OP, OQ from O on AB, CD respy. are=, prove that AB=CD. 
268. In the fig. of Ex. 267, if AB = CD prove that OP = OQ. 
269. DE, DF are drawn | 5s to the sides AC, AB of a (\ ABC from 
the mid. pt. of the base. If DE = DF prove that AB = AC. 
270. The | from the vertex to the base of an isos. /\ divides the /\ into 
2 = parts. 
271. If 2 A\s have 2 sides of the one = 2 sides of the other, each to each, 
and their heights =, prove that they are = in all respects. 
*272. The bisectors of the 3 internal |_s of a /\ are concurrent. 
*273. The bisectors of 2 external |_sof a / and the bisector of the 3rd 
internal |_ are concurrent. 
*274. The bisectors of the internal |_s of a reg. polygon are concurrent. 
*275. The 1s at the mid. pis. of the sides of a reg. polygon are con- 
current. 
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RECTILINEAL FIGURES.—INEQUALITIES., 
THEOREM 16. 


(Kuce. I. 18.) 


Gen. Enun. If two sides of a triangle are wnequal, the greater 


side has the greater angle opposite to it. 


Fria. 94, 


Part. Enun. Let ABC bea A having 


8 ate 
It is reqd. to prove that 
[7 ACB >|. ABG 
Const. From AB cut off AD = AC. 
Join CD. 
Proof. :.. AD = AC 4 ° ° Const 
-.L_ ADC =| ACD. Th. 12 


but ext. || ADC > int. opr. L_ ABC - Th. 8, Cor. 4. 
1 eGo >! ABC 

but|_ACB>| ACD 
|. ACBS| ABC 


QUESTIONS FOR EXAMINATION.—XXI, 


1. Compare the enunciations of T 
show, by altering the wording, that one is an extension of the other. 

2. By which of the postulates are we able to cut off from the greater 
of two given straight lines a part equal to the less? 


3. Prove Theorem 16 by bisecting |_ BAC in figure 94 by a straight 
line AE meeting BC in E and joining ED, 

4. Prove Theorem 16 by describing a circle with A (in fig. 94) as centre 
and AC, the shorter side, as radius, cutting BC or BC produced in D 
and joining AD. 

5. Prove Theorem 16 by producing the shorter side AC (in fig. 94) to 
D and cutting off AD = ABand joining BD. 

6. What do you understand by concurrent lines, 
triangle, the height of a triangle # 


heorem 16 and Theorem 12 and 


the medians of a 
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Exercises. 


276. If the|_s at the base of a (\ are = the A is isos. Prove this 
indirectly by using Theorem 16. 

277. ABCisa fA. If AC < AB prove that |_ ABC is acute. 

278. The greatest side of any /\ has the greatest |__ opp. to it. 

279. ABCD is a quadl. having AB = AD but BC < DC. Prove 
that ie ABC >{_ ADC. 

280. ABCD is a quadl. whose opp. sides are ||. If AB > BC, prove 
that AC lies between DC and the bisector of |_ BCD. 

281. ABCD is a quadl. of which AD is the longest side and BC the 
shortest. Showthat| ABC >| ADC and|_ BCD >|_ BAD. 
(U. P. Eur. Schls. Mid. . 

282. The base of an isos. /\ is > each of the = sides. Prove that 
vert. |_ > 60°. 

283. Prove that|_ A of a /\ ABC is an eanie lL.» a rt.|_ or an obtuse 
|_ according as the median AD >, = or < 3 BC. 

*284. ABCD is a quadl. in which|_ ABC =|_BCD, but CD >AB. 
Prove that |_ BAD >|_ ADC. | 

*285. If the vert. |_ of a /\ is contaimed by unequal sides, the st. line 
joining it to the mid. pt. of the base shall fall between the longer side and 
the st. line that bisects the|_. (Bomb. Previous.) 

*286, The base of a /\ whose sides are unequal is divided into 2 parts 
by a st. line bisecting the vert.|_. Prove that the greater part is ad- 
jacent to the greater side. (Bomb. Matric.) 
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THEOREM 17. 
(Euc. I. 19.) 


Gen. Enun. If two angles of a triangle are unequal, the greater 
angle has the greater side opposite to it. 
Part. Enun. Let ABC bea (A having 
LS) B. 


It is reqd. to prove that 
AB > AC, 


Fia. 95. 


Proof. If AB is not > AC 
either (i) AB = AC 
or (ii) AB< AC, 
But if AB = AC 
then|_ C=-[_B. ‘ : ; ° Th. 12. 
which is impossible . ° ey “ hyp. 
And if AB < AC 
then| C<[_B. ; ‘ . ‘ Th. 16. 
which is impossible : . ‘ ° Hyp. 
.’. AB must be > AC. Q.E.D. 
Note. In Theorem 17 use is made of what is known as the proof 
by exhaustion. It depends upon the principle that when one of 
several mutually exclusive suppositions must be true, and all these 
suppositions are proved false except one, that remaining supposition 
must be true. 


QUESTIONS FOR EXAMINATION.—XXII. 


1, Is Theorem 17 the converse of Theorem 16? If so, why? 
2. What method of proof is used in Theorem 17? Describe it. 


3. Enunciate a Theorem that we have already proved of which 
Theorem 17 may be regarded as an extension, 
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4. In fig. 94 draw CD making |_ BCD = 3 (__C — |_ B) on the 
same side of BC as A and then give a direct proof of Theorem 17. 


5 Deduce the equality of straight angles from Ax, 11, 
6. Prove Theorem 38 by the method of rotation. 


Exercises. 


287. In an obtuse |_d / the greatest side is opp. the obtuse |_. 

288. Ina rt.|_d A the hypot. is the greatest side. 

289. From the vertex A ofa A. ABC a | is drawn meeting the base 
or base produced in D, Prove that BD< BAandCD<CA. Hence, 

290. Prove that 2 sides of a /\ are together > the 3rd side. 

291. The greatest |_ of any /\ has the greatest side opp. to it. 

292. The bisectors of the base |_s B, Cofa A, ABC meet at D. If 
AB > AC prove that DB > DC. 

293. The base BC of an isos. /\ ABC is produced to any pt. D. 
Prove that AD > AB. 

294. Prove that either side of an isos, /\ > the st. line drawn from the 
vertex to any pt. in the base. 

295. Prove that the greater side of a scalene /\ > the st. line drawn 
from the vertex to any pt. in the base. (Bomb. Matric.) 

296. O is a pt. within the (. ABC such that OC = AC. Prove 

297. Not more than 2 = st. lines cam be drawn from a given pt. toa 
given st. line. 

298. ABC is a A in which BC is not < either AB or AC. Prove 
that the foot of the | from A on BC lies between B and C. 

299. The bisector of the|_ A of a (\ ABC meets BC in D. Prove 
that AB > BD and AC > CD. 

*300. ABC is a /\ obtuse|_dat A and D, E are pts. in AB, AC 
respy. Prove that BC > DE. 

*301. ABC isa fA. The bisectors of the ext. |_s at B and C meet 
at D. If AB < AC, prove that BD > CD. 

*302, The = sides AB, AC of an isos. /\ are produced to D, E respy, 
BC and DE are produced to meet at F. Prove that AD > AE. 

*303. A, B, C are pts. taken in order on the circumfce, of a semi- 
circle. Prove that AC > AB and AC > BC, 

*304. The side BA of a /\ ABC is produced to D and the Le 
CAD, CBA are bisected by st. lines meeting in E, BE cuts AC in 
F, Provethat EF >AF. (Cal. F. E.) 

_ *305, Ina rt. |_d /\ the line joining the rt.|__ to any pt. (except the 
mid. pt.) of the hypot. > one part of the hypot. and < the other. 
(Calc, Mat.) 
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THEOREM 18, 
(Eue. I. 20.) 


Gen. Enun. Any two sides of a triangle are together greater than 
the third side. 


Fia. 96. 


Part. Enun. Let ABC be a A. 


It is reqd. to prove that 
any two sides are together > the third side. 


Const. Produce BA to D. 
From AD cut off AE = AC, 
Join CE. 
Proof. *°AC = AE. ° ° & © e “ Const. 
os Bes AEC ane & ACE ° © © 7 Th. 12. 
But lL. BCE >|_ ACE. 
°.L. BCE >. AEG 
> L BEC. 
fn o> BC osx ; ° e ° x be bf 
But BE = BA + AE = BA + AC . . Const. 
.. BA + AC> BC, 
Similarly it may be proved that 
AB + BC> AC. 
AC + CB > AB. Q.E.D. 
Cor. The difference of any two sides-of a triangle is less than 
the third side. 


QUESTIONS FOR EXAMINATION.—XXTI1. 


1. In Fig. 96 prove that AB + BC > AC. 
2. Is it possible to construct a triangle whose sides measure ¥ in., 9 
+ 16 in, respectively? Give a reason for your answer. 
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3. From which of the definitions may Theorem 18 be regarded as an 
immediate inference ? 

4. Can any two angles of a triangle be together greater than the 
‘nird? Give examples. 

5. Prove Theorem 18 by drawing the bisector of an angle of a triangle 
“© meet the opposite side and using Theorem 8, Cor. 4, and Theorem 17. 

6. Draw two straight lines equal in magnitude but opposite in sense. 


. Exercises. 


306. Any 3 sides of a quadl. are together > the 4th side. (Beng. Eur, 
Schls. Mid.) 

307. ABC isa A and D is any pt.in AC. Provethat AC + BC> 
AD + BD. 

308. Prove that perim. of pentagon ABCDE > perim. of A. ABD. 

309. The pentagon PORST has.its vertices on the sides of another 
pentagon ABCDE. Prove that perim. of pentagon PORST < perim. 
of pentagon ABCDE. 

310. Hither side of an isos. /\ > half the base. 

grr. ABC isa A. D, E are pts. on AB, AC respy. Prove that 
perim. of /\ ABC > perim. of quadl. BDEC. 

ae Two opp. sides of a quadl. are together << sum of the diags. 

O is any pt. inside a /\ ABC, Prove thatOA +OB+ O0C> 

1 (AB + BC+CA). (Allah. Mat.) 

314. O is any pt. inside a hexagon ABCDEF. Prove that OA + 
OB 0C+0D+0E+0F > 4 (AB+BC+CD+DE+EF+FA). 

315. The perim. of a quadl. > the sum of the diags. 

316. The sum of the 4 st. lines drawn from a given pt. to the vertices 
of any quadl. > the sum of the diags. of the quadl. Prove this and 
mention the exceptional case. (Punj. Inter.) 

317. No st. line can be drawn in a © >a diam. 

318. The diags. of a quadl. are together > half the perimeter. 

319. E is a pt. on the side AB of an isos. /\ ABC and D is the mid. 
pt. of the base. Prove that the diffce. between DE and DB < diffce. 
between AC and AE. 

*3220. Inside a /\ ABC a pt. O is taken. Prove that AB+ AC > 
OB + OC. (Euc. I. 21.) 

*321. Insidea @ apt. P is taken. Of all st. lines that can be drawn 
to the circumfce. from P, the greatest is that which Boa through the 
centre. 

*3222. Insidea@ apt. Pis taken. Of all st. lines that can be drawn 
to the circumfce. from P, the least is that which, when produced, passes 
through the centre. 

*323. Outsidea © apt. Prstaken. Of all st. lines that can be drawn 
to the circumfce. from P, the eveatest is that which passes through the 
centre, 
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*324. Outsidea © a pt. P is taken. Of all st. lines that can be drawn 
to the curcumfce. from P, the least is that which, when produced, passes 
through the centre. 


*325. O ts any pt. withina A. ABC. Prove thatAB+BC+CA> 
OA+0OB+OC. (Allah. Mat.) 


*326. Inany /(\ ABC, AB+AC > twice the median AD. (Calc. Mat.> 
“327. In any / the sum of the medians < the perim. (Bomb. Prev.) 


*328. O is any pt. within an equilat. \ ABC. Of the 3st. lines OA, 
OB, OC prove that any 2 are together > the 8rd. 


*329. If one A can be placed inside another, prove that it must have 
a smaller perimeter. 


*330. In any /\ the perim. < twice the sum of the medians. 


*331. In the A ABC, AB > AC and Eis a pt. on the bisector of |_ 
A. Prove that AB - AC > EB - EC. 


“332. E is a pt. on the bisector of the ext. |_ at A of a A ABC. 
Prove that EB + EC > AB+ AC. 


THEOREM 19. 
(Kuc. I. 24.) 


Gen. Enun. If two triangles have two sides of the one equal to two 
sides of the other, each to each, but the contained angles unequal, 
then the base of that which has the greater contained angle is greater 
than the base of the other. 


Part. Enun. Let ABC, DEF be 2 As having 


AB = DE 
{ AC = DF 
contained |_ BAC > contained |_ EDF. 


It is reqd, to prove that 
base BC > base EF, 


Case I.—Fia. 97. 
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Case II.—Fia. 98. 
Const. Apply A ABC to A DEF so that A falls on D and AB 


lies along DE. 
Then -.° AB = DE : ‘ , ; ; . Hyp. 
. B falls on E, 
oe BAC >|. EDF . . ° A Hyp. 


. AC falls outside |_ EDF, 
Let G be the pt. on which C falls so that DEG is the new 
position of /\ ABC. 
Suppose DH to have been drawn bisecting |_ FDG cutting 
EG in H. 
Join FH. 
Proof. Case I. Suppose F is in the st. line EG. 
Then EG > EF 
i.e. BC > EF. Q.E.D. 
Case II. Suppose F is not in the st. line EG, 
In the As DHF, DHG 
DF = DG : ‘ . Hyp. 
DH is common. 
= FDH =|.~GDH. - Const. 
HHP = HG tas ; gieam.°10, 
Now in x EFH 
EH + HF > EF . orkit 18, 
i.e. EH + HG> EF 
£855 BC > EF. Q.E.D. 


QUESTIONS FOR EXAMINATION.—XXIV. 


1. In figure 98 suppose AC > AB and prove the proposition. 

2. What hypothetical construction is employed in Theorem 19 and 
which of the postulates ? 

3. What theorem have we already proved which is a particular case 
of Theorem 19? 

4. How could you illustrate the truth of Theorem 19 with a pair of 
compasses ? 

5. How many parts has every triangle and what are they? 

6. Prove that straight lines in the same direction make equal angles 
with every line that cuts them. 
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Exercises. 


333. A, B, C are pts. on the circumfce. of a © whose centre is O. 
If|_ AOB>|_ BOC prove that AB > BC. 

334. A, B, C, D are pts. on the circumfce. of a © whose centre is O. 
If| AOB>|_ COD prove that AB > CB 

335. AD is a median of the A ABC, and|_ ADB <art.| . Prove 
that AC > AB. . 

336. At C the mid. pt. of AB a st. line CD is drawn so that Ee. 
ACD is an obtuse|_. Prove that AD > BD. 

337- PQRS is a quadl. having PS = QR and | PSR>| ORS. 
Prove that PR > QS. ! 

“338. AB is adiam. ofa ©. Of all other st. lines that can be drawn 
from A to pts. on the circwmfce. of the ©, those which make smaller angles 
with AB > those which make greater angles. ee Ie 

*339. AB is a diam. of a © whose centre is O and P is a pt. on AB 
between A and OQ. Of all other st. lines that can be drawn from P to pts. 
on the circwmfce. of the © those which make smaller angles with PB > 
those which make greater angles. Ne 

*340. ABCD is a quadl. whose opp. sides are || and | ABC is obtuse. 
Prove that AC > BD. vs 

"341. D, E are pts. taken respy. in the sides AB, AC of a A, ABC 
so that BD = CE. If AB> AC prove that BE > DC. 

“342. ABC is a A whose sides AB, AC are produced to D| E respy 
so that BD = CE. If AC > AB prove that BE > DC. 
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THEOREM 20. 
(Euce. I. 25.) 


Gen. Enun. If two triangles have two sides of the one equal to 
two sides of the other, each to each, but the bases unequal, then the 
angle contained by the sides of that which has the greater base ia 
greater than the angle contained by the sides of the other. 


Part. Enun. Let ABC, DEF be 2 As having 
AB = DE 
{ AC = DF 
base. BC > base EF. 
It 3 reqd. to prove that 
contained |_ BAC > contained | EDF. 


Fia. 99, 


Proof. If|_ BAC is not > EDF 
“Pei either (i)|_ BAC = __ EDF 
or (ii) |_ BAC < |_ EDF. 

But if |_ BAC = __ EDF 


then BC = EF ; ° , . ° Th. 10. 
which is impossible. Hyp. 
And if |_ BAC <|_ EDF 
then BC < EF he 2 2 » » Th. 19. 
which is impossible Hyp. 
‘s L. BAC must be > __ EDF. Q.E.D. 
4 


98 -ELEMENTS OF GEOMETRY 


QUESTIONS FOR EXAMINATION.—XXV. 


1. What resemblance is there between the method of proof used in 
Theorem 20 and that used in Theorem 17 ? 


2. What relation is there between Theorem 20 and Theorem 19? 
Enunciate other theorems that we have proved bearing the same 
relation to one another. 


3. What theorem have we already proved which is a particular case 
of Theorem 20? 


4. How could you illustrate the truth of Theorem 20 with a pair of 
compasses ? 
5 How can a finite straight line be bisected by folding ? 


6. How long will it take the minute hand of a clock to turn through 
(i) 84°, (ii) 168°, (iii) 324°? (Ans. (i) 14 mins., (ii) 28 mins., (ili) 54 
mins.) 


Exercises, 


343. A, B, C are pts. on the circumfce. of a © whose centre is O. 
If AB > BC, prove that |_ AOB > |_ BOC. 
A, B, C, D are pts. on the circumfce. of a © whose centre is O. 
AB > CD, prove that|_ AOB>|_ COD. 
PQRS is a quadl. having PS = QR and PR> QS. Prove 
fisel PSR >L_ QRS. 
346. PQRS is a quadl. having PS = QR and PQ<RS. Prove 
that|_ PSQ<|_SQR. 
347. AD is a median of the A. ABC and AC> AB. Prove that 
L ADB <art.|_. (Calc. F. E.) 
48. In the fig. of Ex. 347 if E is any pt. in AD prove that CE os 
BE. 


*349. D, E are pts. taken respy. in the sides AB, AC of a A ABC 
sothat BD = CE, If BE>CD prove that AB > AC. 

poe ABC is a A whose sides AB, AC are produced to D, E respy. 
so that BD = CE, If BE> DC prove that AC > AB. 

*351. PQRS is a quadl. having PS = QRand| PSR RS 
ee that|_ PQR S | OPS. . : L 7Le 

, ABC is an isos. /(\ whose vertex is A and D is any pt. within 
it. L DCB> DBC, prove that|_ BAD > L. CAD. 
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THEOREM 21. 


Gen. Enun. Of all the straight lines that can be drawn to a given 
aint line from a given point outside it, the perpendicular ts the 
shortest, 


Fra. 100. 


Part. Enun. Let AB be a given st. line, O a given pt. outside it, 
OP the | from O to AB and OQ any other st. line meeting AB in 


It ts reqd. to prove thut 
OP < OQ. 
Proof. °--°L. OPQ = 1 rt.[_. : F ° Hyp. 
And{_ OPQ +| OQP<2rt.Ls . Th. 8, Cor. 1. 
Pate. <: bert. |. ; 
,-- 1, OOP < L OPQ. 4 
“. OP << OQ . : ; Ay qed « 
Q.E.D. 
Def. 38. The distance of a point from a straight line is the per- 
pendicular from the point on to the line. 


QUESTIONS FOR EXAMINATION.—XXVI. 


1. Define the distance of a point from a straight line and explain 
why the distance of a point from a straight line is fixed and constant. 

2. Can astraight line be equidistant from two or more points lying 
on the same side of it ? 

3. Give an example of a point equidistant from six straight lines. 

4. Give an example of a moving point tracing outa line. (Ans, The 
centre of a wheel rolling along a road.) 

5. Give an example of @ moving line tracing out a surface. (Ans. 
The length of a swinging pendulum.) 

6. Give an example of a moving surface tracing out a solid. (Ans, 
The top surface of a pair of bellows at work.) 
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Exercises. 
353 Prove by Theorem 21 that the hypot. is the greatest side of a rt. 
Ld A. 


354. In an isos. / the extremities of the base are equidistant from the 
opp. sides. 

355. In an isos. /\ the mid. pt. of the base és equidistant from the opp. 
sides. 

ane Any pt. on the bisector of an |_ ts equidistant from the arms of 
the|_. 


357. If a pt. is equidistant from the arms of an |_, it lies on the 
bisector. 

358. The pt. in which the bisector of the vert.| ofa a meets the 
base is equidistant from the sides. (Beng. Eur. Schis. Mid.) 

359. The pt. of intersection of the bisectors of 2|_s of a / és equi- 
distant from the 8 sides of the /\. 

360. ABC ts a A. AB, AC are produced to D, E respy. The 
bisectors of the|_s DBC, ECB meet at O. Prove that O is equidistant 
from AB, BC, CA. 

36x. ABC isa A Prove that B and C are equidistant from the st. 
line joining A to the mid. pt. of BC. 

362. C is the mid. pt. of a st. line AB. Prove that A and B are equi- 
distant from any st. line drawn through C, (U. P. Bur. Schls. Mid.) 

363. If a diag. of a quadl. is equidistant from the outlying angular 
pts., prove that this diag. bisects the other diag. of the quadl. 

364. Ris the mid. pt. of PQ. Prove that R is equidistant from || st. 
lines drawn through P and Q. 

365. If the pt. E is halfway between 2 || st. lines AB, CD, prove that 
E ts the mid. pt. of all st. lines through E terminated by AB, CD. 

*366. Of all the st. lines that can be drawn to a given st. line froma 
gwen pt. outside st, those that make smaller |_s with the | < those which 
make greater |_s. 

*367. There cannot be more than 2 pts. of intersection between a st. line 
and a ©. 
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PARALLELOGRAMS AND TRAPEZIUMS. 
DEFINITIONS. 


Def. 39. A parallelogram is a quadrilateral whose opposite sides 
are parallel. 


Fig. 101. 


The side of a parallelogram on which it may be supposed to stand is 
called its base. The line drawn perpendicular to the base from any 
point on the opposite side is called its height or altitude. 


Def, 40, A rhombus is a parallelogram having two adjacent sides 
equal. 


Fra. 102. 


Def. 41. A rectangle is a parallelogram having one of its angles 
a right angle. 


Fie. 108, 
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Def. 42, A square is a rectangle having two adjacent sides equal. 


Fie. 104. 


Def. 43. A trapezium is a quadrilateral having only one pair of 
opposite sides parallel. 


Fia. 105. 


Def. 44. An isosceles trapezium is a trapezium in which the sides 
that are not parallel are equal to one another. 


Fia. 106, 


Def. 45. The orthogonal projection of one straight line on another 
of unlimited length is the portion of the latter intercepted between 
the perpendiculars drawn to it from the extremities of the former. 
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mo PQ is the orthogonal projection of AB on CD in Fig. 107 and 
ig. 108. 


Fig. 108, 
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THEOREM 22, 


(Hue. I. 34.) 


Gen, Enun. (A) The opposite sides and angles of a parallelogram 


are equal, and each diagonal bisects the parallelogram. 


Fia. 109, 


Part. Enun. Let ABCD be a (/gm and AC, BD its diags. 


It is reqd. to prove that 


|_ BAD =|_ DCB; |_ ABC =|_ CDA, 


AB =CD : AD = CB, 
} AC, BD each bisect (7gm ABCD. 


Proof. *.* AB is || to DC 
and BD cuts them. 
.» L. ABD = alt. |_ CDB 
Again’. ADis||to BC . ‘ 
and BD cuts them. 
.. |. ADB = alt. |_ CBD 
Hence in the As ABD, CDB 
| ABD =|_CDB, 
{E ADB =|_ CBD, 
BD is common. 
-. A\ ABD = ACDB 
AB = CD; AD = CB, 
so that {tL BAD = |_ DCB, 


BD bisects the (7gm ABCD. 


Hyp. 


Th. 6 (a). 
Hyp. 


Th. 6 (a). 


Th. 11. 


Similarly, by using the diag. AC it may be proved that 


AB =CD; AD =CB, 
{t- ABC =|_ CDA, 


AC bisects the (/gm ABCD. 


Q.E.D. 
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Gen, Enun, (B) The diagonals of a parallelogram bisect one 
another. 


Part. Enun, Let ABCD be a (/gm and let its diags. AC, BD 
intersect at O. 
It ts reqd. to prove that 
AO = OC, 
DO = OB. 
Proof, In the A\s AOD, COB 


| ADB =alt.L_ CBD. d . Th. 6(a) 
3 (m AOD = vert. opp. L_ COB. . “Phase 
AD=CHa te...) |. TH eae 
“. A AOD = A COB : : Parma yy Be 
AO = OC, 
so that DO = OB. Q. E.D. 


Cor. 1. If one pair of adjacent sides of a parallelogram are equal, 
all its sides are equal. 


Cor. 2. If one angle of a parallelogram is a right angle, ail its 
angles are right angles. 


Cor. 3. Parallel straight lines are everywhere equidistant. 


QUESTIONS FOR EXAMINATION.—XXVII. 


1. Given a parallelogram how must it be modified to become (a) a 
rectangle, (b) a rhombus, (c) a square ? 


2. Explain the term “orthogonal projection ”. 


3. Draw a parallelogram and a triangle on the same base and of the 
same height, 


4. In figure 109, prove that|_ ABC =|_ CDA. 
5. Through how many degrees does the minute hand of a clock turn 
in (i) ten minutes, (ii) twenty-five minutes? (Ans. (i) 60°, (ii) 130°.) 


6. How could we test the straightness of (1) ths edge of a square box, 
(2) the bore of a gun? Which of the properties of a straight line do we 
make use of in each case? (Ans. (1) We might apply s straight-edge 
and see that the tw lines do not enclose a space. (2) We might iook 
along it and see that the bore has the same direction throughout, in 
other words, lies evenly between its two ends.) 


Exercises, 


368, All the sides of a sq. are = and all its|_s are rt. Ls. 


369. AB and CD are = and | st. lines drawn in the same sense, 
Prove that AD and BC bisect one another. 


370. A quadl, whose opp. sides are = must be a [Jgm, 
371. A quadl. whose opp. |_8 are | must be a []gm. 
4 


\ 
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372. 4 CJgm whose diags. are = must,be a rect. 
373. If the diag. AC of the (~7gm ABCD bisects|_ DAB, it must 


also bisect |_ DCB. 


374. The diags. of a rect. are =. 
375. A dtag. of a []gm is equidistant from the outlying angular pts. 
376. The st. line joining the mid. pts. of 2 opp. sides of a (7gm is] te 


the remaining sides. 


377. If a (7gm is not a rect. its diags. are not =. 

378. Through the angular pts. of a /\ st. lines are drawn || to the opp. 
sides; prove that the area of the /\ so formed is 4 times the area of the 
original A. 

379. Any st. line drawn through the pt. of intersection of the diags. 
of a / 7gm and terminated by the sides of the (7gm (a) is bisected by 
each diag., (0) divides the (7gm into 2 = parts. (Bomb. Previous.) 

380. The diags. of a rhombus bisect the |_8 through which they pass. 

381. If the diags. of a quadl. bisect one another it must be a (7gm. 

382. The diags. of a rhombus cut one another at rt.|_s. (U.P. Eur 
Schls. Mid.) , 

383. The diags. of a square are = and cut one another at rt.|_s. 

384. In thesides AD, BC of a (7gm ABCD, two pts. E, F are takem 
so that AE = CF. Prove that AECF is a (/gm. 

385. In the fig. of Ex. 384 prove that EF divides the (7gm into 2 
= parts. 

386. If a rect. and a / are on the same base and of the same height, 
the area of the rect. 1s double that of the /\. (U. P. Eur. Schls. Mid.) 

387. If AD, BC are the = sides of an isos. trapezium ABCD prove 
that pen A= 3 B.. : 

388. In the sides AB, BC, CD, DA of a/7gm ABCD, 4 pts. P, Q, 
R, S are taken respy. such that AP = CRand BQ=DS. Prove that 
PORS is & (/gm. 

389. The median AD of a (A ABC is produced to E so that DE = 
AD. Eisjoined to Band C. Prove that ABEC is a (7gm. 

390. A Z\ ABC and a (7gm APQC are on the same base AC and 
on the same side of it; the | s from Band Pon AC are=. Prove that 
BP and PQ are in one st. line. (Allah. Mat.) 

391. If the diag. AC of a (~7gm ABCD bisects|_ A, prove that the 
diag. BD bisects |_s B and D. 

392. The orthogonal projections of = and || st. lines on the same st. line 
are =, 

393. AB, BC are respy. = and || to DE, EF. Prove that AC is = 
and || to DF, 

394. The st. lines joining the extremities of unequal and || st. lines 
towards the same parts cannot be ||. 

395. Show by folding that either diag. of a rhombus is an axis of 
symmetry. 
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396. How many axes of symmetry has a rectangle, and where do they 
lie? 

397. The opp. |_s of an isos. trapezium are supplementary. (Bom. 
Matric.) 

* 398. ABCD is a (/gm and AC is produced to E so that CE=AC. 
If the (7gm BCEF is completed, prove that the pts. D, C, F are 
collinear. 

* 309. The medians BD, CE of a A ABC are produced to F, G se 
that BD = DF and CE=EG. Prove that the pts. G, A, F are 
collinear, 

* 400. If the bisectors of the |_s of a quadl. form a rect. the quadl. is 
a { /gm. 

*4o1. If 2 pts. P, Q are taken in the = sides AB, AC of an isos. /\ 
ABC «0 that BP = CQ, show that PQ is || to BC. (Calo. F. E.) 

* 402. P is any pt. in the base BC of an isos. /(\ ABC. Prove that 
the sum of the | s from P to AB and AC is constant. 

* 403. P is any pt. within an equilat. /\. Prove that the sum of the 
1s from P to the 3 sides is constant. 

* 404. Prove that a quadl. which has two opp. sides and two opp. 
obtuse|_s = isa (/gm. 

*405. ABCD isa (jJgm. Pisany pt.onCD. PA, PB are joined 
and DE, CF are drawn || to PA, PB respy. meeting AB produced in 
E and F. Prove that length of EF is independent of the position of P. 
(Beng. Eur. Schls. Mid.) 

* 406. The longer side of a (/gm is double the shorter. Prove that 
the lines bisecting the 4 |_s will enclose a (//7gm whose diag. = the 
shorter side of the original (/7gm. (Calc. F. E.) 

*407. ABC is any /\. The side AC is bisected at D and on AB, BC 
squares ABEF, BHGC are described (outside (\ ABC). Show that 
EH =2BD. (Mad. F. A.) 

* 408. If from the angular pts. of the squares descd. upon the sides of 
art.| d /\ 18 be let fall upon the hypot. produced, prove that the two 
extreme | 8 will together = the hypot. (Bom. Schl. Final.) 

* 409. ABC isa / rt.|_d atC. On BC, AC equilat. A's DBC, 
ECA are descd., and EA, DB are »roduced to meet in F. Find the 
magnitude of | AFB and prove that FC is | toDE, (Mad. F. 4.) 
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THEOREM 23. 


Gen. Enun. If there are three or more parallel straight lines, and 
the intercepts made by them on any straight line that cuts them are 


equal, then the corresponding intercepts on any other straight line 
that cuts them are also equal. 


Fig. 110. 


Part. Enun, Let AB, CD, EF be || st. lines cut by the st. lines 
ACE, BDF and let intercept AC = intercept CE. 

It 13 reqd. to prove that 
intercept BD = intercept DF. 

Const. Suppose AM, CN to have been drawn each || to BF, and 
meeting CD, EF in M, N respy. 


Proof. *.°CDis||toEF . ; ‘a ° Hyp. 
.. |. ACM = corresp. |_ CEN ° Th. 6 (B) 
Again :.. AM is||to CN . : : me 
.". L. CAM = corresp. __ ECN ° Th. 6 (B) 


.*. in the A\s ACM, CEN 
| ACM =|_ CEN. 
{i CAM = |_ ECN. 
AC=CE,. ° ° . Hyp. 
Hence (A, ACM=A CEN . ° . Th. 21, 
so that AM = CN. 
But AM = BD:..ABDMisaf/gm . Th. 22 (a). 
And CN = DF:..CDFNisa/f/gm . Th. 22 (a). 
.. BD = DF, Q.E.D- 
Cor. 1, The straight line drawn through the middle point of a side 
of a triangle parallel to the base bisects the remaining side. 
Cor. 2, The straight line which joins the middle points of the sides 
of a triangle is parallel to the base- 
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QUESTIONS FOR EXAMINATION.—XXVIII. 


r. In fig. 110 prove that CM = EN and hence that CD = 
+(AB + EF). 

2. Give the hypothesis and conclusion of Theorem 28 and enunciate 
the converse. 

3. If the sum and difference of two straight lines are a inches and b 
inches respectively, find the length of each line in terms of a and b. 


4. Prove the corollary of Theorem 9 for a polygon whether convex or 
not by joining a point within the polygon to its angular points. 

5. Explain the terms: orthocentre, the external bisector of an angle, 
intercept, perimeter, duplicate. 

6. Prove that any triangle can be folded so that its angular points 
meet at the foot of the perpendicular from an angular point on to the 
opposite side. 


Exercises. 


410. AB, CD, EF are 3 st. lines making = intercepts on any trans. 
versal. Prove that AB, CD, EF are ||s. nee 
11. All st. lines drawn from the vertex of a /\ to pts. in the base 
are bisected by the st. line joining the mid. pts. of the sides of the /\. 
412. D, E, F are the mid. pts. of the sides BC, CA, AB of a A 
ABC. Prove that BFED, CEFD, AEDF are (/gms. 
13. In the figure of Ex. 412 prove that the /A\s AFE, BDF, CED, 
DEE are congruent, 
*414. The st. line joining the mid. pts. of the sides of a (\ = ¢ base. 
(U. P. Eur. Schls. Mid.) 
*4r1s. AB, CD are 2 non-intersecting st. lines. Prove that the swum of 
the | s from A and B on CD = twice the | from the mid. pt. of AB 
on CD. 


* 416. AB is ast. line lying outside the (7gm PQRS. Prove that 
the sum of the | s from P and R on AB = the sum of the | s from Q 
and S on AB. 

*417. The st. lines joining the mid. pts. of adj. stdes of a quadl. form 
a [jgm. (Bomb. Previous.) 

* 418. The st. lines joining the mid. pts. of the opp. sides of a quadl. 
bisect each other. (Bomb. Schl. Final.) 

*419. The st. lines joining the mid. pts. of 2 opp. sides of a quadl. to 
the mid. pts. of the diags. form a (/7gm. 

* 420. The st. lines joining the mid. pts. of opp. sides of a quad. and 
the st. line joining the mid. pts. of the diags. are concurrent and bisect 
one another. 

* 421. In e quadl. if the diags. are at rt. |_s8, show that the lines 
bisecting opp. sides are =; if the diags. are =, show that the lines 
bisecting opp. sides are at rt.|_s. (Mad. B. C. KH.) 


*42z. ABCD is a (jgm. E, F are the mid. pts. of AB, CD respy. 
Prove that BF and ED trisect AC. (Allah. Mat.) 
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* 423. If the A. ABC is rt.|_dat A, prove that the median through 
A is half the hypot. 

*424. The st. line joining the mid. pts. of the diags. of a trapezium 
is || to the || sides. 

"425. The st. line joining the mid. pts. of the non-parallel sides of a 
trapezvum = 4 sum of || sides. 

* 426. The medians of a /\ are concurrent. (Calc. F. A.) 

This point of concurrence is called the centroid of the A. 

* 427. The pt. in which the medians of a /\ meet is a pt. of trisection 

of each median. (Bomb. Schl. Final.) 


* 428. P, Q are the mid. pts. of the sides AB, AD of a ~7gm ABCD. 
Prove that CP, CQ trisect BD. 


* 429. If the medians of a A are =, the / is equilat. 
* 430. The sum of the medians of a /\ > } perimeter of A. (Mad. 
F. E.) 


* 431. From the ends of the base of a /\ | 8 are drawn to the bisector 
of the vert.|_; prove that the feet of the | s are equally distant from 
the mid. pt. of the base. (Calc. Mat.) 


. 432. In any (\ ABC, BP and CQ are {5s on any line through A, 
and M is the mid. pt. of BC. Show that MP = MQ. (Beng. Bur. 
Schls. Mid.) 


* 433. If through the mid. pt. of the base of a / a st. line is drawn || 


to one of the sides, prove that its intercept between the internal and 
external bisectors of the vert.|_ = the otherside. (Mad. F. E.) 


* 434. D, E, F are the mid. pts. of the sides BC, CA, AB of aA 
ABC ; FG is drawn || to BE meeting DE produced in G; prove that 
the sides of the /\ CFG are equal to the medians of the A ABC, 
(Bom. Previous.) 


* 435. ABC is a A in which AB =2AC. BA is produced to D and 
ext. L. CAD is bisected by AE, cutting BC produced in E; prove that 
C is the mid. pt. of BE. (Bom. Schl. Final.) - 

* 436. ABC isa (A rt.|_d at C and D, E, F are the mid. pts. of BC, 
CA, AB respy. If EF and DF, produced if necessary, meet the | 
ne ‘a on AB in G and H respy. prove that AG is || to BH. (Mad. 

A. 
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LOCI. 


Imagine a point moving at a constant distance from a fixed point. 
Its path will clearly be the circumference of a circle having the fixed 
point for centre and the constant distance for radius. All points on 
the circumference of this circle, and no other points, are at the con- 
stant distance from the fixed point. This is expressed by saying 
that the circumference of this circle is the locus of a point moving 
under the given condition. 

Similarly we can understand the locus of a point moving at a 
constant distance from a given straight line to be two straight lines 
parallel to, but on opposite sides of, the given straight line and at 
the constant distance from it. Hence :— 


Def. 46. If every point on a line, or group of lines, satisfies a 
given condition, and no other point does so, then that line or group 
of lines is called the locus of the point satisfying that condition. 

In proving a required locus it 1s necessary to show :— 

(i) That every point satisfying the given condition lies on the . 
supposed locus. 

(ii) That every point on the supposed locus sutisfies the given 
condition. 


If the locus of one point cuts the locus of another point, the point 
or points where the loci intersect must satisfy the condition of each 
locus. This suggests a method for finding the position of a point 
which is subject to two conditions. Suppose, for example, we wish 
to find a point distant an inch from two given points Aand B. If 
such a point exists at all, it will lie at the intersection of the two 
circles described from A and B respectively as centres and each of 
radius one inch, and there will be two solutions, one solution or 
no solution, according as these circles cut one another, touch one 
another, or lie entirely outside one another. 

The form of a locus or part of a locus can be obtained by finding 
several consecutive points which satisfy the given condition and 
joining them by #, continuous line. This is called plotting the 
locus. 
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THEOREM 24. 


Gen. Enun. The locus of a point which is equidistant from two 
fized points ts the perpendicular bisector of the straight line joining 
the two poinis, 


ei ah oD Mt ah 
Fie. 1il 


Part. Enun. (1) Let A, B be two fixed pts. 
Let P be any pt. equidistant from A ané B. 
It is reqd. to prove that 
P lies on the perp. bisector of the st. line joining A, B. 
Const. Suppose AB, the st. line joining A, B, bisected at C, 
Joi PC, PA, PB. 
Proof, Inthe As PCA, PCB 
CA=CB . ° ° ° ° ‘ Const. 
a {PC is common. 
PA hes . . : : . Hyp. 
| PCA =] PCs. : : . ; Th. 14. 
That is P lies on the perp. bisector of the st. line joining A, B. 
Part. Enun, (2) Let A, B be two fixed pts. 
Let P’ be any pt. lying on P’C the perp. bisector 
of the st. line joining A, B. 
It is reqd. to prove that 
P’ is equidistant from A and B. 
Const, Join P’A, P’B. 
Proof, Inthe /\s P’CA, P’CB 
CA — CB . © e « « e Hyp. 
rs {PC is common. 
LL Foawi PCB. * ; ° Hyp. 
PAs PB . : : : ° ° Th. 10. 
That is P’ is equidistant from A and B. 
Hence the reqd. locus is the perp. bisector of AB. Q.E.D. 


LOO! 113 


THEOREM 25. 


Gen. Enun. The locus of a point which is equidistant from two 
intersecting straight lines consists of the pair of straig/t lines which 
bisect the angles between the two given lines. 


Fite. 112. 


Part. Enun. (1) Let AEB, CED be two intersecting st. lines. 
Let P be any pt. equidistant from AEB and 
CED. 
lt is reqd. to prove that 
P ltes on one or other of the bisectors of the |_s between AEB 
and CED. 


Const. Suppose PM, PN drawn Ls to AEB, CED respy. 


Join PE. 
Proof. Inthe /A\s PEM, PEN 
PM = PN e ° 6 a e © Hyp. 


*,.4 PE is common. 
rt. L_ PME = rt. L. PNE : aes wa «+ Oonst. 
“+L PEMet2 PEN . ? , p : Th. 15. 
That is P lies on one or other of the bisectors of the |_s between 
AEB and CED. 


Part. Enun. (2) Let AEB, CED be two intersecting st. lines (see 
figure next page). 
Let P’ be any pt. lying on P’E, one or other of 
the bisectors of the |_s between AEB and CED. 
It is reqd. to prove that 
P’ is equidistant from AEB and CED. 
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Fia. 112, 


Const. Suppose P’M’, P’N’ drawn | 8 to AEB, CED respy. 


Proof. Inthe As P’EM’, P’EN’ 
L PEM) = Pa ey ° . Hyp. 
7 {re | P’M’E = rt.|_ PN’E ‘ ° Const. 
P’E is common. 
PM = PN : ‘ ° : ° Th. 11. 


That is P’ is equidistant from AEB and CED. 
Hence the reqd. locus is the pair of bisectors of the |_ 8 between 
AEB and CED. Q.E.D. 


QUESTIONS FOR EXAMINATION.—XXIX, 


1. Define the locus of a point satisfying a given condition. Give an 
example. 


2. Suppose it proved that all points satisfying a given condition lie 
on a certain line. Can we conclude that this line is the locus of these 
points? If not, why not? (Ans. No. Wecan only conclude that the 
locus of these points lies along this line. It might consist of only 
portions of this line.) 


3. What is the locus of :— 
(i) The end of a line rotating about its other end ” 
. (ii) A point on the circumference of a circle rotating about its 
centre ? 
(iii) A point on a radius of a circle rotating about its centre? 
(iv) The centre of a circle rolling along a fixed straight line ? 
(v) The centre of a circle rolling along the circumference of 
& fixed circle? 


4. Write down the converse propositions of the proposition: “ If the 
opposite sides of a four-sided figure are paralle] its opposite sides are 
equal and its diagonals bisect one another”. Which of them are true? 


5. What do you understand by deductive reasoning? Givean example, 


6. Define the term transversal. Name the various angles made by 
a transversal with two straight lines, 
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Exercises. 


37. The locus of @ pt. at a const. distance from a fixed ‘st. line is 
@ pair of lines || to the fixed line. > 


438. The locus of a pt. equidistant from 2 fixed || st. lines is o st. line 
{| to each of them. : 

439. The locus of the vertex of a /\ on 4 given base and having the 
median bisecting the base of a given.length is a ©. 

440.: Find the locus of the centre of a © of given radius which rolls 
along the inside of the circumfce. of a given ©. 

441. Find the locus of pts. on the radii of a given © at equal dis- 
tances from the centre. 

442. Find the locus of all pts. in a given direction from a fixed pt. 

443. Find the locus of the vertices of isos. /A\s on & given base. 


* 444, Find the locus of mid. pts. of st. lines drawn from a given pt. to 
meet a given st. line. 

3 M5: St. lines are drawn from a given pt. to meet a given st. line 
and then produced to double their lengths. Find the locus of their 
extremities. 

* 446, A line of given length moves with its ends on 2 fixed st. lines at 
rt.|_s to one another. Find the locus of its mid. pt. (Calc. Mat.) 

* 447. A pt. moves so that the difice. of its distances from 2 fixed 
intersecting st. lines is const. Find its locus. 

* 448, A pt. moves so that the sum of its distances from 2 fixed inter- 
secting st. lines is const. Find its locus. 


INTERSECTION oF LOCI. 


9. Find a pt. in a given st. line equidistant from 2 given pts. When 
is there no such pt. ? 
so. Find a pt. in a given st. line equidistant from 2 given st. lines. 


Show that there are generally 2 such pts. Whenis there only one such 
pt. and when is there no such pt.? (Mad. Mat.) 

451. Find a pt. in a given st. line at a given distance from a given pt. 
Show that there may be 2 such pts. When is there no such pt.? 

. Find a pt. in « given st. line at a given distance from s given 
st. line. Show that there are generally 2 such pts. When is there no 
such pt. ? 

Find a pt. at a given distance from a fixed pt. and equidistant 
from 2 other fixed pts. Show that there may be 2 such pts. When is 
there no such pt, ? 

454. Find o pt. equidistant from 2 given || st. lines and at a given dis- 
tance from a given pt. Show that there may be 2 such pts. When is 
there no such pt. ? 


455 Find a pt. equidistant from 8 vts. which are not collinear. 
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456. Find a pt. equidistant from the sides of 2 /\. Show that there 
are 4 such pts. 


457. Find pt. equidistant from 2 given st. lines and at a given dis- 
tance from a fixéd pt. Show that there may be 4 such pts. When are 
there only 2 such pts. and when is there no such pt. ? 


458. Find a pt. equidistant from 2 given st. lines and at a given dis- 
tance from another given st. line. Show that there are generally 4 such 
pts. When are there only 2 such pts. and when is there no such pt. 7 


459. Find « pt. equidistant from 2 given st. lines and also equidis- 
tant from 2 given pts. Show that there are generally 2 such pts. Wher 
ig there only one such pt. and when is there no such pt.? (Cale. F. A.) 


460. Two men desire to build a well equidistant from each of 2 
intersecting straight roads, and also equidistant from their 2 houses on 
one of the roads. Show how to find the position of the well. (Bomb, 
Matric.) 

“461. Find a pt. at a given distance from 2 given st. lines. Show 
that there are generally 4 such pts. When is there no such pt. ? 

* 462. Find a pt. equidistant from 2 given pts. and ata given distance 
from a given st. line. Show that there are generally 2 such pts. When 
is there no such pt. ? 

* 463. Find a pt. at a given distance from a given pt. and at the same 
distance from a given st. line. Show that there may be 2 such pts. 
When is there no such pt. ? 


Piortine Loct. 


In working out Exercises 465 to 471 the student should find some 
consecutive points from conveniently chosen numerical data. 


464. Plot the locus of the mid. pts. of st. lines drawn from a fixed pt. 
to pts. on the circumfce. of a fixed ©. 

465. Plot the locus of pts. equidistant from’ a given pt. and a given 
st. line. 

466. Plot the locus of pts. twice the distance from a given pt. as from 
& given st. line. 

467. Plot the locus of pts. twice the distance from one given pt. as 
from another given pt. 

468. Plot the locus of a pt. which moves so that the sum of its dis- 
tances from 2 given pts. is const. 

469. Plot the locus of a pt. which moves so that the diffce. of its 
distances from 2 given pts. is const. 

470. Plot the locus of a pt. which moves so that its distance from 
one of 2 st. lines intersecting at rt.|_s is double its distance from the 
other. 

471. Plot the locus of the mid. pt. of a st. line PQ whose extremities 
lie on 2 intersecting st. lines OX, OY in such a way that OP + OQ = 
const. 
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CONCURRENT LINES IN A TRIANGLE. 


Note. These theorems are collected here for convenience though 
each occurs as an exercise in its appropriate place elsewhere. 


AppEIONAL THEOREM I. 


Gen. Enun. The perpendicular bisectors of the sides of a triangle are 
concurrent. 


Fia, 1124, 


Part. Enun. Let D, E, F be the mid. pts. of the sides BC, CA, AB 
respy. of a A ABC. The 1s to AC at E and AB at F must inter- 
sect at some pt.O. (Why ?) Join OD. 


It is reqd. to prove that 
OD is 1 to BC. 
Const. Join AO, BO, CO. 


Proof. -.- A OFA=A OFB . . ° . ° (Why ?) 


OR = OB. 
Similarly OA = OC 
 OB= OC 
Now in the As ODB, ODC 
OB = OC ‘ , ; ; ; Proved. 
{OD is common 
BD = CD 


‘ . ‘ ‘ Hyp. 
.. L.ODB =|_OD beatae ae Th. 14. 


Hence OD is L to BC Q.E.D. 


Note. An alternative proof by loct is left as an exercise for the 
student. 
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ADDITIONAL THEOREM II. 


Gen. Enun. The perpendiculars drawn from the vertices of a 
triangle to the opposite sides are concurrent. 


Fia, 112s, 


Part. Enun. Let ABC bea A. 
It ts reqd. to prove that 
the Ls drawn from A, B, C to BC, CA, AB respy. are concurrent, 
Const. Through A, B, C suppose EF, FD, DE drawn | to CB, 
AC, BA respy. 


Proof. *.. AFBC and EABC are //gms., 


.. FA = BC = AE : . Th. 22 (a). 

That is A is the mid. pt. of FE. 

Similarly B, C are the mid. pts. of DF, ED respy. 

If, then, AG, BH, CK be drawn L to EF, FD, DE respy. 
they will be concurrent . ; . Addit. Th. L 

But |__ AGC =alt.|_ FAG(art.[_)  . . Th. 6(a). 

.. AG is | to BC. 

Similarly BH, CK are | to CA, AB respy. 

Hence the 1s drawn from A, B, C to BC, CA, AB respy. 
“are concurrent. Q.E.D. 


AppitTionaL THEOREM III. 


Gen. Enun. The internal bisectors of the angles of a triangle are 
concurrent, 


Bia, 1i20, 


eo 
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Part. Enun. Let ABC bea “.. ‘The internal bisectors of {_ B 
and |_ C must intersect at some pt.O. (Why?) Join OA. 


It ts reqd. to prove that 
| OAB = L_OAC 
Const. Suppose OD, OE, OF drawn _L to BC, CA, AB respy. 


Proof. °.* A, ODC =/A OEC ‘ ‘ é ‘ ‘ (Why ?) 
“OD = OE, 
Similarly OD = OF 
.. OE = OF 
Now in the /A\s OEA, OFA 
OE = OF ; : ‘ : ° Proved. 
{oa is common | 
rt. |_ OEA =rt.|. OFA. ; ; Const. 
“LZ OEA=/A OFA... ‘ , . Th. 15. 
SothatL_.OAB=[|_OAC . . Q.E.D. 


Note. An alternative proof by loci is left as an exercise for the 
student. 


AppiTionaL THEorem IV. 
Gen. Enoun. The medians of a triangle are concurrent, 


Fia, 112p, 


Part. Enun. Let ABC be af. The medians BE and CF must - 
ntersect at some pt. G. (Why?) Join AG and produce AG to 
eet BC in D 


It is reqd. to prove that 
BD = DC. 
Const. Produce AD to H making GH = AG. 
Join BH, CH. 
Proof. *.. G is the mid. pt. of AH (Const.) and E is the mid. pt. 
of AC (Hyp.) 
‘GE is||to HC . ! ; . Th. 23, Cor. 2. 
That is BG is|| to HC. 
Similarly GC is || to BH 
. BHCG isa C/gm. 
But the dis »gonals of a (]yiu. bisect one another. Th. 22 (s). 
BD = DC, Q.E.D. 
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PRACTICAL SECTION, 


INTRODUCTORY. 


Many instruments have been devised for constructing geometrica} 
figures, such as the protractor, the set-square and the parallel ruler, 
each instrument serving some special purpose. But it is found that 
nearly all the simpler constructions can be effected by means of a 
ruler (not graduated) and a pair of compasses. Geometers, there- 
fore, have always confined themselves to the use of these two in- 
struments when solving problems in elementary geometry, as is 
clearly indicated by the postulates laid down at the beginning of 
the subject. 

Every problem in geometry is an exercise in accurate drawing as 
much as in correct reasoning, and the student should test the 
accuracy of his results by actual measurement whenever he is able 
to do so. 

Found lines should be thick, given lines fairly thick, construction 
lines thin, and lines needed only in the proof should be dotted. 

No definite rules can be given for solving problems, and herein an 
exercise in geometry differs from, say, the finding of a cube root in 
arithmetic or the solving of a quadratic equation in algebra. The 
intersection of loci suggests the solution of problems of a certain 
type, but, failing this method, we can often get a useful hint by 
what is known as the method of analysis. 

By this method we assume the construction of the required figure 
and then, by examining carefully its properties, and noticing how 
its various parts are related to one another, we can often find a 
clue to the building up of the finished figure from the data of the 

roblem, using only the postulates and constructions already proved. 
May much the same process would probably be followed by a man 
wishing to construct a watch but having little or no previous know- 
ledge of its mechanism. He would take an old watch, pull it to 
pieces, examine its parts carefully and notice how they had been 
fitted together, and then reconstruct the watch. 

The pulling-to-pieces rocess is called analysis. The putting- 
together process is called synthesis. 

The method of analysis can be applied to the proving of theorems 
as well as to the solving of problems, though not so usefully. 


ANALYSIS AND SYNTHESIS 11% 


It is sometimes possible to construct two or more figures al}. 
satisfying the same set of conditions and yet differing from one 
another. Such problems, admitting of two or more solutions, are 
said to be indeterminate. 


EXAMPLES OF SOLUTION BY ANALYSIS. 


Example 1. Construct an isosceles triangle having given tts base: 
and altitude. 


eave ks oe 
wha 


See 
Fie. 118. 
Let AB be the given base and C the given altitude. 
Analysis. Assume ABE to be the reqd. /\. 
Draw its altitude ED. 
*.* ED is the altitude of an isos. A . ‘ Const.. 
.. in A\s ADE, BDE. 
AE=BE. . ; : 3 Hyp. 
{DE is common. = 
rt. _. ADE = rt. __ BDE. 
» A ADE= AJA BDE. ° ; ; Th. 15. 
so that DA = DB 
and this suggests the 


Synthesis. Bisect AB at D_. . ‘ ; : Prob. 2.. 
From D draw DE | toAB . ‘ . Prob. 3.. 
Make DE = C, 
Join AE, BE. 
Then shall ABE be the A reqd. 


Proof. In As ADE, BDE 
AD = BD . ° ° e e e Const. 
“1{DE is common. ) 
contained |_ ADE = contained|_ BDE. Const. 
° AE= BE. ‘ ; : ; Th. 10. 
that is, the /\ is isos., 
and its base and altitude are of the reqd. lengths. 
Q.E.F. 
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Example 2. find a point D in the base BC of a triangle ABC 
such that AD = 4 (AB + AC). 


Fig, 114. 
Let ABC be the given A. 
Analysis. Assume D to be the reqd. pt. 
Join DA. 
°° AD = 4 (AB + AC) ‘ P ; ° Hyp. 
.. AD=AF if F isthe mid. pt. of BEand AE=AC. 
And this suggests the 
Synthesis. From the greater, AB, of the two sides AB, AC of A 
ABC cut off AE = AC. 
Bisect BE at F . A. : ; : ; : . Prob 3. 
With A as centre and radius = AF desc. a © cutting BC at D. 
Then shall D be the pt. reqd. 
Proof. Easy. 


LINES AND ANGLES 12} 


PROBLEMS. 


LINES AND ANGLES. 
Prosurim L 
(Kuc. I. 9.) 


Gen. Enun. To bisect a given angle. 
Part. Enun. Let BAC be a given |_, 


It is reqd. to bisect |_ BAC. 


Fia. 115. Const. With A as centre and any radius 
du a G) cutting AB, AC at D. E respy. 
With D and E as centres, desc. equal ©s such that they intersect 
at a pt. F within |_ BAC. 
Join AF. 
Then shall AF bisect |_ BAC. 
Proof. Join DF, EF. 
In As DAF, EAF, 
{ar = EA . » e rf ® e Const. 


AF is common. 

FD = FE ° e e e e e Const. 
-. A, DAF = AEAP é : ‘ e Th. 14 
so that|_ DAF =|_ JAF, | 
that is, AF bisects |_ BAC. Q.E.F. 


Exercises. 


472. Divides given| into 4 = parts. 

473. Divide a given obtuse |_ into 8 = parts. 

474. Divide a given |_ into 2 parts suck that one part is 4 of the other. 
475. Find the pt. of concurrence of the bisectors of the|_sofagiven /. 


476. In @ given at. line tind a pt. equidistant from 2 given intersecting 
, lines. 
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PRosiem 2%. 
(Euc. I. 10.) 


Gen, Enun, To bisect a given finite straight line. 


Fig. 116. 


Part. Enun. Let AB be a given finite st. line. 
It is reqd. to bisect AB. 
Const. With A and B as centres, desc. equal ©s such that they 
intersect at C and D. 
Join CD cutting AB at E. 
Then shall CD bisect AB at EL 
Proof, Join CA, CB, DA, DB. 
In As ACD, BCD, 


AC = BC e e r . & & Const. 
E is common. 
DA = D B e e © @ Const. 


“A ACD=A BCD. q ° P Th. 14. 
so that|_ ACD = |_ BCD. 
Again. In /\s ACE, BCE, 
AC = BC . . e ° . Oonst. 
CE is common. 
“lsontained | ACE = contained |_ BCE 
Proved above. 
“ AACE=A BCE. R > Th. 10. 
so,that AE = BE, 
that is, CD bisects AB at EB. Q.E.F. 
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Exercises. 


477. Divide a given finite st. line into 4 = parts. 

478. Divide a given finite st. line into 8 = parts. 

479. Divide a given finite st. line into 2 parts such that one part is 
seven times the other. 

480. Find the pt. of concurrence of the perpend. bisectors of the sides 
of a given /\. 

481. Find the pt. of concurrence of the medians of @ given /\. 

482. Find a pt. in a given st. line equidistant from 2 given pts. In 
what case is this impossible? (Punj. Eur. Schls. Mid.) 

483. Through a given pt. draw a st. line equidistant from 2 given 
pts. 

484. Through the vertex of a /\ draw a st. line equidistant from the 
ends of the base. 

* 485. Given the sum and diffce. of 2 at. lines, find their lengths. 
(Bom. Schl. Final.) 

* 486. Give the const. only of the particular line in which the vertices 
of all isos. /\s upon & given base FG must lie, (Allah. Ent.) 

* 487. AB and CD are = st. lines given in position. Show how to 
find a pt. P such that A\s PAB, PCD may be = inall respects, (Mad. 
F. A.) 

* 488. Find a pt. in the base of a /\ such that its distance from the 
vertex = half the sum of the sides. 
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ProsiEemM 3. 
(Euo. I. 11.) 


Gen. Enun. To draw a straight line perpendicular to @ given 
straight bine of unlimited length from a given point in tt. , 


Fig. 117. 


Part. Enun. Let AB be a given st. line of unlimited length and 
C a given pt. in it. 
It ts reqd. to draw a 1 to AB from C. 
Const. With C as centre and any radius desc. a © cutting AB in 
D and E. 
With D and E as centres desc. equal @s such that they 
intersect at a pt. F. 
Join CF. 
Then shall CF be the _L to AB from C, 
Proof. Join FD, FE. 
In Ais DCF, ECF 


CD: =r. ; é = ‘ j Const. 
.-J CF is common. 
“{FD=FE , “ : . Const. 


“A DCF=AECF. : ° ° Th. 14. 
so that|_ DCF = |_ ECF, 
and these are adj. |_s. 

Hence CF is the 1 to AB from C, Q.E.r- 
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Alternative Construction. 
(When C is at or near one end of AB.) 


Fia. 118. 


Const. Take any convenient pt. D outside AB. 


Join CD. 
- With D as centre and radius = DC desc. a © cutting 
AB at E. 
Join ED. 
Produce ED to cut the © at F. 
Join CF. 
pis shall CF be the | to AB from C. 
Proof. “DC = DF : é ° e Const. 
=e DFC = {_ ‘DCF P : nae z Th. 12. 
An 14 ‘DC = DE. : ‘ < 5 ‘ Const. 
sabe DEC = |_ DCE ; Th. 12. 
*L DFC +|_ DEC = | Der + |_ DCE 
=| FCE. 
But it L_ DEC +L DEC + [FCE = 2, |_s Th. 8. 
*. | GE ack rt. |, 
that is, CF is the | to AB from C. Q.E.F. 
Exercises. 


Draw a st. line at rt.|_s to a given finite st. line from one of 
its extremities without producing the given st. line. (U. P. Eur. Schls. 
High.) 

490. Draw an angle of 45° with ruler and compasses. 
491. Draw an angle of 223° with ruler and compasses, 

Draw a rt.|_ and divide it into 2 parts so that one may be a 

seventh of the other. 
* 493. Construct a square having given a diag. 
* 494. Corstruct a rhombus having given its 2 diags. 
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PrRosuEM 4. 
(Kuc. I. 12.) 


Gen. Enun. To draw a straight line perpendicular to a given 
straight line of unlimited length from a given point outside tt. 


Fia. 119. 


Part. Enun. Let AB be a given st. line of unlimited length and 
C a given pt. outside it. 
It is reqd. to draw a | to AB from C, 


Const. With C as centre desc. a © of such a radius that it cut 
AB in D and E. 
With D and E as centres desc. equal ©s such that they 
intersect at a pt. F. 
Join CF cutting AB in G. 
Then shall CG be the | to AB from C, 


Proof. Join CD, CE, FD, FE. 
In Ais DCF, ECF, 


DC a' RE ye © © « @ e Const. 
se {cF is common. 

DF = EF e ° . e e & Const. 

. A DCF =A ECF. oe 


so that |_ DCF = |_ ECF. 
Again. In /\s DCG, ECG, 
(DCm Bee < ; : ; ‘ é Const. 
CG is common. 
contained |_ DCG = contained |__ ECG 


Proved above. 
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« A DCG=A EGG, ; ° 5 Th. 10. 
so that |_ CGD = |_ CGE. 


And these are adj. |_s. 
Hence CG is the | to AB from C., Q. EF. 


Alternative Construction. 


(When C is opposite, or nearly opposite, one end of AB.) 


Fia. 120. 


Const. Take any convenient pt. D in AB. 
Join CD. 
Bisect CDinE . é . 5 . . Prob. 2. 
With E as centre and radius = EC desc. a © cutting AB 
in F, 
Join CF. 


Then shall CF be the | to AB from C. 
Join FE and prove as in Prob. 3, alternative construction. 


Exercises. 


495. Find the orthocentre of a given /\. 

496. Through a given pt. draw a st. line equally inclined to 2 given 
intersecting st. lines. (Beng. Eur. Schls, Mid.) 

* 497.. From 2 given pts. on the same side of a given st. line, draw 2 
st. lines meeting in it, but not in the same st. line, and making =|_s 
with it. (Allah. Mat.) 

* 498. From 2 given pts. on opp. sides of a given st. line, draw 2 st. 
lines meeting in it, but not in the same st. line, and making = |_s 
with it. 

* 499. From a given pt. to 2 || st. lines, draw 2 = st. lines at rt. |_s to 
one another. (Allah. Mat,’ 


¢cr 
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Proriem 5. 
(Euc. I. 23.) 


Gen. Enun. At a given point in a given straight line, to make an 
angle equal to a given angle. 


HG: 121. 


Part. Enun. Let D be a given pt. in the given st. line EF and 
BAC agiven|_. 
It is reqd. todraw from Da st. line making with EF an|_ = 
i. BAC. 
Const. With A as centre, and any radius, desc. a © cutting AB, 
AC at G, H respy. 
With D as centre, and the same radius, deso. a © cutting 
EF at K. 
Join GH. : 
With K as centre and with radius = GH desc. a © cutting 
the © with centre D at M. 
Join DM. 
Then shall|_ KDM = |_ BAC. 
Proof. Join KM. 
In As KDM, GAH, 


DK = AG . e e e & e Const. 

°° {pw -=AH . ; . Pe . Const. 

KM=GH . : ; . i . Const. 

-. A KDM = A GAH ; . : Th. 14. 

so that__ KDM = |_ BAC. Q.E.F. 
Exercises. 


500. ABCD isa quadl. Construct another quad. = ABCD. 


501. Find a pt. in an arm ofan|_ equidistant from the vertex and 
from a given pt. in the other arm, 


4 
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502. In the base BC, produced if necessary, of a /\ ABC, find a pt. 
D such that it is equidistant from A and C. 

503. A is a given pt., and B is a given pt. in a given st. line; draw 
from A to the given st. linea st. line AP such that the sum of AP and 
PB = agiven length > AB. (Bomb. Matric.) 

504. A is a given pt., uud B is a given pt. in & given st. line; draw 
from A to the given st. line a st. line AP such that the diffce. of AP 
and PB = a given length. 

*505. AB is a given st. line, and P isa given pt. From P draw 2 st. 
lines making |_s with AB whose diffce. = a given |_. 

* 506. AB is a given st. line, and P is a given pt. From P draw 2 st. 
lines making |_s with AB whose sum = a given |_. : 

*co7. Divide a rt.|_d A into 2 isos. (\s. (Bom. Previous.) 
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Prosiem 6. 
(Euc. I. 31.) 


Gen. Enun. Through a given point to draw a straight line parallel 
to a given straight line. 


Fia. 122. 


Part. Enun. Let C be a given pt. and AB a given st. Hne. 
It is reqd. to draw through C a st. line || to AB. 
Const. Take any pt. D in AB. 
Join CD. 
At the pt. C in the st. line CD make alt. 
| DCE = alt.|_ CDB . f : : Prob. 6. 
Then shall CE be ||to AB. 
Proof. *.: alt.|_ DCE = alt.|_ CDB . . “ Const. 
*. CEis||to AB. ‘ ob . Th. 4. 
Q.B.F. 


Exercises, 


g08. Construct a (7gm having given 2 adj. sides and their contained 


509. Construct a rect. having given its base and height. 

510. Oonstruct a rhombus having given a side and an [ss 

511. Construct a square having given a side. (Buc. I. 46.) 

512, From a given pt. draw a st. line to a given st. line making with 
itan|_ = agiven|_. 

S13. AB is the hypot. of a rt.|_d A ABC; find a pt. D in AB 
such that DB = | from Don AC. (Calc. F. E.) 


514. From a given pt. draw a st. line to two given |] st. lines so that 
the part intercepted may be of a given length. 


+p Through & given pt, within a given|_ draw a st. line bounded 
by the arms of the|_ and bisected at the pt. 
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*516. AB, AC are the = sides of an isos. A. Find pts. D, E in AB, 
AC respy. such that BD = DE = EC. 

*o17. Find pts. P,Q in the arms AB, AC of an |_ BAC such that 
PQ may be of a given length and || to a given at. line. 

* 518. Through a given pt. A draw a st. line to meet the arms of a 
given |_ in B and C so that AB = BC. 

"319. In a (A ABC draw a st. line || to AC and meeting AB, BC in 
D, E respy., so that DE = AD + CE. (Bom. Matric.) 

*520. Ina (A ABC draw a st. line || to AC and meeting AB, BC in 
D, E respy., so that DE = difice. between ADand CE. (Mad. Matric.) 

* 521. Inscribe a rhombus in a given /\ 80 that one of the Le of the 
chombus shall coincide with one of the|_s ofthe A. (Mad. Matric.) 

* 522. Draw a4 st. line equally inclined to 2 given intersecting st. lines 
so that the part intercepted between these lines may be of given length. 
{Mad. Matric.) 

* 523. Draw a st. line DE || toa side BC of a ABC and cutting 
the sides AB, AC in D and E so that BD + = & given length. 
(Mad. F. A.) 
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PROBLEM 7. 


Gen. Enun. To divide a given finite straight line into any number 
of equal parts. 


Fia. 123, 


Part. Enun. Let AB be a given finite st. line. 
It is reqd. to divide tt into any number (say five) of equal parts. 
Const. Through A draw AC making any |_ with AB. 

From AC cut off five equal parts of any length, AD, DE, 


EFS PG, se. 

Join HB. 

Through D, E, F, G draw DN, EM, FL, GK ||s to HB 
and meeting AB in N, M, L, K respy. . Prob. 6. 


Then shall AN = NM = ML = LK & KB. 
Proof. °.. DN, EM, FL, GK, HBare|ls_ . ; - Const. 
And AD = DE = EF = FG = GH : ; Const. 
.. AN = NM = ML = LK = KB. " “ites ice + § 
Q.E.F. 


Exercises. 


524. Trisect a given finite st. line. 


25. Draw a finite line of any length and divide it into 7 — parts, 
(Punj. Mat.) 

526. Draw a line = ¢ of a given finite line. 
. Divide a given finite line into 2 parts such that one part is ¢ of 
the other. 

*528. A, B, C are 3 pts. not in the same st. line. Show howto draw 


through A ast, line such that the | on it from B shall be double the 
1 on it from C, (Mad. F. A.) 
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TRIANGLES. 


Prospiem 8. 


Gen. Enun. To construct a triangle having given two of its sides 
and the coniained angle. 


Fig. 124. 


Part. Enun. Let a, b be 2 given st. lines and y a given |_. 
It is reqd. to construct a L having 2 sides = a, b respy. and the 
contained |_ =|_y- 
Const. Draw any st. line CB = a. 
At the pt. C in the st. line CB make |_ BCD 


=| y. ‘ é ; , . Prob. 5. 
From CD cut off CA = 6. 
Join BA. 
Then shall A, ABC have the parts that are given. 
CB=a . ; ; ; ‘ ‘ ‘ Const. 
Proof. °.° {cA aD. ° ° : . . ‘ Const. 
| BCA =|_y- : ‘ ° Const. 


»*» Z\ ABC has the parts that are given. Q. B.F. 
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Pxrosiem 9, 


Gen. Enun. To construct a triangle having given two of its angles 
and one side. 


Fra. 125. 


Part. Enun. Let 8, y be 2 given |_s together < 2 rt.|_ s and a 
a given st. line. 


It is reqd. to construct a A having 2|_s = |_ 8, L_ y respy. and 
a side = a, 


Pit, 126. 


Const. (i) Draw any st. line BC = a. (Fig. 126.) 
At the pt. B in the st. line BC make |_ 
CBA=|[_8 . ; : : : - Prob. 5b. 
At the pt. C in the st. line BC and on the 
same side of it as |_ CBA make|_ BCA 


mily. . . . Prob. 5. 
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Then shall A, ABC have the oe that are given. 
(BC =a . : Const. 


Proof. °.: {i CBA = Ee 8. : : : ; Const. 
BCA = : Const. 
-% A ABC has the parte that are ‘given. 


Fia. 137. 


Censt. (ii) Draw any st. line BC = a. (Fig. 127.) 
At the pt. B in the st. line BC make |_ 
CBA =|_B Prob, &. 
Let u be the|_ such that |_ a ap re 3 
= 2 rt. [_s. 
At ‘the pt. C in the st. line BC and on the 
same side of itas|_ CBA make |_ BCA 
=| a Prob. 6. 
Then shall A ABC have the parts that are given. 
Proof. ° Pls. BCA +|_ CBA+|_ BAC = 2rt.ls . Th. 8. 
~-L.a+L.8+L BAC = 2 rt. Ls. 
But |_ a +[_B+Ly=2rt. Ls. 
it. BAC = ie3. 
Bienes in /\ ABC 
BC =a 
| cBA = 
BAC « 
o> Z\ ABC has the parts that are given. Q.B.F. 
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Proriem 10. 
(Huo. |. 22.) 


Gen. Enun. To construct a trianyle having given its three 81 


Fig, 128. 


Part. Enun. Let a, b, c be 3 given st. lines of which any 2 are 
together > the rd. 
Tt is reqd. to construct a A havi its sides = a, b, c respy. 
Const. Draw any st. line AB = 
With A as centre and ~diae = b ‘abas. a ©. 
With B as centre and radius = ¢ desc. a ©. 
Let these 2 ©s cut at C. 


Join AC, BC. 
Then shall A, ABC have the parts that are given. 
AB=a . ; : - ; ‘ ; Const 
Proof. Sas AC = b . ° . ~e . . 6 Const. 
BC=c . ° Const. 


»*» 2, ABC has the parte that are given. Q.E.F. 
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Propixem Li, 


(The Ambiguous Case.) 


sen. Enun. To construct «a triangle having given two of its sides 
ana the angie opposite one of them. 


Bra. 180, 


Part. Enun. Let a, c be 2 given st. lines and a a given |_. 
It is reqd. to construct a /\ having 2 sides = a, o respy. and the 


opp. one of them (say a) = | « 


ELiowMonis oF GK uwiitk 


~ Fia. 130. 


Const. Draw any st. line AB=c. 
At the Be Ain the st. line AB make L BAD 
={ a . Prob. 5. 
With B as fauitre and cual =a dua: a © cutting, if 
possible, DA, or DA produced, in 2 pts. C, C’. 
Join BC, BC’. 
Case (i) Let C, C’ be both on the same side of A as in Fig. 129. 


Then shall A. ABC and /\ ABC’ have the parts that are 
givews. 
Case (it) Ler C, C’ be on opp. sides of A as in Fig. 130. 
Theu shall A, ABC have the parts that are given. 


Proof. °.* in both Fig. 129 and Fig. 130 


AB=wc . : : ; : : Const. 
BC#a . : . ‘ : Const. 
fe BAC =|_a , Const. 


. Z\ ABC has the parts that are 2 given. 
Similarly it may be shown that A\ ABC’ in Fig. 129 has 
the parts that are given. Q. K.P. 
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-Prortem 12. 


Gen. Enun. To construct a right-angled triangle having given its 
hypotenuse and one of its sides. 


Fia. 181. 


Part. Enun. Let a, c be 2 given st. lines of which a >. 
It is reqd. to construct a rt. |_d A having its hypot. = a and 
a side = ¢. 


Const. Draw any st. line AB = c. 
At the pt. A in the st. line AB draw AD 1 to 


AB sa , . Prob. 3. 
With B as centre and radius = = a desc. a © cutting AD 
in |G: 
Join BC. | 
Then shall A, ABC be art. |_d A having the parts that 
are given. 
rc Poe is a rt. L ; ! ; ; , Const. 
Proof. ° se , ; ; : ‘ ‘ Const. 
BC =a. . Const. 
. ABC is a rt. ld A having the parts that are given. 
Q. 5.5. 
Exercises. 


529. Construct a /\ equal in all respects to a given /\. 
530. Construct an equilat. /\ having given its base. (Hue, I. 1.) 
631. Con-truct an isos. /\ having given its base and a side, 
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Corstruct an isos. /\ on a given base and having each side double 
its base. (U. P. Eur. Schls. Mid.) 


533. Construct an isos. /\ having given its base and altitude. 

534. Construct an isos. /\ having given its base and perimeter. 

535. Construct a rt.|_d /\ having given its hypot. and an acute|_. 

536. Construct a rt.|_d /\ having given its hypot. and base. 

537. Construct an isos. rt. |_d /\ having given its hypot. 

538. Construct an equilat. /\ having given its altitude. 

539. Construct a rhombus having given an |_ and its perimeter. 

540. Construct an equilat. /\ whose perimeter is equal to that of 
a given /\. 

541. Construct.a /\ having given its 2 sides and altitude. 

542. Construct a /\ ABC having given AB, BC and the median 
through A, 

543. Construct a /\ having given its base, altitude and a side. 

544. Construct a (7gm having given one side and the 2 diags. 
(Bomb. Matric.) 


545. Construct a rt.|_d /\ having given its hypot. and having one 
acute|_ = 4 the other. 


546. Construct a rt.|_d /\ having given its base and the | from the 
rt. |_ on the hypot. In which case will the construction fail? (Punj. 


Mat.) 
547. Construct a rt.|_d /\ having given its base and the|_ opp. the 
base. fi 
548. Construct a rhombus having each of its sides = one of its diags. 
549. Coustructan isos. /\ having given the vert.|_ and altitude. 
550. Construct an isos. /\ whose vert. |_ is 4 times each of its base 


551. Construct an isos. /\ having given its base and vert.|_. 
552. Construct an isos. /\ having given its base and the sum of its 
vert.| and a base|_. 
* 553. Construct an isos. /\ having given its base and the sum of its 
altitude and one of its sides. 
* 554. Construct an isos. /\ having given its altitude and perimeter. 
* 555. Trisectart.|_. (Calc. Mat.) 
bi is Construct a /\ having given its altitude and the|_ sat the base, 
557. Construct a /\ having given its base, one of the|_s at the base 
ailtt” e sum of the sides, (Allah. Mat.) 
* 558. Construct an obtuse|_d /\ having given its Ereatent side, an 
acy | and the diffce. of the remg. sides. 
* 559. Construct a /\ having given its perimeter and base|_s. 
* 560. Construct a rt.| d /\ having given its hypot. and the sum of 
its base and perpendicular. 


* 561. Construct a /\ having given its base, the difice. of its base i 
and the diffce. of its remaining sides. (Mad. Matric.) 
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* 562. Construct a rt. |_d /\ having given the perfmeter and one 
acute |_. (Mad. Matric.) 

* 563. Construct an equilat. /\ having given a pt. on each of its sides 
and the line along which its base lies. 

* 564. Describe a regular hexagon without drawinga@. (Punj. Kur. 
Schls. High.) 

* 565. Construct a /\ having given its medians. (Bom. Previous.) 

* 566. On a given st. line as diag. desc. a rhombus with |_s 60°, 60°, 
120°, 120°. (U. P. Eur. Schls. Mid.) 

* 567. Construct a square having given the difice. between a diag. and 
one side. 

* 568. Trisect any angle using compasses and graduated ruler. 


QUESTIONS FOR EXAMINATION.—XXxX, 


1. Distinguish between a problem and a theorem. 

2. What is the datwm and what is the guesitum in the enunciation 
of Problem 1? 

3. What simple constructions are assumed as possible in the solution 
of problems, and what instruments are available ? 

4. Define the term “ postulate ”. 

5. The equal circles described with centres D and E, in the construc- 
tion of Problem 1, intersect in two points. Prove that both points lie 
on the bisector of the angle. 

6. Show, by a figure, the necessity of describing equal circles with 
centres D and E, in the construction of Problem 1, ‘such that they 
intersect ”’. 

7. Prove that AF in figure 115 is part of the locus of points equidis- 
tant from AB and AC. Where is the other part ? 

8. Prove that FA produced, in figure 115, will bisect the reflex angle 
BAC. 

9. Draw an angle on paper, cut it out and bisect it by folding. Prove 
your result. 

_ 10, Prove the construction of Problem 1 by folding about the supposed 
bisector. 

1. Prove tnat CD in figure 116 is the perpendicular bisector of AB. 

12. The radii of the equal circles described with A and B as centres” 
in the construction of Problem 2 must be greater than half AB. Give 
a reason for this. 

13. Prove that CD in figure 116 is the locus of points equidistant from 
A and B. 

14. Draw a straight line on tracing paper and bisect it by folding. 
Prove your result. 

15. Prove the construction of Problem 2 by folding about the supposed 
bisector. 

16 Deduce Problem 3 as a special case of Problem 1. 


142 ELEMENTS OF GEOMETRY 


17. What is a line “ of unlimited length”? (U.P. Eur. Schis. Mid.) 

18. How long at least must the radii of the equal circles be that are 
dascribed in the construction of Problem 8 ? 

Why is the line AB in Problem 4 given as of unlimited length ? 
(U. P. Eur. Schls. Mid. ) 

20. Show, by a figure, that the construction of Problem 4 fails if the 
circle described with centre C does not cut AB. 

21. Define equal circles. What equal circles are described in the 
construction of Problem 5? 

22.: Enunciate the theorem on which the proof of Problem 6 depends, 

23. Of what points is EC in the figure of Problem 6 part of the locus ? 
Where is the other part ? 

24. Enunciate the theorem on which the proof of Problem 7 depends. 

25. Two triangles are constructed from the same data as the triangle 
in the figure of Problem 8. By what theorem do we know that they are 
congruent ? 

26. What is the reason for the condition that the two given angles in 
Problem 9 are together less than two right angles ? 

27. Enunciate the theorem on which the construction of Problem 9, 
Case (ii), depends. 

28. What is the reason for the condition that the sum of any two of 
the given straight lines in Problem 10 must be greater than the third ? 
-(Beng. Eur. Schls. Mid.) 

29. Prove, by means of a figure, that three lines might be taken such 
that it would be impossible to construct a triangle with sides equal to 
them. (Beng. Eur. Schls. Mid.) 

30. When is a problem said to be indeterminate? Give a1 example. 

31. If, in the figures of Problem 11, a is less than the perpendicular 
from B on AD, prove that the construction fails. 

32. Wherein lies the ambiguity of Problem 1i ? 

33. If, in the figures of Problem 11 (i)a =, (ii) a = the perpendicular 
from B on AD, prove that the ambiguity disappears. 

34. 1n what cases can a triangle be constructed, having given three 
of its six parts? 

35. In what cases can a triangle not be constructed, having given three 
of its six parts ? 

36. State the smallest number of measurements necessary to deter- 
mine a quadrilatera) fully, and show that they aresufiicient. Examine 
if three angles and one side would do. (Beng. Eur. Schis. Mid.) 
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PAI! EIT, 
SCALES. 


A SCALE showing on.y primary and secondary divisions is called 
plain scale. Your graduated ruler, for example, is a plain scale, 
because it only shows inches and tenths of an inch, centimetres 
and tenths of a centimetre. 

Diagonal scales show primary, secondary and tertiary divisions, 
and are used when very accurate measurement is required. Fig. 
132 is a diagonal scale showing inches, tenths of an inch. and 
hundredths of an inch, and consists of :— 


S +". 


oy 


- : 2 3 Co ca alts aks 
: ‘e , vs i oo te Oe Oy s s 
G es. ee SOM, EES 
z * « ae og te a +: . 


Fia. 182. 


(1) A bottom line divided as a plain scale to show inches 
and tenths of an inch, but only the first primary division 
from the left is divided into secondary divisions. 

(2) Verticals through the primary divisions of the bottom 
line. 

(3) Parallels to the bottom line at convenient equal dis- 
tances. In this case there are ten parallels because 
there are ten hundredths of an inch in one-tenth of an 
inch. 

4) The top parallel divided in the same way as the bottom 
line. 

) Diagonals through the secondary divisions of the bottom 
Jine 
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The principle of the diagonal scale depends upon the theorem :— 
The straight line joining the middle points of the sides of a 
triangle ts equal to half the base (Ex. 414), 
from which it follows in Fig. 133, which is part of Fig. 132 en- 
larged, that 


Aa=};Bb=4Cc=}Dd=}Ee=}Ffa= 
+Gg=4 HhA=3Kk=%, Li. 
(The proof of this is left as an exercise 
for the student. ) 
But L/ represents °1 in. 


Be ant OS a5 
lr ehh, Uk. os 
Das), U4..., 
Therefore { Ee ,, ‘05 ,, 
F/ > ‘06 >? 
Gg > 07 be 
re Tepe ee = 
KE 95, 09 os 
Fig. 188. 
Exercises. 


569. Set off a distance of 2°38 in, from the diagonal scale (Fig. 182) 
with your dividers. 

Set off 2°3 in. from the bottom line as with a plain scale, move the 
right-hand point up vertical 2 until it reaches parallel 8, and then 
extend the dividers until the left hand point reaches the intersection 
of parallel 8 and diagonal 3. The required distance is shown in Fig. 182 
LU ssn can = 


570. Take the following lengths from the diagonal scale (Fig. 182) 
and draw lines of these lengths :— 
(i) 1°24 in. 
(ii) 2°67 in. 
(iii) 2°18 in, 
(iv) 1-07 in. 
(v) 2-90 in. 
(vi) 0-77 in. 
571. Read off the distances between A and B, C and D, E and F 
marked on the diagonal scale (Fig. 182), 
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572. Find the lengths of the lines 1, II, III (Fig, 184) by applying 
them to the diagonal scale (Fig. 132). 


Fig. 134. 


573. Take the following lengths from your graduated ruler, and find 
sheir equivalents in inches to two places of decimals by applying them 
to the diagonal scale (Fig. 182) :— 

(i) 6 cm. 
(ii) 3-5 cm. 
(iii) 43 mm. 
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DRAWING TO SCALE, 


If a drawing of a large object is made so that any line an inch 
long taken from the drawing corresponds to and represents a line 
a mile long in the object, the drawing is said to be “drawn to 


le.” “autoas ee the dein Lin, _ 1 in. 
scale, and, since every line in the drawing is Tmile ~ 1760 x 30in 


= aoa of its actual length in the object, this fraction is ealled the 


representative fraction (R. F.) of the scale. Thus in & map drawn 
to the scale of 1 inch to 50 miles, we have 
eee Mee Sc: tn I * 1 
R. F:, 7 .60:miles ~ 60-x 1760 1 86 — SIEB0G0" 
“9 in a map drawn to the scale of 1-25 inches to 7 furlongs, we 
ave pe 
1:25 in. | 1-25 a; 
RB 7 fur. ~7-~ 220 x Se ae 
N.B.—The numerator of the R. F. is always unity. 


Exercises. 


574- Drawings are made to the following scales. Work out the 
R. F. in each case:— 

(i) lin. = 1 yd. 

(ii) Lin. =1 mile, 

(iii) Lin. = 8°5 ft, 

(iv) gin. = 13 furlongs, 

(v) 3-5 in. = 15 poles. 

(vi) 2:3 in. = 1 metre (1 metre = 89°37 in.). 

] 
575. The R. F. of a map is 360,000° What length on the map will 


represent 21 miles ? 


576. The distance between two towns as shownon a map is 2°5 in. 
The actual distance between them is 94 miles, Find the R. F. of the 
map. 

1 

577- The R. F. of a French map is 700.000° Ow many English 
miles apart are two towns which are found on the map to be distant 
2°3 cm. from each other (1 metre = 39°37 in.) ? 


578. A square has a side of 14in. Oonstruct it to the soale of 1 in. 
to 1 ft., and measure the diag. (Camb. Loc. Prel.) 

579. A square fort of 100 yds. side is to be defended by muskets af 
200 yds. range. Show by a diagram how much ground will be under 
range. Scale 100 yds. tolin. (Coll. of Precep. Jun.) 
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. A, B, C, D, E, F are the corners of & regular hexagon each 
side of which is 11 miles. Construct the hexagon to the scale of 1 in. 
to 10 miles, and measure the lengths of AC and AD to the nearest 
mile. . (Camb. Loc. Prel.) 

581. A yacht sails successively 2 miles N.W., 34 miles S.W., 1 mile 
due S., 24 miles due EH. Draw a plan of the course to scale lin. = 
1 mile, and find by measurement the distance between the yacht’s first 
and last position. 

582. A ladder reaches from a spot 24 ft. distant from the base of a 
house to a window 30 ft. from the ground. Find by drawing and 
measurement the length of the ladder. Scale 12 ft. to 1 in. (Coll. 
of Precep. Sen.) 

583. Six telegraph posts, each 25 ft. high, are to be placed at equal 
distances apart along a straight, level road. The first and sixth are 
350 yds. from each other Make a drawing to show the positions of 
the posts to a scale of 80 yds. tolin. (Coll. of Precep. Sen.) 


584. Find the representative fraction of the accompanying scale. 


4 Fia. 1385. 


585. Sketch the floor of the room in which you are sitting and make 
a plan of it. Scsle 20 ft, = 1 in. 
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CONSTRUCTION OF SCALES. 


Having decided upon what scale a map or plan is to be drawn, 
the scale itself must be constructed. The following examples il- 
lustrate the methods of construction both for plain scales and for 
diagonal scales :— 

Example 1. Construct a scale of 100 ft. to an inch to shew a 

ength of 10 ft. Let the scale itself be 3 in. long. 


(1) Find the representative fraction 


des 1 in. et 
R. F- = 100 ft. 100 x 12 in. ~ 1200" 

(2) Find the distance represented by the whole length of the 
scale. 

1 in. represents 100 ft. 
aan - 300 ft. 

(3) Draw a line 3 in. long and divide it into primary divisions 
of convenient lengths—in this case into three primar, 
divisions, so that each division represents 100 ft. 

(4) Divide the first primary division from the left into ter 
secondary divisions so that each secondary division re- 
presents 10 ft. 

(5) Number the divisions and complete the scale as in 
Fig. 136. ; 

Example 2. The representative fraction of a plan 's y4,. Con- 
atruct a scale to show feet. Let the scale itself be about 3 in. long. 

(1) Determine the whole length of the scale and the distance 
represented by it. 

R, F, = rts: 
.*. 1 in. represents 125 in. 
o~ Bin; ss 375 in. = 31} feet 

Now 31} ft. is an awkward distance to be rrpresentea 0) 

the whole length of the scale, so we assume the nearest 
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convenient number and then determine by proportion 
what the whole length of the scale will become 
Assume 30 ft. 


; 30 x 3. 
31} ft. : 30 ft. = 3 in. :—37, «im 
380 x 3. 


and eit in. = 2°88 in. 


Thus the whole length of the scale will be 2°88 in. and the 
distance represented by it will be 30 ft. 

(2) Draw a line 2°88 in. long and divide it into primary divi- 
sions of convenient lengths—in this case into three 


5 


he? $9." 
¥ 


Pre. 13ST. 


primary divisions, so that each division represents 
10 ft. 

(3) Divide the first primary division from the left into ten 
secondary divisions so that each secondary division 
represents 1 ft. 

(4) Number the divisions and complete the scale as in 
Fig. 137. 

Example 3. Construct a diagonal scale of 1 mile to an inch to 
show miles, tenths of a mile and hundredths of a mile. Let the 
scale itself be 3 in. long. 

(1) Draw a bottom line 3 in. long and divide it as a plain 
scale R. F. a = sen80 to show miles and tenths of 
a mile. 

(2) Draw verticals through the primary divisions. 

(3) Draw ten parallels to the bottom line at convenient equal 
intervals taken on the first vertical on the left. 

(4) Join the first secondary division from the left to the exe 
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treme left of the top parallel and draw diagonals parallel 
to this from the remaining secondary divisions. 

(6) Number the divisions and complete the scale as in 
Fig. 138. 


Fia. 138. 
Example 4. Construct a diagonal scale R. F, vs to show yards 
feet and inches. Let the scale itself be about 3 in. long. 


> 
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(1) Determine the whole length of the scale and’ the distance 
represented by it. ; 
TR: F. = ps: : 
.. Lin. represents 95 in. 
coeint a 285. in. = 7}4 yds. 

- Now 74 yds. is an awkward distance to be represented by 
the whole length of the scale so we assume the nearest 
convenient number and then determine, by proportion, 
what the whole length of the scale will become. 


| Assume 8 yds. 
‘744 yds. : 8 yds = 3 in. in. 
and 3S in. = 3°03 in. (Correct to the nearest hundredth 


of an inch.) 

Thus the whole length of the scale will be 3:03 in. and the 
distance represented by it will be 8 yds. 

(2) Draw a. bottom line 3:03 in. long and divide it as a plain 
scale R. F, ss into. primary and secondary divisions so 
as to represent yards.and feet, then complete the scale 
and number the divisions as in Fig. 139. 


Exercises. 


586. Draw ast. line 4in. long. This line represents 5 ft. Divide it 
o show feet and inches, and complete and figure the scale. (Camb 
oc. Prel.) 


587. Construct a plain scale R. F. ,}, to show 100 yds. 


588. Construct a plain scale R. F. 2, to measure yards and feet. 
he scale must be long enough to measure 5 yds. (Oxf. Loc. Prel.) 


589. Draw a plain scale of § in. to 1 ft. to show feet and inches, 5 ft 
eing the greatest distance shown. (Camb. Loc. Prel.) 


590. Construct a plain scale R. F. »; to show feet and inches, 


591. Draw a plain scale of 1} in. to 1 ft. to show feet and inches 
ft. being the greatest distance shown. (Camb. Loc. Prel.) 


592. Make a plain scale R, F. y; to represent feet and inches. The 
ale must be long enough to measure 5 ft. (Oxf. Loc. Prel.) 


93. Draw a scale of furlongs and chains to accompany @ map on 
hich 3 furlongs 6 chains measures 23 in. (Oxf. Loc. Sen.) 


594. Draw o st. line 44 in. long to represent 5 miles. Construct on 
is line a plain scale, showing miles and furlongs, to measure distances 
to 5 miles. 

A man walks from A 2 miles in a northerly direction to B; he then 
aiks 3 miles 2 furlongs in an easterly direction toC, By use of the 
ale, find to the nearest furlong the distance from Ato C, (Camb. Loo. 
n.) 


6 * 


152 ELEMENTS OF GEOMETRY 


595. Draw a st. line of length 4} in. to represent 40 miles. Construct 
on this a plain scale, showing single miles, to measure up to 40 miles. 

On a map two places B and C are found to be respy. 25 miles and 
80 miles from A and |_ BAC = 40°. By use of the scale, find the 
distance from B to C to the nearest mile. (Camb. Loc. Jun.) 

596. Construct a plain scale R. F. » to show decimetres (1 metre 
= 39°37 in.) and use it to draw a quad]. ABCD from the following 
data :— 

AB =1-9 metres AD = 1:4 metres ABC = 90° |_ BCD = 70° 
|_ CDA = 90°, 
Find by measurement the remaining sides of the quadl. 

. Draw a st. line 44 in. long to represent 15 miles, Construct a 
diagonal scale upon this line to show miles and furlongs. (Camb. Loo. 
Jun.) 

398. Construct a diagonal scale R. F. ,4, to show feet and inches, 
and from it take off a length of 36 ft. 7 in. 

99. Construct a diagonal scale R. F. 7; to show metres, decimetres 
and centimetres (1 metre = 39°37 in.). Scale to be about 6 in. long. 

600. Construct a diagonal scale, 1 in. = 8 chains, to show 6 paces 
(1 pace = 30 in. and 1 chain = 22 yds.). Scale to be about 6 in. long. 

6o1. Construct a diagonal scale R, F, 5}, to show poles, yards and 
feet. Scale to be about 6 in, long. 


« 


COORDINATES 153 


EXPERIMENTAL SECTION. 


COORDINATES. 


Exp. 123. Ona piece of squared paper. draw two straight lines 
X’OX and Y’OY at right angles to one another as in Fig. 140, © 
| Lil ge ARE ae 


BEEBE AS2As RRR RRARA 
SRS RSE Ms AR RRP 
OE eT ee pe bat Peg 
MMR MRR; 
hele eben st lee ee 
MES PE EME TET SESE SES Ee ee ee EE: 
MBS GM OM SR STENT AL 2G LEEy PA REY 
5M RB Ye Ee) OR 
De RRS 
se ere et td 


Fig. 140. 


From O in Fig. 140 count to the right 9 divisions, then up 4 
divisions, and so arrive at a point P. Mark P in your figure. 

The numbers 9 to the right and 4 up determine the point P and 
are called its coordinates with respect to the coordinate axes X’O 
and Y’OY (known respectively as the x-axis and y-axis), while O 
is called the origin of coordinates. it d0:14 

Exp. 124. From O in Fig. 140 count to the left 9 divisions, then 
up 4 divisions, and so arrive at a point Q; whose coordinates are 9, 
to the left and 4-up.:. Mark Q in your figure. 


Exp. 125. From O in Fig. 140 count to the left 9 divisions, then | 


down 4 divisions, and so arrive at a point R, whose coordinates are 
9 to the left and 4 down. Mark R in your figure. 


Exp. 126. From O in Fig. 140 count fo the right 9 divisions, then 
down 4 divisions, and so arrive at a point S, whose coordinates are 
9 to the right and 4down. Mark S in your figure. 


lia *3 
bs 


154 ELEMENTS OF GEOMETRY 


Distances measured to the right or up are called positive and to 
the left or down negative, so that, for convenience, the coordinates 
of the point P in Fig. 140 are written (9, 4), of ae Nia Q (-9, 4), 
of the point R(—9, —4) and of the point S (9, 

Coordinates to the right or left are called a gi or x- 
coordinates of the points to distinguish them from coordinates up 
or down, which are called their ordinates or y-coordinates. 


Notice that in describing a point its abscissa is always given first 
and its ordinate last. Thus the point whose abscissa is 8 and whose 
ordinate is 5 is written (8, 5), while the point whose position is un- 
known is written (z, y) where x denotes the abscissa and y the 
ordinate. 


Exp. 127, Copy Fig. 141 on squared paper and write down the 


PROGR RRR EP 
Qt tet ttt | | pth ton pd 
ptt ttt aR BEGEGGGLL 
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coordinates of the points P, Q; R, S, T, V, W, Z, O. 
Exp. 128. Draw coordinate axes on a sheet of squared paper and 
plot the following points with reference to them :— 
(i) (4, 10), (4, 5), (4, 0), (4, —5), (4, ~ 10). 
(11) (10, 4), (5, 4), (0, 4), (—5, 4), (— 10, 4). 
(iii) (6, 6), (3, 3), (0, 0), (-3, —3), (-6, —6). 
(iv) (3, 5°5), (1, 5), (-—1, 4), (—3°5, 2), (—5, 0). 
Exp. 129. Plot (7, 3) and (—7, —3) on syuared paper and prove 
theoretically that they are equidistant from (0, 0). 
Exp. 130. Plot (6, —5) and ( —6, 5) on squared paper and prove 
theoretically that they are collinear with (0, 0). 
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Exp. 131. Plot (10, 0), (0, 3), (3, 0) and (0, 10) on squared paper 
and prove theoretically that the distance between the first two is 
equal to the distance between the last two. 

Exp. 132. Plot (12, 9) on squared paper and prove theoretically 
that (8, 6) is a point of trisection of the line joining (12, 9) to (0, 0). 

Exp. 133. Show by a diagram on plain paper that if a point lies 
on the z-axis its ordinate is 0, and if it lies on the y-axis its ab- 
scissa is 0. 

Exp. 134. Show by a diagram on plain paper that the line join- 
ing (a, b) and ( —a, 6) is bisected by the y-axis at right angles. 

Exp. 135. Show by a diagram on plain paper that the line join- 
ing (a, 6) and (a, —b) is bisected by the z-axis at right angles. 

Exp. 136. Show by a diagram on plain paper that the line join- 
ing (0, 0) and (a, a) is bisected at right angles by the line joining 
(0, a) and (a, 0). 

Exp. 137. Show by a diagram on plain paper that the line join- 
ng (0, a) and (0, 0) is equal to the line joining (0, 0) and (0, a). 

Exp. 138. Plot the following pairs of points on ‘‘inch” paper 
that is squared paper ruled in inches and tenths of an inch), and 


xpress the distance between each pair in inches and decimals of 
n inch :— 


(i) (3, 8) and (14, 8). 
(ii) (-—6, 4) and (—6, 12). 
(iii) (—4, 9) and (—4, —6). 
(iv) (—5, -3) and (-56, -12). 
(v) (3°5, 6) and (9, 6). 
(vi) (7, 6-9) and (7, —5-2). 
Exp. 139. Plot and give the coordinates of the point where :— 
(i) the line joining (5, 5) and (~7, — 7) cuts the line joining 
(8, 3) and (~8, -3); 
(ii) the line joining (6, 9) and (- 4, 9) cuts the line joining 
(0, 0) and (0, 10) ; 
(iii) the line joining ( - 3, 7) and (- 3, — 6) cuts the line join- 
ing (0, 0) and (9, 0) ; 
(iv) the line joining (9, 4) and (2, 8) cuts the z-axis ; 
(v) the line joining (-11, 2) and (-3, 7) cuts the y-axis ; 
(vi) the line joining (9,9) and (-9, —3) cuts the line joining 
(-3, 8) and (9, - 2). 
Now.—When using squared paper we shall be able, with practice 
read off tenths but not hundredths of a division. On inch paper 
ig Means an approximation to two decimal places of an inch. 


Exp. 140. Plot the points P (2, 4) and Q (10,12). Bisect the 
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line joing P, Q. Let R be the mid-point of PQ. | Draw the 
ordinates PM, QN, RS of P, Q, R respectively. Now prove 
PM + QN _ 4+ 12 
2 2 
oh Oe es 
em ‘a 


theoretically that RS = = 8 and verify by 


Fie. 142, ; 
counting. Prove in a similar way that the abscissa of Ri is 6 and 
verify by counting. 

Exp. 141. Plot the following pairs of points and find the co~ 
ordinates of the points midway between each pair by calculation 
as in ~ 140. Verify by bisection and counting ;— 

) (2, 9) and (8, 1). . ‘ 
di (0, 0) and (10, 6). : 
(iii) (—4, 3) and (15, 14). 
(iv) (3, ~ 4) and ( - 7, -6). 

Exp. 142. Show by a figure that. (-— 4, 3), (-—4, —5), (8, 3), (8, - 5). 
are the vertices of a rectangle, and find by calculation the coord nates. 
of the point of intersection of the diagonals. Verify by drawing 
and counting. — 

Exp. 143. Show by a figure that (7, 9), (7, 4), (, % (7, - 5) lie, 
on the locus of points equidistant from (1, 5) and (13, 5). 

Exp. 144. Show by a figure that (-1, —2), (- 7, = ~2), (-% - 8), 
(-1, -—8) are equidistant from (- 4, - 5). . 

Exp. 145. Find by construction and counting the coordinates of ' 
the point equidistant from (2, 2) (11, 2), (11, 5). 

Exp. 146. Show by a figure the locus of points distant 0-6 in. 
from (- 3, — 7) on inch paper. . 

Exp. 147. Find by construction and counting the coordinates of | 
points distant 0°5 in. from (8, 2) and (3, 6) on inch paper. 

Exp. 148. Find by construction and counting the coordinates of 
seni distant 0°76 in. from (5, 3) and 0°6 in. from the z-axis on 
inch paper. 


cs 
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Exp. 149. Find by construction and counting the coordinates of 
the orthocentre of the triangle whose vertices are (2, 7), (-—9, — 3), 
(5, — 10). 

Exp. 150. Find by construction and counting the coordinates of 
the centroid of the triangle whose vertices are (2, 2), (13, 7), 
(11, - 8). 


s 
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GRAPHS, 


ALGEBRAICAL EQUATIONS. 


Exp. 151. Plot a series of points such that for each point 
“-coordinate + y-coordinate = 9, 
for example (=3, 12), C- 2, 11), (= 1, 10), (0, 9), (1, 8), (2, 7), (3, 6). 


Fig. 148. 


Notice that the locus of these points is a straight line. Since 
for every point on this line + y = 9 where z and y stand for the 
z and y coordinates of the point, this line is called the graph of the 
equation + y =9 

Exp. 152. Plot a series of points such that for each point 

x-coordinate = 6, 
and the y-coordinate is anything whatever,: for example (6, - 5), 
(6, e, 1), (6, 0), (6, 2), (6, 4), (6, 8). 

Notice that the locus of these points is a straight line parallel to 
the y-axis, and that the straight line is the graph of the equation 
« = 6, because this equation is satisfied by the coordinates of al} 
points on the line. 


Exp. 153. Plot a series of points such that for each point 
y-coordinate = 2 x x-coordinate + 3, 
that is, plot the graph of the equation. 
y = 27 + 3. 
Corresponding values of 2 and y can be tabulated thus :— 


| 
Values of & p 
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It is now an easy matter to plot a series of points whose co- 
ordinates satisfy the equation and then join them by a continuous 
line. 

Exp. 154. Plot the graph of the equation 

a? + 2a - y = 3, 
that is, 
yor + Qr - 3. 
Corresponding values of 2 and y can be tabulated thus :— 


Values of x : ‘ é ffi-3 4-2) -21 Onihoy err 2 
Te eS. SO ES ee rem (eta sc 
Corresponding values of #” 9 4 i! Oi: Shei ert. 9 
i) eae me sae oats See Se 
Corresponding values of 2% -6| -4| -2 0; 2 {4 |] 6 


Corresponding values of ¥ ! BS 
ag ie Vio) -8 | -4 | Bases | 


Exp. 155. Plot the graphs of the following equations :— 
fi) 7+3=0. 
(ii) y = 11. 
(iii) = y. 
(iv) + y = 12. 
(vy) y- 3c +4=0 
(vi) y= 2. 
(vii) c= y? - 1. 
(viii) 2? + 4? = 25. 
Exp. 156. Plot the graphs of the equations 
~-4y+5= 
a+ y-5=0)’ 
and hence find, by counting, the coordinates of their point of inter- 
section. Verify. by solving algebraically. 


Exp. 157. Solve by plotting and counting the simultaneous 
equations :— 


(i) W@- y= of 
r+ yo OF 
a + dy = ate 


Verify by solving algebraically. 
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my Gohy eisiog ESPATIS'RECG, tac pune sel ee 
The graph of an algebraical equation in x and y shows the variations 
in one quantity y that depend upon and correspond to variations 
in another quantity z. We can, however, extend the use.of graphs 


x3 


Hours. Temperature, 

8 A.M. 48° F. 

9 A.M. 50° F, 

10 a.m. “yar 

1] A.M. 60° F. 

Noon. 68° F, 

1 P.M. 75°F, 

2 P.M. et ae 

3 P.M. ai oo ERs 

4 P.M. 67° F. 

5 P.M. 60° F, 

6 P.M. 58° F. 

7 P.M. 50° F. 

8 P.M. 45°F. 
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Fig. 144, 


to. itinstrate the variations of any quantity that depend,upon and 
correspond to variations in another quantity. Suppose, for ex- 


TAT OSGRAPHS 2 750 TUS 161: 


ample, we wish to record the variations in temp .cature during the 
course of a certain day. We can take as z-coordiuiates the numbers 
of hours (or half hours) that have elapsed since our first observa- 
tion and as y-coordinates the temperatures in degrees Fahrenheit 
at the beginning of each hour (or half hour) respectively, and draw 
a continuous line through the points that represent the several 
observations. Thus Fig. 144 gives the graph that illustrates the 
data set forth in the foregoing table. 

A graph that is based on observations made at short intervals 
may be taken to give fairly correct readings between two actual 
observations. Thus from Fig. 144 we may safely infer that the 
temperature at 10.30 a.m. was very nearly 56°F. . 

Exp. 158. Fig. 145 is a graph showing the variations in the speed 
of a train between two stations A and B, ten milesapart. —_—s 

What was the speed 1, 3, 64, 9 miles from station A respectively f 
What was the maximum speed? How many miles from station B 


did it occur ? | 
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<y eee 5 6 7 6 SNe 
ro Siete LT eee 
54 SERRA Ve BA 
. 514 ! 
ari BRE 
> 42 eee BRB RA OD Se 
Seis Wo a ee ee 
ie 33 Hate a | Ce TL 
30 ee HAA 
a 27 tA i A a a 
244 BMA we eR RRR 
0 SEER EEE 
f | 
wee eit =-N 
oa 12 | Ea | sel ! 
= #9 : 228 S2ene 
6 
3h 


Fig. 145. 


Exp. 159. Plot the graph showing how sin varies as x increases 
from 0° to 360°. 
, 


7] | 0° 


} 


30° | 60° | 90° |120°|150°/180°| 210° | 240° | 270° | 300° | 830° oe 
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sina (0-0010'50 One aka — 0°50! — 0°86} — 1-00) — 0°86) — 0°50. 0-00 


162 ELEMENTS OF GEOMETRY 


MEASUREMENT OF AREAS. 


Exp. 160. On any given unit of length describe a square; then 
the area of this square will be that unit of area that corresponds to 
the given unit of jength. 


Exp. 161. Describe the unit of area that corresponds to an inch 


Fig. 146. 


and call # a square inch. Also describe a square centimetre. 
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RECTANGLES. 


Exp. 162. On a piece of squared paper draw a rectangle whose 
base measures 8 divisions and whose altitude measures 5 divisions. 


Fig. 147. 


t f 


Call a division the unit of length. How many corresponding units 
of area does the rectangle contain ? / 


Working :— 
No. of smal] squares \ = No. of divisions in length x No. of 
in rectangle divisions in altitude. 
8 x 6 
= 40 


But each small square.is the unit of area corresponding to the 
dength of a division. ' ; 


Exp. 163. On a piece of inch paper draw a square inch, 


Fig. 148. 


How many smal] squares are there in a square inch? What 
fraction of a square inch is each of the small squares 7 

Krom this Experiment we conclude that if 25 inch is taken as the 
anit of length, 145(= Ps x rs) square inch is the corresponding 
unit of area. Similarly, if 15 inch is taken as the unit of length, 
steu(= rts X rhs) square inch is the corresponding unit of area. 
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Exp. 164. On a piece of inch paper draw a rectangle whose base 
measures 1 1° Si in. and whose altitude measures 0° vi in. 


Fig. 149. 


Kind the area on ine rectangle. 
Working :— 
Gall yo in. the unit of enki. 
Then ,}, 8q. in. is the Ee Masiitige unit of area. 
Now the rectangle contains 13 x 7 units of area. 
et 
sub u sq. in. 
= 13 x 0°7 sq. in. 
= 0°91 sq. in. 
Exp. £65. Ona piece of inch paper draw a rectangle what base 
measures 1°26 in. and whose altitude measures 0°52 in. 


Fia. 150. 


Find the area of the rectangle. 


Working :— 
Call ,4, in. the unit of length. . 
Then ysto5 84. in. is the corresponding unit of area. 
Now the rectangle contains 126 x 52 units of area. — 
126 x 52 

= 70000 84° in. 

= 1:26 x 0°52 sq. in. 

= 0°6552 sq. in. 


{WoL MRROTANGLES® T6E 


From Experiments 162-165 we are led to'conclude:— __ 

: The number of any linear unit in the base of a rectangle, 
multiplied by the number of the same linear wnat in the 
altitude, gives the number of the corresponding square 
unit in the area. 

Or, briefly:— ( ° 
area of rectangle = base ~ altitude. 

Learn this by heart. | 

Note.—This rule implies that the base and altitude of the rectangle 
have a common measure, that is to say, are commensurable. If the 
pase and altitude are éncommensurable we can express their measures 
in terms of any particular unit to as many decimal places as we desire, 
and then the rule will give the area of the rectangle to any required 
degree of accuracy. Thus, for the purposes of this Section, we may 
assume the rule to be true in all cases, 

The abbreviation ‘‘rect. AB, AD,” or ‘“‘AB x AD,” or 
‘“‘AB.AD” is used to denote ‘‘the rectangle having AB and 
AD for adjacent sides,” and the rect. AB, AD is said to be 
‘contained by” AB and AD. Similarly the abbreviation “sq. 
on AB,” or ‘‘ AB?” is used to denote ‘‘the-square: having: AB for 
side”. . | ode: 2k 

‘Exp. 166. Find the area of the rectangle PQ, PS drawn on inch 
paper. pee 


Working :— 
Eg = (0°47 + 0°96) in. = 
PS = (0°47 + 0°54) in. = 1°01 in. Te 
“, area of rect. PQ, PS = 1°43 x 1°01 sq. in. 
= 1°4443 sq. in. 
= 1°4 #q. in. nearly. 
Note.—The result 1°4443 sq. in. is not reliable beyond the units 
digit. We cannot be sure, in practice, that we have estimated the 


1°43 in. 
1 
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lengths PQ, PS correctly to the tenth of a division, and a discrepanoy 
in either or both of these measurements might affect the second, or 
even the first, decimal! place in the result 1°4448 sq. in. 


Exp. 167. Find the area of the rectangle PQRS drawn on inch 


) , Fig. 152, 
paper to the nearest, tenth of a square inch. 


Exp. 168. Plot on inch paper the rectangles having the following 
peints as vertices, and find the area of each rectangle :— 
(i) (4, 7), (18, 7), (4, - 4), (18, - 4). 
(ui) (12, 4), (12, ix 9), c- 5, 4), (- 5, - 9). 
(uli) (7, 3°2), (-—6, 3-2), (7, —5).(-6, - 5). 
(iv) (- 13-7, - 3-6), (- 13°7,- 9-2), (- 6°9, - 3°6), (- 5-9, - 9°). 
Exp. 169. Draw on inch paper this rectangles having the follow- 
ing dimensions, and find the area of each rectangle :— 
(i) 19 inwby 2b" ins -- 4 
(ii) 2°35 in. by 1°65 in. 
(iii) 1°76 in. ‘by 0-99 in. 
(iv) 2°08in. by 103 in. | 
Exp. 170. Find the areas of rectangles having the following 
dimensions :— 
(i) 1 ft. 3 in. by 2-ft., 7 in. 
(11) 69 mm. by 38 mm. 
(iii) 10 ft. by 100 in. 
(iv) 4 mile by 3 yds. 2 ft. 9 in. 
(v) 2 in. by y in. 
(vi) @ yds. by 6 ft. -. 
Exp. 171. Find the areas of squares having the following sides »— 
(i) 1 fra oe hy ae 
(li) 2 yds. 2ft.9ins” | 
(iii) 3 in. . 
Lis (iy) (e+ y) om." 
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Exp. 172. Find the bases of the rectangles having the following 
areas and altitudes :— 

(i) 16 sq. ft. 8 sq. in., 2 ft. 10 in. 
(ii) 1 acre, 40 yds. 
(iil) 2% sq. in., y in. 
(iv) p sq. ft., q in. 

Exp. 173. If the side of one square is 12 times the side of an- 
other square, show by a figure on squared paper that its area is 
144 times as great. Hence prove that 1 sq. ft. = 144 sq. in. 

Exp. 174. If 1 pole = 54 yds., prove as in Exp. 173 that 1 sq. 
pole = 303 sq. yds. ! 

Exp. 175. Show by figures that the area of a rectangle is multi. 
plied by 4,9, 16, 25, a? if we multiply its linear dimensions by 2, 3, 
4,5, a. 

Exp. 176. Find the sides of squares having the following areas :— 

(i) 1 sq. ft. 25 sq. in. 
(1i) 2 sq. in. 
(iii) (a? + 2ab + b?) sq. miles. : 

Exp. 177. Draw a rectangle and find its area (1) in sq. in., (2) in 
sq. cm., and hence find the number of square centimetres in a 
square inch. 

Exp. 178. Repeat Exp. 177 with another rectangle of different 
dimensions. | 

Exp. 179. 1 in. = 2°54cm. Verify, by calculation, the results 
you obtained in Exps. 177, 178. 

Exp. 180. A carpet is required fora rectangular room 22 ft. by 
18 ft., allowing a margin of 3 ft. all round. Draw a plan to scale 
R. F. vs, and find the cost of the carpet at 3s. 4d. a sq. yd. 

Exp. 181. A fence is required for a square enclosure containing 
10 acres. Draw a plan to scale R. F. s7ys, and find the cost of the 
fencing at 2s. 8d. per yd. 

Exp. 182. The area of a rectangle is 59 sq. yds. 1 sq. ft. 2 8q. in, 
and its perimeter is 31 yds. 6 in. Find its length and breadth.  — 

Exp. 183. How many postage stamps measuring #§ in. by ¢ in. 
will cover a sheet of paper 1 ft. 11 in. long and 1 ft. 3 in. wide / 
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RIGHT-ANGLED TRIANGLES, 


Exp. 184. POR in Fig. 153 is a right-angled triangle drawn on 
inch paper and PQRS isa rectangle on the same base and of the 
same altitude. Copy Fig. 153 on inch paper, and find the area of 
the triangle PQR. 
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Fia. 158. 


Working :— 
Area of A. PQR = 3 area of rect. PQ, QR. 
= 4 x 11 x 13 sq. in, 
= 0-715 bq; Wo 


Exp. 185. Plot on inch paper the right-angled triangles having 
the following points for vertices, and find the area of each as im 
Exp. 184 :— 

"G) 0, 0), (7, 0), @, 11). 

Hi) (14, ~ 3), (+2, = 3), (= 2; 1). 

(iii) (28°9, 1°7), (271, 1°7), (271, 9°5). 

(iv) (9°1, 6°8), (-4°6, 6°8), (-4°6, - 9°3). 
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PARALLELOGRAMS 


Exp. 186. PQRS in Fig. 154 and in Fig. 155 is a parallelogram 
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rami on squared paper and TQRV is a rectangle on the same base 


Ueonsens sy cmeunep ss parts ae 


and of the same altitude. Copy Fig. 154 and Fig. 155 on squared 
paper, and show by counting divisions that A, TPQ = A VSR. 


Hence it follows that (7gm. PQRS = rect. TQ, QR. Why? 


Exp. 187. Repeat me 186 two or three times, varying the base 
and altitude of the parallelogram each time. 


Exp. 188. Copy Fig. 154 on plain, thin cardboard, and illustrate 
the result of Exp. 186 by cutting and superposing. 


Exp. 189. Copy Fig. 155 on plain, thin cardboard, and illustrate 
the result of Exp. 186 by cutting and-superposing. 
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Fig. 156 will show you how to do this. QY = RX, RM = QX, 
YZ is || to PQ, MN is || to RV. 


Fia. 156. 


From Exps. 186-189 we are led to conclude :+ 

A parallelogram is equivalent to the rectangle on the same 

base and of the same altitude. 
And hence, 

The number of any linear unit in the base of a parallelo- 
gram multiplied by the number of the same linear unit 
in the altitude gives the number of the corresponding 
square unit in the area. 

Or briefly, area of parallelogram = base x altitude. 
And from this it follows that 

Parallelograms on the same base or on equal bases and of 

the same altitude are equivalent. 
Also, 
Equivalent parallelograms on the same base or on equal 
bases are of the same altitude. 
Learn these conclusions by heart. 
Exp. 190. Illustrate the following truth by drawing a figure on 
thin, plain cardboard, cutting and superposing: Parallelograms 
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on the same base or on equal bases and of the same altitude are 
equivalent. 
Fig. 157 will show you how to do this. BK, LM are parallel to 
FE ; GN, PQ are parallel to CD; BL = CK; GP = FN. 
Exp. 191. Plot on inch paper parallelograms having the following 
points as vertices, and find the area of each parallelogram :— 
(i) (0, 1), (12, 1), (15, 8), (3, 8). 
(ii) (10, 2), (5, -— 5), (—1, 2), (-6, — 5). 
(111) (1, 8), (- 9, 8), ce 3, aK D), (7, 1% 5). 
(iv) (0, 0), (-3, 0), (-8, - 12), (-5, - 12). 
Exp. 192. Draw on inch paper parallelograms having the follow- 
ing dimensions, and find the area of each parallelogram :— 
(i) base 1°4 in. altitude 0°8 in. 
(ii) base 1°85 in. altitude 0°63 in. 
(iii) base 2-01 in. altitude I-11 in. 
(iv) base 2°37 in. altitude 1°09 in. 


Exp. 193. Find the areas of parallelograms having the following 
dimensions :— 


(i) base 1 yd. 9 in. altitude 2 ft. 8 in. 
(ii) base 16:5 feet. altitude 123 in. 
(iti) base 1 mile 5 fur. 13 poles. altitude 13 miles. 
(iv) base & in. altitude y ft. 
Exp. 194. Find the bases of the following parallelograms :— 
(1) area 7% acres altitude 5 chains. 


(ii) area a sq. yds. altitude 6 ft. 

Exp. 195. Draw a parallelogram ABCD. Draw EF the perpen- 
dicular distance between AD and BC. Draw GH the perpendicular 
distance between AB and DC. Find the area of the parallelogram 
(i) by taking BC as base and EF as altitude, (ii) by taking AB as 
base and GH as altitude. 

Compare the two results. What is the average result ? 


Exp. 196. Construct parallelograms ABCD from the following 
data :— 
(i) AB = 16 in., AD = 1'1lin., |_ A = 72°. 
ii) AB = 3° cm., AC = 46 cm., BD = 2°8 cm. 
(iii) AB = 1:2 in., BC = 0-9 in., AC = 1°9 in. 
(iv) AC = 2°9cm., |_ BAC = 29°, |_ BCA = 46°. 
Find the area of each parallelogram by two independent calicula- 
tions, drawing such lines and making such measurements as are 
necessary. Write down the average result in each case. 


Exp. 197. Construct parallelograms ABCD from the following 
ta:— 


(i) AB = 12 in., __ A = 38°, area = 1:08 sq. in. 
(ii) AB = 3°4cm., |_ D = 112°, area = 9°18 sq. om. 
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ANY TRIANGLES. 


Exp. 198. PQR in Fig. 158 is a triangle drawn on squared paper, 
and SQRT is a rectangle on the same base and of the same alti- 


t 


tude. Copy Fig. 158 on squared paper, and show by counting 
divisions that | 


A SPQ + A TPR = rect. SQ,QR, 


Fria. 158... 


and, therefore, A, POR = 3 rect. SQ, QR. . Why? 


Exp. 199. PQR in Fig. 159 is a triangle drawn on squared paper, 
and SQRT isa rectangle on the same base and of the same alti- 
tude. Copy Fig. 159 on squared paper, and show by counting 
divisions that 


A SPQ —~ A TPR = $ rect. SQ, QR. 


C3 EE PEE A A A) 
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Ber ats Fig. 159. 
~ But A SPQ = A PQXand A TPR = A PRX. 
Therefore /(\ POR = 4 rect. SQ, QR. Why ? 


Exp. 200: Repeat’ Exps. 198, 199 two or:three times, varying the 
base and altitude of the triangle each time. 
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Exp. zor... Copy Fig..158 on plain, thin cardboard, and riod : 
the result of Exp. 198 by cutting and superposing. 


Exp. 202. Copy Fig. 159 on plain, thin cardboard, and illustrate 
the result of Exp. 199 by cutting and superposing. 


Fia. 160. 


ao 160 will show you how to do this. QX is || to RP and XV ‘ji to” 
From Exps. 198-202 we are led to conclude : — 
A triangle is equivalent to half the rectangle on the same 
,\base and of the same pide: ee 
And hence, nit 
The number of any linear unit in the ‘ode of a Wings 
multiplied by half the number of the same linear unit 
in the altitude gives the number of the corresponding 
hace unit in a area. " 
Or briefly; gate aed BMS 
area "6E Eaela -- 4 base » x altitude 
And from this it follows that :— 
Triangles on the same base or on equal bases and. of the 
same altitude are equivalent. 


si 


Also, 


Equivalent triangles on the s same base or on equal. bases c are 
of the same altitude. (Fe 
Also, We 
A triangle 1s equivalent to half a parallelogram on the. same 
base and between the. same parser Geet (ik) 


Learn these conclusions by heart: 


Exp. 204.’ Ilustrate: the following’ truth ‘by fursining a ‘ha on 
thin, plain cardboard,” éuttitig and superposing: A trianglé 46 
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re to halfa parallelogram on the same base and between 
same parallels. 


Fia. 161. 


Wig. 161 will show you how to do this. QX is || to RP and XV || to 
SQ. 
Exp. 204. Plot on inch paper triangles having the following points 
as vertices, and find the area of each triangle :— 
(i) (2, 2), (11, 12), (14, 2). 
(1i) (7, - 3), (- 4, 4), (= 8, - 3). 
(iv) (-1, 7), (- 16, 0), (- 12, 7). 
Exp. 205. Draw on inch paper triangles having the following di- 
mensions, and find the area of each triangle :— 
(i) base 1°5 in. altitude 09 in. 
(ii) base 1°7 in. altitude 1:1, in. 
(ili) base 2-05 in. altitude 0°85 in. 
tiv base 1°37 in. altitude 1°13 in. 
Exp. 206. Find the areas of triangles having the following di- 
MeENDBSlviis :-— 
(i) base 2 ft. 7 in. altitude 1 ft. 6 in. 
_(ii) base 120 ft. altitude 27 yds. 
(iii) base ? mile. altitude 3 fur. 27 poles. 
(iv) base p ft. altitude q in. 
Exp. 207. Find the altitudes of the following triangles :— 
(i) area 639375 acres base 13 chains 75 links. 
(ii) area 52 sq. yds. 18 sq. in. base 8 yds. 2 ft. 3 in. 
Exp. 208. Find the bases of the following triangles :— 
(i) area 6°42096 acres altitude 936 links. 
(ii) area ./2 sq. yds. altitude 1 ft. 
Exp. 209. Draw a triangle ABC. Draw AD, BE, CF perpen- 
dicular to BC, CA, AB respectively. Find the area of the triangle 
(t) by taking BC as the base and AD as the altitude ; (ii) by taking 
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CA as the base and BE as the altitude; (iii) by taking AB as the 
base and CF as the altitude. 
Compare the three results. What is the average result ? 
Exp. 210. Construct triangles ABC from the following data :— 
(i) L.A = 22°,|_C = 49, BC = 4°12 cm. 
(ii) LC = 87°, BC =1:34in., CA = 1°73 in. 
Find the area of each triangle by three independent calculations, 
drawing such lines and making such measurements as are neces- 
sary. Write down the average result in each case. 


Exp. 211. Construct triangles ABC from the following data :— 
(i) AB =11in. BC =1:9 in, area = 0°5 sq. in. 
(ii) BC = 2-9 cm., |_ C = 49°, — area = 6 sq. cm. 

Exp. 212. Draw three different quadrilaterals, but let the 
diagonals of each be at right angles to one another and measure 
1°75 in. and 2°15 in. respectively. Calculate the area of each 
quadrilateral and compare the results. 


Exp. 213. The diagonals of a quadrilateral measure a in. and 0 in. 
respectively and they cut one another at right angles. Show with 
the help of a figure that the area of the quadrilateral is 4a6 sq. in. 


Exp. 214. The parallel sides of.a trapezium measure a in. and 
b in. respectively and the height A in. Show with the help of a 
figure that the area of the trapezium is $(a + b)h sq. in. 

Draw a diagonal and consider the trapezium as the sum of two 
triangles of the same altitude, & in., and of bases, a in. and 0 in. re- 
spectively. 

Exp. 215. A diagonal of a quadrilateral measures d in. and the 

erpendiculars upon it from the outlying angular points a in. and 
5 in. respectively. Show with the help of a figure that the area of 
the quadrilateral is $d(a + 5) ra in. 
Consider the quadrilateral as the sum of two triangles on the same 
base of length d in., but on opposite sides of it and of altitudes a in. 
and 6 in. respectively. 
Exp. 216. Construct quadrilaterals ABCD from the following 
data :— 
(i) AB = 3:2 cm.; BC = 29 cm.; CD=41 cm.; DA= 
3°4 cm. ; AC = 5°9 cm. 

(ii) AB = 0-7 in.; BC = 1:1 in.; CD =16in.; DA = 1:2 
in. ; __ ABC = 75°. 

(iii) AB = 1°9 in.; AD = DC = 1°2 in.; |_ A = 62°; DC 


is || to AB. 
(iv) AC = 2°03 in.; BD = 1:87 in.; AC and BD bisect each 
other at right angles. 


(vy) AC = 46 cm.; BD = 5:2cm.; AC and BD bisect each 
other at 66°. 
Find the area of each quadrilateral, drawing such limes and 
making such measurements as are necessary. 
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THe COMPLEMENTS OF THE PARALLELOGRAMS aBOUT a DiaGonaL 
OF a PARALLELOGRAM. | 


Exp. 247. ABCD in Fig. 162 is a parallelogram. FG, HK are 
parallels to the sides through a point E on the diagonal BD. 


Fia 162, 


HEGD, FBKE are called the parallelograms about the diagonal 
BD and AFEH, EKCG are called their complements. Illustrate 
by measurement and calculation the following truth :— 
The complements of the parallelograms about a diagonal of 
any parallelogram are equivalent. 


Learn this by heart. 
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Exp. 218. PQR in Fig. 163 is a triangle drawn on inch paper. 
Copy Fig. 163 on inch paper, and find the area of the triangle POR 
by counting divisions. © 


FCCLCOLOPLOOCLOoOoOS 
TA 
iREe Cia 


2 SL 
Fis. 163. ec 
Working :— 
A PQR = rect. TX, XR - A QKR-A RSP - x PTO. 
= 0°53 sq. in. 


Exp. 219. PQRS in, Fig. 164 is a square drawn. on inch: ‘paper. 
Copy Fig. 164 on inch paper, and find the area of the square: PQRS 
by counting divisions. 
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Working :— 
Square PQRS= meet: pi 2v - APTQ- oD aigl A RVS- ASKP. 
= 0°5 
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Exp. 220. PQR in Fig. 165 is a triangle drawn on inch paper. 
Copy Fig. 165 on inch paper, and find the area of the triangle PQR 
by counting divisions. 


Fia. 165. 


Working :— 


ZA, PQR = A PQS - A RQT - A PRX - rect. RT, TS. 
= 0°33 sq. in. 


Exp. 221. PQRSTX in Fig. 166 is a rectilineal figure drawn on 
inch paper. Copy Fig. 166 on inch paper, and find the area of the 
rectilineal figure PORSTX by counting divisions. 


BSRRRRENS 220 sly 


“S87 
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Exp. 222. Copy Figs. 167, 168 on inch paper, and find the areas 
of the rectilineal figures by adding and subtracting areas of right- 
angled triangles and rectangles as in Exps. 218-221. 
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Fig. 167. Fia. 168, 


Exp. 223. Plot on inch paper the rectilineal figures having the 
following points for vertices, and find the area of each by adding 
and subtracting areas of right-angled triangles and rectangles as ip 
Exps. 218-222 :— 


Gii) (2, 9), (9, 8), (-2, -6), (-4 2). 


t 
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THE THEOREM OF PYTHAGORAS, 


Exp. 224. ABC in Fig. 169 isa right-angled triangle drawn on 
squared paper and ACDE, ABGF, BCKH are squares described 


Fig. 169. 


apon its hypotenuse AC and its sides AB, BC respectively. Copy 
Fig. 169 on squared paper, and show by counting divisions that 
Square on AC = square on AB + square on BC. 

Exp. 225. Repeat Exp. 224 with three right-angled triangles, 
altering the lengths of the sides containing the right angle in each 
case. 

Exp. 226. Illustrate the result of Exp. 224 by drawing a figure 
on plain thin cardboard, cutting and superposing. 


Fia. 170. 
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Fig,170 will show you how to do this. Through the middle point 
of ACDE, one of the smaller squares, one straight line is drawn || to, 
and another | to the hypotenuse BC, thus dividing the square into 
four pieces, which, together with the square ABGF, can be made to 
fit exactly into the square BCKH (Perigal’s dissection). 

Exp. 227. Repeat Exp. 226 with another right-angled triangle, 
altering the lengths of AB and AC. 


Exp. 228. ABC is a right-angled triangle and BCKH is a square 
described on BC. CD is drawn perpendicular to AC meeting HK. 


Bes BiG, 271, ..: 
in D, and the rectangle ACDE is completed. ACDE will be found 
to be a square. 

Now EF is drawn perpendicular to BH, and the rectangle EFHG 
is completed. EFHG will be found to be a square and FH equal 
to AB. 

Copy Fig. 171 on thin cardboard, cut out the pieces EGD, DKC, and 
show that they can be made to fit exactly into the space EFBCA. 

From Exps. 224-228 we are led to conclude :— 

In a« right-angled triangle the square on the hypotenuse ts: 
equivalent to the sum of the squares on the sides con- 
taining the right angle. 

Or, briefly, in a right-angled triangle, 

Se 4 (hypotenuse)? = (base)? +. (perpendicular)*. : 
And hence, EDEL che 

hypotenuse = ,/(base)* + (perpendicular)*. PS 


Learn these conclusions by heart. ' 


Exp. 229.. Plot the following points on inch paper and calculate 
to the nearest hundredth of an inch their distances from the origin 
of coordinates. . Verify by measurements :— piaitnalons 

(i) (13, 7). woe 
(ii) (- 6, 41). 
(iti) (- 13,,, - 6). / Ey I 
(iv) (15, -7). nest CG 
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Fig. 172 shows an easy way of measuring the distance on squared 


Fiq@. 172. 


paper of any point P from the origin of coordinates. With centre O 
and radius OP describe an arc cutting OX atQ. Then OP = OO. 

Exp. 230. Plot the following pairs of points on inch paper and 
calculate to the nearest hundredth of an inch their distances from 
each other. Verify by measurements :— 


(i) (3, 6), (16, 12). 


(iii) (2, 13), (= 9, - 2). 
(iv) (16, - 6), (-4, 2). | 
Fig. 173 shows an easy way of measuring the distance on squared 
paper of any point P from any other point Q. With centre P and 


FS A Co) 
we a RS 
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radius PQ describe an aro cutting the horizontal through P at R, 
Then PQ = PR. | 

Exp. 231. Plot the triangle whose vertices are (13, 11), (6, - 8), 
{-7, 6), and ascertain by calculation whether it is equilateral, 
isosceles or scalene. 

Exp. 232. Plot the passe ( - 2, 6), (6, 2), (6, -2), and show by 
ealculation that they lie on the circumference of a circle having 
(0, 0) for centre. Verify by describing the circle. 

Exp. 233. Plot the points (2, 1), (10, - 3), (10, — 7), and show by 
ealculation that they lie on the circumference of a circle having 
(4, -6) for centre. Verify by describing the circle. 
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Exp. 234. Plot the points (7, 2), (4, 9), (0, 9), and find by caleu- 
lation the centre of the circle on which they lie. Verify by 
describing the circle. 

Exp. 235. Construct a right-angled triangle whose base and per- 
pendicular are 4°7 cm. and $°6 cm. respectively. Calculate the length 
of its hypotenuse to the nearest hundredth of a cm., and verify by 
actual measurement. 

Exp. 236. Construct a right-angled triangle whose base and hypote- 
nuse are 34mm. and 51 mm. respectively. Calculate the length of its 
perpendicular to the nearest mm., and verify by actual measurement. 

Exp. 237. Show by calculation that the triangle whose sides are 
1 mile 5 fur. 12 poles, 4 fur. 5 poles, 1 mile 5 fur. 37 poles is right 
angled. 

Exp. 238. Show by a diagram that if the side of a square measures 
a in., its diagonal measures @,/2 in. 

Exp. 239. Construct a square of side 1 in. and calculate the 
length of a diagonal to the nearest hundredth of an inch. Verify 
by actual measurement. 

Exp. 240. Show bya diagram that if the diagonal of a square 


, ‘ s a. 
measures @ in., its side measures a in. 


Exp. 241. Construct a square of diagonal 5 cm. and calculate the 
length of a side to the nearest hundredtn of a centimetre. Verify 
by actual measurement. ore 

Exp. 242. Show bya diagram thatif the side of an equilateral} 


‘ : A ; a : 
triangle measures @ in., its altitude measures —9— In. 


Exp. 243. Construct an equilateral triangle of side 1°75 in. and 
calculate the length of its altitude to the nearest hundredth of an 
inch. Verify by actual measurement. 

Exp. 244. Construct a triangle ABC from the following data : 
AB = 1°3 in., BC = 2:1lin., BD = 0°4 in., where D is the foot of 
the perpendicular from Aon BC. Calculate AD, and find the area 
of the triangle. 

Exp. 245. Prove that in any triangle ABC 

ce? + a? - OF 
BD = Qa 
where BC = a units, CA = b units, AB = c units, and D is the 
foot of the perpendicular from A on BC. 

For AB? - BD? = AD? = AC? - CD? = AC? - (BC - BD)’. 

~. if BD = z units, c? — 2 = b? — (a? + 2 —- 2az). 

Exp. 246. Construct a triangle ABC from the following data : 
AB = 3°38 cm., BC = 4:1 cm., CA = 3'7 cm. Draw AD perpen- 
dicular to BC, and calculate BD. Hence find AD and the area of 
the triangle. 


linear units, 
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ee Saks Prove that in any triangle ABC 
2. Jalareayte = b) (8 = ¢) 


AD = = linear units, 
ra : : a+b+ce 
where BC = a units, CA = 0b units, AB = c units, s = Bis Tak 
and D is the foot of the perpendicular from A on BC. 
2 2 pf? 
For AD? = AB’. — BD?and BD = oh ae units. 
‘" 2 eae 2 cS pt 
*. AD? = (c as =o c+ at ) 2a. units 
bP x (c = a)? (c a. a)? — 0? E 
ae MET Te WELag at 8: units 
b-—-c+a)(b+c- = 6 
ae c , c — a) , +4 (e+ 6 ae 
2(s — As - 2(s — b). 2s 
_ 6 he os lack? ls — 2). 5 4 sq. units. 


Exp: 248. Prove that in any triangle ABC 
area = /3(3 — a) (s — b) (s — ¢) square units, 
where the letters have the same significance as in Exp. 247. 
Exp. 249. Find the areas of triangles whose sides are :— 
(i) 51 yds., 37 yds., 20 yds. 
- (ii) 25 miles, 17 miles, 12 miles. 
(iii) 11 ft., 10 ft. 5 in., 3 ft. 1 in. 
(iv) 11 yds. 2 ft. 5 in., 24 yds. 3 in., 34 yds. 2 ft. 10 in. 


CIRCLES 185 


CIRCLES. 
CHORDS AND ARCS OF CIRCLES. 


Exp. 250. Describe a circle and draw a straight line joining any 
two points on the circumference. Call it a chord of the circle. 


Fig. 174. 


Draw a chord passing through the centre. Call it a diameter of 
the circle. 

Exp. 251. In acircle of radius 22 mm. place, if possible, chords 
of the following lengths : 2°8cm., 33 mm., 57 mm.,7°3 mm. What 
length is the longest chord that can be placed in this circle ? 
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SYMMETRY. 


Exp. 252. Fold a sheet of paper once and cut away with your 
scissors any irregular portion of the folded sheet bounded on one 
side by the crease. Open it out and you will obtain a figure 
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divided by the crease into two halves that exactly balance one 
another. Such a figure is said to be symmetrical, and the line of 
division is:called the axis of symmetry. 

Exp. 253. Illustrate by drawing on tracing paper and by folding 
the following truth :— 

A circle is symmetrical about any diameter. 

Learn this by heart. 

Exp. 254. Draw two circles on tracing paper and show by folding 
that the straight line passing through their centres (called their 
line of centres) is an axis of symmetry of the figure. 

Exp. 255. Fold a sheet of paper once and find, by pricking with 
a pin, two or three pairs of points that coincide when the sheet is 
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folded. Open {t out and you will obtain pairs of points that are 
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said to be symmetrically opposite with regard to the axis of sym- 
metry. 


Exp. 256. Describe a circle on tracing paper, draw a diameter, 
and find, by folding and pricking with a pin, two pointe op the 


Fia. 177. 
circumference symmetrically opposite with regard to that diameter. 


Show that the diameter bisects at right angles the chord joining 
the points. 


Exp. 257. Illustrate by drawing figures and by measurements 
ith ruler and protractor the following truth and its converse :— 


A straight line drawn from the centre of a circle to biseci a 


chord which is not a diameter is at right angles to the 
chord. 


Fig. 178. 
Learn this by heart. 
Exp. 258. In a circle of radius 1 in. place a chord of length 


1‘6in. Find by calculation and verify by measurement the distance 
of this chord from the centre of the circle. 


Exp. 259. In a circle of diameter 1°4 in. place a chord of length 
lin. Find by calculation to the hundredth of an inch, and verify 


by measurement the distance of this chord from the centre of the 
circle. 


188: ELEMENTS OF GEOMETRY 


- Exp.:260..:In‘a ‘circle of radius'6°5 cm. place a chord ‘distant 
6 cm. from the centre. Find by calculation and verify by measure- 
ment the length of the chord. 


Exp. 261. ‘Describe a circle having a chord of length 14 in. 
distant 2°4 in. from the centre. 4 


Exp. 262. In a circle of diameter 2°6 in. place a chord of length 
1:8 in. Find by calculation and verify by measurement the 
distances of the ends of the chord from the ends of the diameter 
bisecting the chord. | 


Exp. 263. In a circle of radius 2°3 cm. are placed two paralle} 
chords of lengths 4°2 cm. and 3°6 cm. respectively (1) on the same 
side of the centre, (2) on opposite sides of the centre. Draw a 
rough diagram, and calculate to the nearest hundredth of a centi- 
metre the distance between the chords. 


Exp. 264. Any part of the circumference of a circle is called an 
arc, and the perpendicular from the middle point of an arc upon 


van 
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the chord joining its extremities is called the height of the arc. 
From a circle of radius 1°3 in. cut off an arc of height 0-8 in. Find 
by calculation and verify by measurement the chord of the arc. 


Exp. 265. All circles through the points (a, b) and (-a, b) have 
their centres on the axis of Y. Give reasons for this, and illustrate 
your answer with a diagram. 


Exp. 266. In a circle of radius a in. a chord equal in length to 


_ and. ‘ 
the radius is distant — in. from the centre. Give reasons for 
this, and illustrate your answer with a diagram. 


Exp. 267. In accircle of radius r cm. a chord of length 2a om. is 
distant ./r? — a? cm. from the centre. Give reasons for this, and 
illustrate your answer with a diagram, Hence show that the mid- 
points of equal chords in a circle lie on another cirele having the 
same centre. 


Circles having the same centre are called concentric circles. 
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Exp. 268. Draw any straight line AB and its perpendicular bi- 
seotor CD. Take any point E on CD and join EA nnd EB. Why 
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is EA = EB? With centre E describe a circle to pass through A 
and B. Describe two other circles to pass through A and B. 
Must they both have their centres on CD? 7 

AB is called a common chord of these three circles. 


Exp. 269. Show by drawing on tracing paper and folding that 


Fig. 181. 


the line of centres of two intersecting circles ts the perpendicular 
bisector of their common chord. Notice that this same conclusion 
ean be drawn from Exp. 268. 

Exp, 270, Describe two circles of radii 1:85 cm. and 2°55 cm. re- 
+ eg ried and having a common chord of length 1°5 cm. Caloulate 
the distance between their centres, and verify by measurement. 
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Exp. 271. Take any three points A, B and C not in & straight 
line. Draw:the perpendicular bisectors of the lines joining Ato B 
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and BtoC. Let them meet at O. Why is O equidistant from A, 
BandC? Why is O the only point equidistant from A, B and C? 
With centre O describe a circle passing through A, B and C, 
From this experiment we are led to conclude :— 
There is one circle and one only which passes through three 
iven points not in a straight line. 
Learn this by heart. 


Exp, 272. Describe circles on inch paper to pass through the fol- 
lowing sets of points, and measure, as in Exp. 230, the radius in 
each case to the nearest hundredth of an inch. 

(11) (10, 7); (4, Py 11), (-3, 9). 
(iii) (1, 5), (= 1, 6), (-6, 4). 
(iv) (--8, 0), (-5, -9), (-1, - 11). 

Exp. 273. Make a triangle ABC having AB = 1'1 in., the angle 
ACB = 73° and the angle ABC = 65°. Describe a circle passing 
through all its vertices. Call it the circum-circle of the triangle. 


Exp. 274. Illustrate, by drawing figures and by cutting out and 
superposing, the following truths and their converses :— 
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In equal circles (or in the same circle) if two arcs subtend 
(that is are opposite to) equal angles at the centres they 
are equal. 
And, 


Fig. 184. 


In equal circles (or in the same circle) tf two chords are 
equal they cut off equal arcs. 
Learn these by heart. 


Exp. 275. If an arc of a circle subtends double the angle at the 
centre that another arc of the same circle subtends, is the first are 
double the second? Illustrate your answer by drawing a figure, 
cutting out and superposing. 


Exp. 276. If a chord of a circle is double another chord of the 
same circle, is the arc cut off by the first chord double the are cut 
off by the second chord? [Illustrate your answer by drawing a 
figure, cutting out and superposing. 

Exp. 277. Describe a circle and divide its circumference into (1} 
four (2) three equal parts by making equal angles at the centre. 


Exp. 278. Describe a circle and place in it a chord equal in length 
to the radius. What fraction of the whole circumference is the are 
cut off by this chord ? 

Exp. 279. Using the result of Exp. 278, place a regular hexagon 
inside a circle of radius 1 in. Explain your construction. What 
length is each side of the hexagon? Verify by measurement. 


Exp. 280. Place a square inside a circle of radius 18 mm. Ex- 
plain your construction. Calculate the length of each side of the 
square to the tenth of a millimetre, and verify by measurement. 


Exp. 281. Place an equilateral triangle inside a circle of radius 
1 in. Explain your construction. Calculate the length of each 
side of the triangle to the hundredth of an inch, and verify by 
measurement. 
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MEASUREMENT OF CIRCUMFERENCE. 


Exp. 282. Measure as accurately as you can the circumferences of 
three or four circular objects. Let them be of different sizes such 
as a coin, a lead pencil, a watch, a round box. Note the measure- 
ments. Now measure their diameters, and find for each object the 
circumference 


diameter 
perfect accuracy, this quotient will work out the same in each 
case and will be found to be 3:14 as far as the second decimal 
place. But the circumference and diameter of a circle can be 
shown by mathematical reasoning to be incommensurable, that 
is to say, to have no common measure, however small, and so the 
circumference 
diameter 
decimal fraction. It is denoted by the Greek letter 7, and its value 
to 7 places of decimals is 3°1415926. For practical purposes 7 is 
often taken equal to 3:1416 or even 3}. 

A little ingenuity will suggest various methods of measuring the cir- 
cumferences of circular objects. Fora coin, put a small spot of ink on 
the rim and roll the coin ina straight line across a sheet of paper; 
then measure the distance between the ink marks on the paper. For 
a pencil, wind it round and’ round with thread and then divide the 
length of thread used by the number of rounds. Take care that the 
rounds touch one another but do not overlap. For a round box, wrap 
it tightly round with a strip of paper and prick with a pin through 
the double thickness of the paper where it overlaps; then unwrap 
and measure the distance between the two pin-pricks. 


From this experiment we are led to conclude :— 
circumference of circle = diameter x mr. 


value of the quotient It can be proved that, with 


quotient can only be approximately expressed as a 


And hence, 
diameter of circle = circumference + r. 


Learn these conclusions by heart. 
Exp. 233. Taking r = 47 calculate the circumferences of the fol- 
lowing circles :— | 
(i) diameter 49 in. 
(ii) diameter 28 miles. 
(iii) radius 56 mm. 
Exp. 284. Taking 7 = 4 calculate the diameters of the following 
circles :— 
(i) circumference 44 ft. 
(ii) circumference 11 metres. 
(iii) circumference 1540 miles. 
Exp. 285. Calculate to the thousandth of an inch the circumfer- 
enoe of a circle whose diameter measures 19 in. 
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_ Exp. 286. Calculate to the thousandth of a millimetre the diameter 
of a circle whose circumference measures 15 cm. 

Exp. 287. Taking r = 4 calculate the number of revolutions a 
wheel will make in travelling half a mile if its diameter measures 
28 in. 

Exp. 288. Taking 7 = 34, and assuming that the radius of the 
earth is 4000 miles, calculate how long it would take a man to 
travel round the equator at an average rate of 10 miles an hour. 
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MEASUREMENT OF AREA. 


Exp. 289. Describe a 


circle and draw a number of diameters 


dividing it into equal parts. Such oeg are called sectors. The 


greater the number of sectors, the 


ess does each sector differ in 


Fia. 185. 


shape from a triangle, and, when the number is very great indeed, 
we may take the area of each sector as equal to the area of a 
triangle whose base is equal to the arc of the sector and whose 
height is the radius of the circle. 

But area of circle = sum of areas of these exceedingly small 


Therefore area of circle = 


And hence, 


7? sq. units 


I 


Therefore sq. on radius 


And radius of circle = 


sectors. 

rect. contained by 4 radius and sum of 
arcs of sectors. 

rect. contained by 4 radius and circum- 
ference of circle.. 

rect. contained by 4 radius and (m x di- 
ameter). 


mr’ sq. units (where r linear units = 
radius). 

area 

= 

area 

— 


7; linear units (where A sq. units = area). 


Learn these conclusions by heart. 


Exp. 290. Describe a quarter of a circle of 1 in. radius on inch 
per, and find its approximate area by counting squares according 


to the following rule :— 
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Count a broken square as 1, 0 or 4 according as tt appears 
greater than, less than or equal to half a complete square. 
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True area = } of x x 1’ sq. in. = 0°785 sq. in. (correct to 3 places 
decimals) since r = 1. 
The greater the number of squares contained by the figure, the 
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Fig. 187. 


more nearly does the result obtained by this rule approach the 
true area. Apply the rule, for example, to Fig. 187 and compare 
your results. 

Exp. 291. Describe a circle of 0°8 in. radius on inch paper, and 
find its approximate area by counting squares. ‘True area = 
nw x aq. in. = 2°010 sq. in. (correct to 3 places of decimals) since 
r = 0°8. 

Exp. 292. Calculate the area of a circle whose radius measures 
2 yds. 1 ft. 7 in. (7 = *). 

Exp. 293. Calculate to the tenth of a yard the radius of a circle 
whose area measures 1 acre 
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Exp. 294. Calculate the area of a circle in acres and poles whose 
circumference measures 604 chains (3 = 42), 


Exp. 295. A plane circular ring is bounded by two concentric 
circles of radii R ft. and r ft. respectively. Show with the help of 
a diagram that the area of the ring = 7(R - r) (R + 7) sq. ft. 


Exp. 296. Find the breadth of a plane circular ring which is 
bounded by two concentric circles of areas 154 sq. in. and 308 sq. 
in. respectively (7 = %A). 

Exp. 297. A circular grass plot whose diameter is 40 yds. con- 
tains a gravel path 1 yd. wide running round it 1 yd. from the edge ; 
find what it will cost to turf the grass plot at 4d. per sq. yd. 
(m = 42), 

Exp. 298. What will be the expense of paving a circular court of 
30 ft. diameter at 2s. 3d. per sq. ft., leaving in the centre a regular 
hexagonal space of 34 ft. side ? (rw = 42), 


Exp. 299. In cutting 4 equal circles, the largest possible, out of 
a piece of cardboard 10 in. square, how many square inches must 
necessarily be wasted ? (w = 3°1416). 


Exp. 300. Illustrate, by drawing figures and by actual measure- 
ment, each of the following truths and its converse :— 
Equal chords of a circle are equidistant from the centre, and 


Fic. 188. Fia. 189. 


the greater chord of a circle ts nearer the centre than 
the less. 
Learn these by heart. 
Exp. 301. In a circle of radius 2 cm. place a regular hexagon and 
calculate to the tenth of a millimetre the distance of each side of 
the hexagon from the centre of the circle. Verify by measurement. 


Exp. 302. In a circle of radius 0°8 in. place chords of lengths 
1°6 in., 0°6 in. and 1‘1 in. respectively. Calculate to the hundredth 
of an inch and compare their distances from the centre. Verify by 
measurement. 
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TANGENCY. 


Exp. 303. Draw a perpendicular AD from a point A to a straight 
line BC. Describe a circle with centre A and radius AD. Notice 


Fie. 190. 


that this circle meets the line BC but does not cut it. BC is said 
te touch the circle and is called a tangent to it. 


From this experiment we are led to conclude :— 


The tangent at any point of a circle and the radius through 
the point are perpendicular to one another. 


Learn this by heart. 


Exp. 304. Describe a circle of radius 1°9 cm. Take a point A 
distant 2°3 cm. from its centre. Calculate to the hundredth of a 
cm. the length of a tangent from A to the circle, and hence draw 
it. How many tangents can be drawn from A to the circle? 
Compare their lengths. Account for the result. 


Exp. 305. Draw two concentric circles and draw several chords 
of the outer circle which touch the inner circle. Measure and 
compare their lengths. Account for the result. Calculate their 
lengths when the radii of the circles are 2°5 cm. and 0°7 cm. re- 
spectively. Verify by drawing and measurement. 


Exp. 306. Describea circle and at a point P on the circumference 
draw a chord PR and a tangent PQ so that |_ RPQ = 50°. What 
fraction of the whole circumference is the smaller are formed by the 
chord 7 | 
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Exp. 307. Draw any angle ABC and its bisector BD. Take any 
point E on BD and draw EF, EG perpendicular to BA, BC te- 
spectively. Why is EF = EG? With centre E describe a circle 
to touch BA, BC. Describe two other circles to touch BA, BC. 


Fig. 191. 


Exp. 308. Draw any triangle ABC. Draw the bisectors of its 
angles B and C. Let them meet atO. Why is O equidistant from 


Fig. 192. 


AB, BC, CAP With centre O describe a circle touching AB, BC, 
CA. Oall it the in-circle of the triangle. 


The radius of this in-oircle is most conveniently found by drawing « 
perpendicular from O to any side of the triangle. 


Exp. 309. Draw any triangle ABC. Describe a circle touching 
the side BC, the side AB produced and the side AC produced. 
Call it an e-circle of the triangle. Describe the other e-circles of 
the triangle ABC. 
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Fig. 193. 
Exp. 310. Draw a straight line AB cutting another straight line 


CD at right angles. Describe several circles to touch CD, but 
baving their centres in AB. Notice that these circles meet one 


PCL) a 


Fie. 194, 


another at the same point, but do not cut one another. They are 
said to touch—some internally and some externally. 
From this experiment we are led to conclude :— 
If two circles touch, the point of contact lies on their line of 
centres. 
Learn this by heart. 


Exp. 311. If two circles touch, the distance between their centres 
is equal to the sum or difference of their radii. Account for this. 
Distinguish between the two cases, and illustrate by drawing and 
measurement when the radii are 1°1 in. and 0°7 in. respectively. 
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Exp. 312. Show by a dotted line ina carefully drawn figure the 
locus of the centre of a circle rolling (1) inside, (2) outside a fixed 
circle of greater radius. 

Exp. 313. Describe three circles of radii 0°6 in., 0°7 in. and 
0°8 in. respectively, so that each touches the other two externally. 

Begin by drawing a rough diagram and ascertaining the sides of the 
triangle formed by joining the centres of the circles. 

Exp. 314. Describe three circles of radii 2°8 cm., 1°9 om. and 
0°6 cm. respectively, so that two touch each other externally and 
the third internally. 

Exp. 315. Describe two circles having the distance between their 
centres :— 

(i) Greater than the sum of their radii. 
(ii) Equal to the sum of their radii. 
(iii) Less than the sum of their radii. 
(iv) Equal to the difference of their radii. 
(v) Less than the difference of their radiL 
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ANGLE PROPERTIES OF CIRCLES. 


Exp. 316. Illustrate by drawing figures and by measurement with 
protractor the following truth :— 


Fia. 195. Fre. 196. 


The angle which an are of a circle subtends at the centre is 
double that which tt subtends at any point on the re- 
maining part of the circumference. 

Learn this by heart. 

' Exp. 317. Construct an isosceles triangle having each of the base 
angles 75°. Calculate the angle subtended by the base of the 
triangle at the centre of its circum-circle. Verify by drawing and 
measurement. ; 

Exp. 318. Construct a triangle ABC from the following data: 
BC = 1°2 in., angle ABC = 50°, angle ACB = 79°. If O is the 
centre of its circum-circle, calculate angle ABO and angle ACO. 
Verify by drawing and measurement. 

Exp. 319. ABCDEF is a regular hexagon. Calculate angle 
CFD. Verify by drawing and measurement. 

Draw the hexagon inside a circle as in Exp. 279. 

Exp. 320. A, B, C are points on the circumference of a circle 
whose centre is O such that angle ABC = 110° Calculate angle 
AOC. Verify by drawing and measurement. 


Exp. 321. Any part of acircle bounded by an arc and its chord 


Fig. 197. 


is called » segment of the circle, and the angle subtended by the 
chord of a segment at any point on the arc is called an angle in the 


202 ELEMENTS OF GEOMETRY 


segment. Mlustrate by drawing figures and by measurement with 
protractor the following truth :— 
Angles in the same segment of a circle are equal. 
Learn this by heart. 
Exp. 322. Draw an acute angle on thin cardboard and cut it out 
as in Exp. 20. Mark two points A and B on a sheet of paper ata 
convenient distance apart. Place the angle in several positions 


Fia. 198. 


between the points, but let the two arms of the angle always pass 
one through A and the other through B. Trace the locus of the 
vertex of the angle DoAand B lie upon the locus? What is the 
locus ? 
Exp. 323. Repeat Exp. 322 with (1) a right angle, (2) an obtuse 
angle. 
rom Exps. 322, 323 we are led to conclude :— 
If the line joining two points subtends equal angles at two 
other points on the same side of it, the four points lie on 
the same circle. , 
Learn this by heart. 
Exp. 324. Make any triangle ABC and draw AD, BE the per- 
pendiculars from A and B upon BC and AC respectively. Describe 
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a circle to pass through A, B, D, E and explain why this ig 
possible. 


Exp. 325. On the same base AB and on the same side of it con- 
struct two triangles ABC, ABD such that angle ABC = 92°, angle 
BAC = 27°, angle ABD = 36°, angle BAD = 83°. Describe a 
circle to pass through A, B, C, D and explain why this is possible. 


Exp. 326. A segment of a circle is called a major segment, a 
minor segment or a semi-circle according as its arc is greater than, 
less than or equal to half the circumference of the circle. 


Fia. 200. Fia@. 201. Ria. 202. 


Illustrate by drawing figures and by measurement with protrac- 
tor the following truths :— 
The angle in a semi-circle is a right angle. 
The angle in a major segment ts acute. 
The angle in a minor segment is obtuse. 
Learn these by heart. 


Exp. 327. In any circle draw a diameter AB and a chord AC so 
that angle BAC = 33°. Calculate angle ABC and verify by 
measurement. 

Exp. 328. Calculate to the hundredth of an inch the radius of a 
circle passing through (0, 0), (11, 0), (0, 7) on inch paper. Verify 
by plotting and measurement. 

Exp. 329. A rectilineal figure is said to be inscribed in a circle 
when all its vertices lie on the circumference of the circle. 
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Ullustrate by drawing figures and by measurement with protractor 
the following truth :— 
The opposite angles of any quadrilateral insoribed in a 
circle are supplementary. 
Learn this by heart. 


Exp. 330. Make a triangle ABC from the following data: AB = 
3°2cm., angle A = 72°, angle B = 39°. Calculate the angle in the 
minor segment of the circum-circle of the triangle ABC formed by 
the chord AB, Verify by drawing and measurement. 


Exp. 331. Drawa quadrilateral ABCD having angle A + angle 
C = 180°, and show that the circle passing through A, B and C 
will also pass through D, 

From this experiment we are led to conclude :— 

Ifa pair of opposite angles of a quadrilateral are supple- 
mentury its vertices lie on the same circle. 

Learn this by heart. 


Exp. 332. On the same base AB and on opposite sides of it con- 
struct two triangles ABC, ABD such that angle ABC = 73°, angle 
BAC = 24°, angle ABD = 62°, angle BAD = 21°. . Describe a 
circle to pass through A, B, C, D, and explain why this is possible. 

Exp:'3323. At any point A on the circumference of a circle draw a 
tangent BAC and through A draw a chord AD making with BAC 
the angle DAC on the right of AD. Take any point E on the are 
of the segment AED on the left of AD (called the “alternate ” 


Fig. 204. 


segment). Join EA, ED and produce EA, ED to F, G respect- 
ively. Now make a tracing of the angle FEG and move the 
wacing over the figure in such a way that EF always passes through 
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A and EG through D. Then E will move along the arc of the 
segment AED. (Why?) When E moves into coincidence with A, 
notice that EF lies along BAC and the angle FEG coincides 
with the angle CAD. 

Exp. 334. Show as in Exp. 333 that the angle BAD is equal to 
the angle in the alternate segment. 

From Exps. 333, 334 we are led to conclude :— 

If a straight line touches a circle and ‘from tke point of 
contact a chord is drawn, the angles which this chord 
makes with the tangent are respectively equal to the 
angles in the alternate segmenis. 

Learn this by heart. 

Exp. 335. In Fig. 204 if |_ CAD = 39° calculate the angle sub- 
tended by the chord AD at the centre of the circle. Verify by 
drawing and measurement. 

Exp. 336. Describe a circle of radius 0-9 in. Draw a tangent to 
it at any point P on its circumference. From P draw a chord PQ 
to cut off a segment PRQ containing an angle of 63°. 

Exp. 337. Describe a circle of radius 3°5 cm. Drawachord to 
eut off a segment containing an angle of 103°. 

Exp. 338. Draw a line AB measuring 1‘lin. At Ain AB make 
an angle BAC of 42°. Describe a circle passing through A and B 
(its centre must lie on the perpendicular bisector of AB. Why ?) 
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and also touching AC at A (its centre must lie on the perpendicular 
to AC at A. Why ?). The segment on AB will contain an angle 
of 42°. Why? 

Exp. 339. Ona straight line measuring 3°1 cm. construct a seg- 
ment containing an angle of 64°. 
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Exp. 340. Make triangles from the following data :— 

(i) BC = 2-7 cm. (|. BAC = 51°. Perpendicular from A 
on BC = 2°5 cm. | 
(ii) BC =1in. | BAC = 43°. Area = 06 sq. in. 

Exp. 341. Describea circle of radins 1°] in. and from any point 
P on its circumference draw chords PQ, PR so that L_ POR = 29%: 
and |_ PRQ = 76°. 

Exp. 342. In a circle of radius 2°4 cm. inscribe a triangle equi- 
angular to a triangle whose angles measure‘115°, 27° and 38° respy.. 
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CYLINDERS, CONES AND SPHERES 


Figs. 206, 207 represent a solid which we shall call a circular 
cylinder. The ends of a circular cylinder are equal circles lying in 
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parallel planes and the straight line joining the centres of these 
circles is called the axis of the cylinder. 

A cylinder is said to be right if its axis stands upright as in Fig. 
206 and skew or oblique if it leans over to one side as in Fig. 207. 


Exp. 343. Cut out several rectangular strips of paper, all of the 
same width—say 14in. Wrap them round and round your pencil 
and secure the end of the last strip with gummed paper. Now slip 
the roll off the pencil and cover the open ends with thin cardboard 
cut to size and fastened to the curved surface with gummed paper. 
You will thus have made a model of a right circular cylinder. 


Exp. 344. Imagine a sharp knife to cut straight through your 
model of a right circular cylinder (1) along its axis, (2) along a 
straight line parallel to its axis, (3) along a straight line perpen- 
dicular to its axis, (4) along a straight line inclined to its axis, and 
make a sketch of the plane section that you believe to be obtained 
in each case. 


Exp. 345. Cut out a paper rectangle and fasten a piece of string 
with gummed paper along one of its sides. Now twirl the rectangle 
by means of the string and notice that it ‘‘generates” a right 
circular cylinder whose axis lies along the line of the string. 

The form of the generated cylinder can be seen more clearly by 
fastening the string along the line midway between two opposite sides 
of a rectangle. Now, by means of the string, we can make two rect- 
angles, equal in all respects, revolve about ® common side, and go 
double the effeot. 
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Figs. 208, 209 represent a solid which we shall call a circulas 


cone. 


Fia. 208. Fia. 209, 


The ends of a circular cone are a point at which it tapers away 
called its apex, and a circle called its base, and the straight line 
joining the apex to the centre of the base is called the axis of the 
cone. 


A cone is said to be right if its axis stands upright as in Fig. 208 
and skew or oblique if it leans over to one side as in Fig. 209. 


Exp. 346. Cut out of thin cardboard a sector of a circle of radius 
about 2% in., and let the angle between the bounding radii of the 
sector be about 160°. Bend the sector round until its bounding 
radii lie along one another and join them with gummed paper. 
You will thus have made a model showing the curved surface of a 
right circular cone. For base, cut out a circle of thin cardboard 
to size and fasten it to the curved surface with gummed paper. 


Exp. 347. Imagine a sharp knife to cut straight through your 
model of a right circular cone (1) along its axis, (2) along a straight 
line parallel to its axis, (3) along a straight line perpendicular to its 
axis, (4) along a straight line inclined to its axis, and make a sketch 
of the plane section that you believe to be obtained in each ease. 


Exp. 348. Cut out a paper right-angled triangle and fasten a 
piece of string with gummed paper along one of its sides containing 
the right angle. Now twirl the triangle by means of the string, and 
notice that it generates a right circular cone whose axis lies along 
the line of the string. 

The form of the generated cone can be seen more clearly by fastening 
the string along the median of an isosceles triangle passing through 
the vertex. Now, by means of the string, we can make two right- 
angled triangles, equal in all respects, revolve about a common side, 
and #0 double the effect. 
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Fig. 210 represents a solid which we shall call a sphere. All 
points on the surface of a sphere are equidistant from a certain 
point within the solid called the centre of the sphere. 


Sia. 210. 


Exp. 349. Imagine a sharp knife to cut straight through a sphere 
{1) passing through its centre, (2) not passing through its centre, 
and make a sketch of the plane section that you believe to be ob- 
tained in each case. 


Exp. 350. Cut out 4 paper semi-circle and fasten a piece of string 
with gummed paper along its diameter. Now twirl the semi-circle 
by means of the string, and notice that it generates a sphere whose 
centre lies upon the line of the string. 

The form of the generated sphere can be seen more clearly by 
fastening the string along a diameter of a circle. Now, by means of 
thestring, we can make two equal semi-circles revolve about a common 
diameter, and so double the effect. 


The cylinder, cone and sphere are called solids of revolution, 
because each can be generated by the revolution of a plane figure 
about an axis. 
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THEORETICAL SECTION. 
INTRODUCTORY. 


A unit of length or linear unit is a line of definite length chosen 
for the measurement of other lines. If a square is described upon 
a linear unit, a surface of definite area is obtained, since squares 
described on equal straight lines are equal in area—easily proved 
by superposition. By means of this surface of definite area, other 
surfaces can be measured, and it is called the unit of area or square 
unit that ‘‘corresponds” to the linear unit from which it has been 
derived. Thus a square of side 1 in., called a square inch, is the 
square unit that corresponds to the linear unit called an inch. 


Figures of equal area are said to be equivalent, and the symbol 
‘*==”’ is used to denote the equivalence of two figures. 
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AREAS OF RECTANGLES. 


THEOREM 26. 


Gen. Enun. The number of any linear unit in the base of @ 
rectangle multiplied by the number of the same linear unit tn the 
altitude gives the number of the corresponding square unit in the 
area. ; 


Fie. 212; 


Part. Enun. Let ABCD be a rect. whose base AB measures a of 
any linear unit and whose altitude BC measures 6 of the same linear 
unit where a and 6 are whole numbers. 


It is reqd. to prove that 
rect. ABCD contains a x b of the corresponding sq. unit. 
Const. Suppose AB divided into a equal parts and BC into 6 
equal parts so that each of these parts will be the linear unit. 
Through the pts. of division in BC suppose st. lines drawn || to 


B. 
Through the pts. of division in AB suppose st. lines drawn || to 
BC. 
Proof. The rect. is now divided into b rows, each row containing 
a squares and each square being the sq. unit that corresponds to the 
linear units into which AB and BC have been divided. 
-- the rect. ABCD contains a x b of the corresponding sq. vait. 
Q. B.D. 
Note.—In the proof of Theorem 26 we assume that both the base and 
the altitude of the rectangle contain the chosen linear unit an exact 
number of times, in other words, that a and b are whole numbers. If 
a or b are fractional. that is to say if the chosen linear unit is not con- 
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tained an exact number of times in the base and altitude of the 
rectangle, we can always find a smaller linear unit that és a common 
measure of these two lengths since they are commensurable, and 
then the rule of Theorem 26 can be seen to apply. 

For example :— 


Area of rectangle 3} ft. by 4? ft. = area of rectangle 40 in. by 57 in. 
= 40 x 57 sq. in. 


tele gases be 
= 31 x 43 sq. ft. 
Or again, . 
Area of rectangle 4°3 cm. by 3‘7 cm. = areaof rectangle 43 mm. by37 mm, 
= 43 x 87 sq. mm. 


43 x 37 
= 100 sq. Cm. 
= 4°83 x 3°7 sq. cm. 


When the base and altitude of a rectangle are incommensurable we 
can, for practical purposes, substitute another rectangle whose base and 
sltitude are commensurable and whose area differs from the area of the 
given rectangle by a quantity less than any that can be assigned. For 
we can choose a linear unit as small as we please and describe a rect- 
angle whose base and altitude contain this unit exactly, and differ from 
the base and altitude of the original rectangle by less than any assign- 
able quantities. Or, what is the same thing, we can express the base 
and altitude of the original rectangle as decimal fractions of any linear 
unit to as many places as we please, and then take these approximate 
lengths for their true lengths. 

The circumference and diameter of a circle are examples of incom- 
mensurable lengths, and so are a side and diagonal of a square. As @ 
matter of fact, in any figure it is the rule rather than the exception to 
find lines that are incommensurable. 


Cor. 1. The square of the number of any linear unit in the side 
of a square gives the number of the corresponding square unit in 
the area. 


Cor. 2. Rectangles on equal bases and of the same altitude are 
equivalent. (Proof by Superposition.) 


Cor. 3. Hquivalent rectangles on equal bases are of the same 
altitude. (Proof by Reductio ad Absurdum.) 


Cor. 4. Hquivalent rectangles of the same altitude stand on equal 
bases. 

Two adjacent sides of a rectangle completely determine its shape 
and size, hence a rectangle is said to be contained by any two 
adjacent sides. 

Thus the rectangle ABCD is said to be contained by AB, AD: 
and if EF, GH are two straight lines such that EF = AB and 
GH = AD, the rectangle ABCD may also be said to be contained 
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by EF, GH. The abbreviation ‘‘rect. AB, AD” or ‘““AB x AD” 


Fig. 212. 


er ‘‘AB.AD” is used to denote ‘‘the rectangle contained by 
AB, AD”. 

Similarly a side of a square completely determines its shape and 
size, and the abbreviation ‘‘sq. on AB” or ‘‘AB*” is used te 
denote ‘‘the square having AB for side”. 

Thus such an expression as 

AB. BC + BC’ 
denotes | 
‘‘The rectangle having AB and BC for adjacent sides to 
gether with the square having BC for side”. | 

Squares and rectangles are often denoted by the two letters at 
opposite corners. Thus the rectangle in Fig. 212 can be described 
as rect. AC or rect. BD. 
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AREAS OF PARALLELOGRAMS. 
THEOREM 27. 


Gen. Enun. d4 parallelogram is equivalent two the rectangle on 
the same base and between the same parallels. 


Fra. 213. Fia@. 214, 


Part. Enun. Let ABCD, ABEF be a (Jem and a rect. on the 
same base AB and between the same lls AB, FC. 
Tt is reqd. to prove that 
Ligm ABCD = rect. ABEF. 
Proof. Inthe As BEC, AFD 
ext.{_ BEC = int.|_ AFD . : ; Th. 6, 
") int. L_ BCE = ext. || ADF . : ‘ Th. 6. 
BE = AF : ; a bey 
-- LA BEC=A AFD . ‘ ; Ses: by Ts Ee 
Now from Fig. ABCF take away A. BEC 
and rect. ABEF remains, 
and from Fig. ABCF take away A. AFD 
and {7gm ABCD remains. 
.". LJgm ABCD = rect. ABEF. Q.E. D. 


Cor. 1. A parallelogram is equivalent to the rectangle on the 
same base and of the same altitude. 
Hence, 

The number of any linear unit in the base of a parallelogram 
multiplied by the number of the same linear unit in the 
altitude gives the number of the corresponding square 
unit in the area. 


Cor. 2. Parallelograms on the same base or on equul bases and 
of the same altitude are equivalent. 
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Exercises. 


602. If a square and a rhombus stand on the same base, the square has 
the greater area. 

603. ABCD is a (7gm and E, F are the mid-pts. of AB, CD; 
preve that EBFD is a (7gm. = (A ACD. 

604. ABCD isa quadl. whose diag. AC bisects its other diag. BD ; 
if the (jgms ACBE, ACDF are completed, prove that they are equiv. 

605. Deduce a rule for calculating the area of a /\ from the theorem : 
(7Jg9ms on the same base and between the same |\s are qui. (Mad. Mat.) 


606. Equiv. (Jgms between the same ||s are on = bases. 

607. Equiv. (Jgms on the same base and on the same side of tt are 
between the same ||s. 

* 608. ABC isa / rt. LA at A and squares BCDE, CFGA, AHKB 
are descd. all externally ; if the (/gms CFLD, BKME are completed, 
prove that they are equiv. 


* 609. (/gms AFGC, CBHK are descd. on the sides AC, BC outside 
the A. ABC; FG, KH are produced to meet in L ; LC is joined, and 
through A and B, AD, BE are drawn || to LC, meeting LF, LK in 
D, E ; prove that ABEDisa (7/gm = (Jgm AFGC + (J/gm CBHRK. 
(Mad. Mat.) 
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AREAS OF TRIANGLES. 
THEOREM 28. 


Gen. Enun. A triangle is equivalent to half the rectangle on the 
same base and between the same parallels. 
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Part. Enun. Let ABC, ABDE bea A anda rect. on the same 
base AB and between the same ||s AB, EC. 


It is reqd. to prove that 
L\ ABC = $4 rect. ABDE. 


Const. Suppose AF to have been drawn || to BC meeting DE (or 
DE produced) in F. Then ABCF is a (/gm. 


Proof. °.. A, ABC =4f/Jgm ABCF . . : Panty Woy 
and (J/gm ABCF = rect. ABDE . ‘ : . eaio wae 
-. A, ABC = 4 rect. ABDE. Q.E.D. 


Cor. 1. A triangle is equivalent to half the rectangle on the same 
base and of the same altitude. 
Hence, 

Half the number of any linear unit in the base of a triangle 
multiplied by the number of the same linear unit in the 
altitude gives the number of the corresponding square 
unit in the area. 


Cor. 2. Triangles on the same base or on equal bases and of the 
same altitude are equivalent. 

Cor. 3. The area of a trapezium whose parallel sides and height 
measure a,b and h linear units respectively is $(a + b)h square 
units. 
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Fic. 216. 


Proof. Draw a diag., then 
Area of trapezium = sum of areas of 2 /A\s. 
= (4ah + $bh) sq. unite. 
= $(a + b)h sq. units. @. B.D. 


Exercises. 


610. A /\ 18 bisected by each of its medians. 
611. S is any pt. in the median PT of a A. PQR;; prove that A 
POs = /\ PRS. 
612. ABC is a /\ and DE is || to BC, cutting AB, AC in DE; 
rove that /\ ABE = A ACD. 


613. ABCD is a trapezium having AB || to DC, and E is the inter- 
ection of its diags.; prove that /\ AED = A BEC. 


614. ABCD is a quad]. whose diag. AC bisects the other diag. BD; 
rove that /\ ABC = 4 quadl. ABCD. 


615. E isa pt. on the side AD of a (7gm ABCD;; prove that A 
AC + A. EBD = 34 (Jgm ABCD. (Mad. Mat.) 


616, AB is divided at C, D, E so that AC = CD = DE = EB and 
is an outside pt.; compare /\ AFE with /A\ AFB. 


617. The base and height of one /\ are respy. $ and 4 the base and 
eight of another; compare their areas. 
618. Equivalent /\s between the same ||s have = bases. (Punj. F. EB.) 


619. ABCD is a trapezium whose diags. intersect at E ;if AE = EC 
hen BE = ED. 


620. ABCD is a /7gm whose diags. intersect at E ; prove that A 
AB = 3 (/gm ABCD. | 


621. The area of arhombus = 3 rect. contd. by its diags. 

622. G is the centroid of a (\ PQR; prove that (, PGR = 4A PQR. 

623. POR is a /A\ whose medians QS, RT intersect at G; prove 
hat /A\ QRG = quadl. PTGS. 

624. A trapezium is bisected by the line joining the mid. pts. of its || 
wes. 

625. ABC, DBC are /\s on the same base and between the same |js, 
nd ABCK is a (Jgm, and AC, BD meet in O; prove that he 
ifference between /\s BOC, AOD = LA DCK. 
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626. When 2 sides of a /\ are given the area is a maximum when thesr 
contained |_ésart.|_. (Mad. Mat.) | 

627. If the mid. pts. of any 2 sides of a /\ are joined the /\ so cut off 
ts } of the whole. (Punj. Inter.) 

628. The sides AB, AC of a A. ABC are produced to D, E so that 
BD = AB and CE = 4 AC; prove that A ADE = 8 A ABC. 

629. Through A, B, C, the angular pts. of a /\, 3 || lines are drawn 
to meet the opp. sides of the /\ (produced if necessary) in D, E, F; 
prove that /\ DEF = 2A ABC. (Mad. Mat.) 

630. ABCD is a rect. having AB = 2 BC; E, F are pts. in BC, 
CD so that BE = EC and CF = 3 FD;; prove that A AEF = 
rect. ABCD. 

631. AD is a median of the (\ ABC ; CE is drawn || to DA, meeting 
BA produced in E; prove that A. AEC = 2 A ABD. 

632. D, E are pts. on the sides AB, AC of a A, ABC such that AD 
= § AB and AE = } AC; prove that A, ADE = } A ABC. 

633. In the (\ ABC, AB is produced beyond B to P, BC beyond C 
to Q, and CA beyond A to R, so that BP, CQ, AR are double AB, 
BC, CA respy.; prove that /\ PQR = 19 A ABC. 

634. Prove the following construction for bisecting a /\ ABC by a 
line drawn from any pt. Din the side BC; Join E, the mid. pt. of BC, 
toA; draw EF || to AD; join DF. 

635. Through the mid. pt. of the side AB of a /\ ABC a st. line Is 
drawn cutting CA, CB in D, E; a ||.st. line through C meets AB in 
F ; prove that /\ ADF = A BEF. 

-'* 636. If 2 As have 2 sides of the one equal to 2 sides of the other, 
zach to each, and the contained |_8s supplementary, the /\8 are equiv. 
(Mad. Mat.) 

* 637. The sum of the distances of any pt. within a regular polygon 
from the sides és constant for all positions of the pt. 

* 638. D, E are the mid. pts. of the sides AB, AC of a A. ABC and 
F, G are the pts. of trisection of the base BC; DF, EG are produced 
to meet at H ; prove that /\ FGH = 3 A ABC. 

* 639. ABC isa /; D, E are the mid. pts. of AB, AC; BE, CD 
meet at O; prove that the area of the /\ whose sides are equal in 
length to AO, BO, CO is 4 A ABC. 

* 640. The st. line joining the mid. pts. of the || sides of a trapezium 
passes through the intersection of its dtags. (Bom. Sch. Fin.) 

* 641. D, E are the pts. of trisection of the base BC of a A, ABC 
and DF, EG are drawn ||s to BA, CA, cutting one another at H and 
the sides of the /\ at F, G; prove that fig. AFHG + A DHE = 
+ ZA ABC. 

“642. PR is a diag. of asq. PORS and T, X are the mid. pts. of the 
sides PS, SR respy.; if QT, QX meet PR in V, Z, prove that sq. 
PQRS = 8 fig. TSXZV. 

* 643. PR is a diag. of asq. PORS and T is a pt. on PR such that 
A TPO sdf ST pale at meets PQ in X, prove that A. TPX = 4 
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THEOREM 29. 


Gen. Enun. Equivalent triangles on the same base are of the 
same altitude. 


Part. Enun. Let ABC, ABD be 2 equiv. A\s on the same base 
AB, and let CE, DF be their altitudes respy. 
It is reqd. to prove that 


CE = DF. 
my eae i ABC = 4 rect. AB, CE ; + hs 23, Cotman 
<7, ABD = 4 rect. AB, DF ‘ . Th. 28, Cor. 1. 
and /\ ABC = A ABD. ‘ ‘ : Hyp 
.. rect. AB, CE = rect. AB, DF. 
oy) CE-= DF E ; : . Th. 26, Cor. 3. 


Q.E.D. 
Cor. Equivalent triangles on equal bases are of the same alte 
tude. 


Exercises. 

644. The st. lines bisecting the|_s af the base of an isos. /\ meet the 
sidesin Dand E. Show that DE 1s || to the base, (Punj. Mat.) 

645. The diag. AC of a (Jgm ABCD. is equidistant from B and D. 

646. In AC, a diag. of the (7gm ABCD, any pt. X is taken, and 
XB, XD are drawn. Show that /\ BAX = A, DAX. (Mad. F. E.) 

647. Equivalent /\s are upon the same base and on the same side of 
it. Find the locus of their vertices. (Cal. Mat.) 

648. Q, R, S are pts. on the same st. line. Find the locus of a 
fourth pt. P which moves so that /\ PQR + A PRS = a constant. 

649. QRST isaquadl. Find the locus of a pt. P which moves so 
that the pentagon PORST is of constant area. 


650. Of all /(\s on the same base and of the same area the isas. /\ has 
the least perimeter. (Cal. Mat.) 


» 
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; 651. The st. line joining the mid. pts. of the sides of a /\ ts || to the 
Sé. 

652. If 2 equivalent /\s stand on opp. sides of the same base, the st. 
line joining their vertices is bisected by their base or base produced. 
(Bom. Mat.) 

Moor If a quadl. is bisected by each of its diags. ittisa [Jgm. (Allah. 
at. 

654. If the diags. of a quadl. divide tt into 4 = parts, st is a [J gm. 

* 655. ABCD is a trapezium, and E, F are the mid. pts. of the non-|t 
sides BC, DA; prove that EF is || to AB. 

* 656. APB, ADQ are 2 st. lines such that (, PAQ = A BAD; if 
the (/7gm ABCD is completed and BQ joined cutting CD in R, show 
that CR = AP. (Bom. Mat.) 


r 
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Tueorkem 30. 
(Euc. I. 41.) 


Gen. Enun. A triangle is equivalent to half a parallelogram on 
the same base and belween the same parallels. 


Fiaq. 218. 


Part. Enun. Let ABE be a A and ABCD a ([7Jgm on the same 
base AB and between the same ||s AB, DE. ey 
It is reqd. to prove that | 
| A ABE = 3 CJ/gm ABCD. | 
Const. Suppose the rect. ABFG to have been desed. upon the 
base AB and between the ||s AB, DE. 


Proof. ... A ABE =i4rect. ABFG . ; F » dh. 28. 


and rect. ABFG = (Jgm ABCD . ‘ é . ait Dh, 27. 
.. A ABE = 4 (J/gm ABCD ; ; : Q.8.D. 
. Exercises. 


657. If 2 = st. lines cut one another at rt. |_8, the quad). formed by 
joining their extremities = 4 the sq. on either st. line. (Bom. Mat.) 

658. The area of any (/gm is double the area of the quadl. formed 
by joining the mid. pts. of its adj. sides, 

659. The area of any (/gm ABCD is 4 times the area of the /\ 
formed by joining A and B to any pt. P midway between AB and CD. 

660. P is a pt. withina (Jgm ABCD. Show that A, APD + A 
BPC =4 (gm ABCD. (Bom. Sch. Fin.) 

661. P is a pt. within a (7gm ABCD. Show that the difference of 
the /A\s APD and APB = A, APC. (Bom. Prev.) . ; 

662. E, F are pts. in the sides CD, DA of a (7gm ABCD. Prove 
that /\ ABE = A BCF. 
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663. The area of any quadl. is double the area of the quadl. formed by 
jountng the mid. pts. of its adj. sides. (Bom. Sch. Fin.) 

664. ABCD ts a (Jqm; lines EF, GH are alrawn || to AD, AB, 
the former cutting AB, CD in E, F, and the latte cutting AD, BC in 
G, H. Prove that (7gm DH + (/gm HE = 2 A AFH. 

665. Eis the intersection of the diags. of a ~7/gm ABCD and F is 
any pt.in AD; prove that fig. BFCE = + (7 gm. ABCD. 

666. ABCD is a rect.; E is any pt.in BC and Fin CD; show that 
2x A AEF + rect. BE, DF = rect. ABCD. (Bom. Mat.) 

667. ABCD is a (7/gm, P any pt. in AC. If GPH, KPL are 
drawn || to the sides AD, AB respy., prove that the dilference between 
the (7gms PHCL, PGAK = 2A PBD. (Mad. F. A.) 

668. Through D, E, the mid. pts. of the sides BC, CA of the A 
ABC, any two || st. lines are drawn meeting AB in F, G; prove that 
DEGF isa (/gm =4/ ABC. (Cal. F. E.) 

* 669. ABCD 1s a quadl. having BC || to AD; E is the mid. pt. of 
DC ; show that (\ AEB = 3 the quadl. (Cal. F. E.) 

* 670. AD is a median of the A. ABC and BE, CF are |/s to AD 
meeting any st. line through A at E, F; prove that fig. EBCF = 2A 
ABC. 

"671. The area of a quadl. = the area of a /\ having 2 sides equal to 
the diags. of the quadl. and the contained |_ = that between the diags. 
(Ca]. Mat.) 

* 672. ABCD is a (7gm and DF is drawn cutting AB in E and 
CB produced in F ; prove that (, ABF = A CFE. 

* 673. Eis the intersection of the diags. of a (7gm ABCD and P 
is any pt. inside /\ AEB; prove that the sum of As AFC, BFD = 
the difference of (\s AFB, CFD. 


Def. 47. The parallels to the sides of a parallelogram through any 
point in one of the diagonals divide it into four parallelograms of 
which the two through which the diagonal passes are called the 


Fig. 219. 


parallelograms about a diagonal and the other two are called the 
complements of the parallelograms about a diagonal. 
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THEOREM 31. 
(Euc. I. 43.) 


Gen. Enun. The complements of the parallelograms about 
diagonal of any parallelogram are equivalent. 


‘Fie. 220. 


Part. Enun. Let ABCD be a (Jum, and let HF, GK be the 
eomplements of the (/gms FK, HG about the diagonal DB. 
It is reqd. to prove that 
complement HF = complement GK. 


Proof. ‘.: the diag. DB bisects the (Jgm ABCD ..._—_—‘Th. 22. 
.°. the whole A\ ABD = the whole A\ CBD. 
Similarly the parts, As FBE, HED together = the parts, 
As KBE, GED. 
.. the remainder, the complement HF = the remainder, 
the complement GK. QE.D. 


Exercises, 


674. In the fig. of Th. 81 prove that (Jgm HC = [gm AG. 

675. Prove that each of the [Jgms about the diags. of a rhombus ts a 
rhombus. 

676. Through a pt. E within a (7gm ABCD lines are drawn | to 
the sides making [Jgm AE = (LJgm EC; prove that E lies on the 
diag. BD. (Bom. Prev.) 

. In the fig. of Th. 81 a pt. T is taken on BD produced: prove 
that A. TAH = A TGC. 

* 678. E is a pt. within a (7gm ABCD; prove that the distance 
trom C to the st. line joining A to E = the difference of the distances 
from B and D. 

* 679. Through # pt. E within a (7gm ABCD lines are drawn || +o 
the sides; prove that /\ AEC = 4 difference between (7gms DE, BE. 
(Mad. F. A.) 

* 680, What is the greatest value which the complements of the 
(Jems about the diag. of any given (7gm can have ? 


8 
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THEOREM 32. 
® ds » 5 (Theorem of Pythagoras.) 


Gen. Enun. In a right-angled triangle the square on the hypoten- 
use 13 equivalent to the sum of the squares on the sides containing 
the right angle. 


Pia.. 221, 


Part. Enun. Let ABC be a right-angled A having|_ Aart. |_. 
Let BE, CH, AF be squares descd. upon:-BC, CA, AB respy. 
It is reqd. to prove that 
BC? = CA? + AB? 
Const. Join CF, AD. 
Through A suppose AL drawn || to BD meeting DE at' L. 
Proof.. *.* the adj. |_s BAC, BAG are rt. |_s 
.*. CA, AG are in the same st. line : ; Th. 2. 
Again *.|_s FBA, CBD,are rt. |_s 
..L. FBA + |_ ABC =[L_ CBD + | ABC, 
that is|_ FBC = |_ ABD. 
Hence, in the /\s FBC, ABD 
FB = AB. 
{ BC = BD. 
| FBC ={|_ ABD. 
“A FBC=A ABD . : ot es ee 
But A. FBC = 4 sq. AF (on the same base and 
between the same ||s) . : : : Th. 28. 
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And A ABD = # rect: BL, for the Same reason. * 
, rect. BL: ='sq. AF. oh i 
Similarly by joining BK and AE it can be proved that © 
— rect. CL = sq. CH. 

-. rect. CL + rect. BL = sq¢ CH + sq. AF, 
that is, BC? = CA? + AB? Q.E.D. 


Exercises. 


681. The arca of a sq. = 4 the area of the sq. on its diag. 

682. The diag. of a sq. = side of sq. x J 2. ; 

683. PS is | to the base of a A PQR;; prove that PQ? + RS’ = 
PR? + QS’. 

684. ABC isa A rt.|_d at A and BE, CF are medians; prove that 
4(BE? + CF’) = 5BC*% (Cal. F. E.) 

685. ABCD is a quadl. having AC | to BD; prove that AB? + 
CD? = BC’? + DA’. 

686. The sum of the squares on the sides of a rhombus = the sum of the 
squares on the diags. (Cal. Mat.) 

687. The intersection of the diags. of the sq. descd. on the hypot. ot 
a rt. |_d A is equally distant from the sides containing the rt. |_. 
(Cal. Mat.) 

688. BD is a diag. of the sq. ABCD and BE bisects|_ABD meeting 
CD produced in E ; prove that DE? = 2 x sq. ABCD. 

689. If ast. line is drawn from an acute |_ of art.|_d A bisecting 
the opp. side, the sq. on that line = sq. on hypot. — 3 x sq. on half the 
line bisected. (Bom. Sch. Fin.) 

690. In art.|_d A if one of the acute |_s is double the other the sq. 
on the greater of the sides containing the rt.|_ = 8 times the sq. on the 
lesser side. (Bom. Sch. Fin.) 

J/8 


691. The height of an equilat. A = side x + 


692. The area of an equilat. /\ = sq. on side x oh : 


693. In art. |_d / the equilat. A on the hypot. = the sum of the 
equilat. /\s on the sides containing the rt. |_. 

* 694. ABC is an equilat. /\ and AB is produced to D so that BD 
= 2AB; prove that CD? = 7AB’. (Mad. Mat.) 

* 695. Any rectangle = 4 rect. contained by the diags. of the sqs. 
descd. on 2 of its adjacent sides. (Cal. F. E.) 

* 696. ABC isa A rt.|_d at B; prove that the rect. contained by 
the diags. of the sqs. descd. on AB and BC = 4 A ABC. 

* 697. If any pt. P is joimed to the angular pts. of a rectangle ABCD, 
PA? + PC? = PB? + PD*. (Bom. Mat.) 

* 698. D, E, F are the feet of the _|s from the angular pts. ofa “\ 
ABC to the opp. sides ; prove that AE? + BF? + CD? = AF? + BD? + 
CE*, (Bom. Prev.) 
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* 699. Two /\s ABC, A’B'C’ have their sides respectively ||. BB, 
and CC, are drawn | 3s to B’C’; CC, and AA, to C’A’; AA, and BB, 
to A’3’. Prove that AB,? + BC,? + CA,? = AC,* + BA,? + CB,’. 
{Camb. Tripos.) 

* 700. PQR isa rt.{_d / on a fixed hypot. PQ; PRS, QRT are 
equilat. A\s on PR, QR; X, V are the mid. pts. of PR, OR; prove 
that /\ PVT + A QXS = a constant. 

* 701. lf CE, BD are the sqs. descd. upon the side AC and the 
hypot. AB of art.|_d A. ABC, prove that BE is | to CD. 

* 702. If CE, BD are the sqs. descd. upon the side AC and the 
hypot. AB of a rt. a /\ ABC, and if BE, CD intersect in F, prove 
that AF bisects|_ EFD. (Camb. Tripos.) 

* 703. If AD, AG are thesqs. desed. upon the sides AC, AB contain- 
ing thert.|_ of art.| d A. ABC, and if BD, CG cut AC, AB in M, 
N respy., prove that AM = AN. 

ii oe Which of Exercises 701, 702, 703 are true whether the 
ABC is right-angled or not? 
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THEOREM 33. 


(Euc. I. 48.) 


Gen. Enun. /n a triangle, if the square on one side is equivalent 
to the sum of the squares on the other two sides, then the angle con- 
tained by these two sides is a right angle. 


Part. Enun. Let ABC be a A such that BC? = AB? + AC?, 


It is reqd. to prove that 
| BAC ts a rt. \_. 


Const. Suppose AD drawn 1 to AC and = AB. 


Join DC, 
Proof. °.°|_.CADisart.|_ . ; ‘ ; ¢ Const 
“. DC?=AD?+ AC’ . : ; ; eb eS y 
= AB? + AC’? . : . ; F Const. 
= BC’ , F : : . Hyp 
- DC = BC 


Hence in /A\s BAC, DAC 
AB = AD. 
ue { AC is common, 


BC = DC. 
..L. BAC = |_ DAC ° ; ; ¢ Th. 14 
ma rt, |_. Q. B.D. 
Exercises. 


7os, ABCD is aquadi. rt. |_d at B, and AD? = AB? + BC? + CD’ 
prove that|_ ACD is a rt. |_. (Bom. Prev.) 

706. P is a pt. outside @ sq. ABCD such that the sum of the sqs. on 
the distances of P from the sides of the sq. = AC?; prove that |_ APC 
isart.|. 
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* 707. Ina J tf the sq. on one side > the swm of the sqs. on the other 
two sides, the |_ contained by these sides is obtuse. 

* 708. In a / if the sq. on one side < the sum of the sqs. on the other 
two sides, the|_ contained by these sides is acute. | 

* 709. If the sides of a . measure n,n+ 1, 2m +1 linear unite 
respy., the /\ is rt.{_d. ae, 

“710. If 2 sides of a (\ measure 4n? - 1 and 4n? +1 linear units 


respy., what must the third side measure in order that the Z\ may be 
rt. |_d? 
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CIRCLES. © 


We have already defined a circle, its circumference, centre, radius 
and diameter (p. 38), but, for convenience, these definitions are 
repeated here. ned 


Def. 13. A circle is a plane figure contained by one line which is 
oalled the circumference, and is such that all straight lines drawn from 
a certain point within the figure to the circumference are equal to 
one another. This point is called the centre of the circle. 

Circles which have the same centre are said to be concentric. 


Def. 14. Any straight line drawn from the centre of a circle to 
its circumference is called a radius of the circle, and any straight 
line drawn through the centre of a circle and terminated both ways 
by the circumference is called a diameter of the circle. 
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INFERENCES FROM THE DEFINITION OF A OCIROLE. 


The following simple properties of the circle are immediate in- 
ferences from these definitions :— 


(1) A circle is a closed figure. 


(2) Any straight line drawn through a point within a cirele and 
produced far enough in both directions will cut the cir- 
cumference tn two points. 


(3) All diameters of a circle are equal. 

(4) Each diameter of a circle is bisected at the centre. 

(6) A point lies within, on, or without a circle, according as ita 
distance from the centre is less than, equal to, or greater 
than the radius. 

(6) The distance of a point from the centre of a circle is less 
than, equal to, or greater than the radius, according as tt 
lies within, on, or without the circle. 

(7) Circles of equal radii are identically equal. 

(8) Circles that are identically equal have equal radii. 
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OHORDS AND ARCS OF OIROLES. 


Def. 48. A chord of a circle is a straight line joming any twe 
points on the circumference. 
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Def. 49. An arc of a circle is any part of the circumference. 

Of the two arcs into which the circumference of a circle is divided 
by a chord which is not a diameter, the greater is called the major are 
and the less the minor arc, and the two are said to be conjugate to one 
another. 


Def. 5e. A sector of a circle is a figure bounded by two radii and. 
the arc intercepted between them. 


Wig. 224, 


When the bounding radii of a sector are at right angles to one an- 
other, the sector is e quarter of the oirole and is called a quadrant, 
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ON SYMMETRY. 


Def. 51. A figure is said te-be symmetrical about a line if the line 
divides it into two parts which coincide when the figure is folded 


Peer ee 


esas 


Fig. 225. 


about the line. The line is called the axis of symmetry of the» 
figure. taildait, 
,if a-figure is symmetrical about a line, one-half of the figure is calle 
the image or reflection of the other half in that line. Jin whee tibia 
A point and its image are said to be symmetrically opposite with 
regard to the axis of symmetry. 


Def. 52. A figure is said to be symmetrical about a point if the 
point bisects every straight line drawn through it to meet the 


Fig. 226. — Fig. 227, 


boundary of the figure in both directions. The point is called the 
centre of symmetry of the figure. 
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‘THroRem 34. ee ant wcti 8: 


Gen. Enun. A circle is symmetrical about any diameter. .. i 


Fig. 228. 


Part. Enun. Let AB be any diam. of a © whose centre is O. 
It is reqd. to prove that 
the © is symmetrical about AB. 


Const. Suppose radii OC, OD drawn such that |__BOC=|_ BOD, 


Proof. Fold the fig. about AB until the are ACB lies on the same 
side of AB as the arc ADB. 
Then *.-L. BOC = L__ BOD, 
.*. OC will lie along OD. 
And *.* OC = OD, 
.*. C will coincide with D. . 
Similarly it can be shown that any other pt. on the arc ACB will 
coincide with some pt. on the arc ADB, and that every pt. on the 
aro ADB will coincide with some pt. on ‘the arc ACB. 
. are ACB coincides with arc ADB. 
. the © is symmetrical about AB. Q.E.D. 
Cor. 1. a diameter of a circle. bisects at right angles the chord 
joining points symmetrically opposite with regard to that diameter. 
Const. Draw CD (Fig. 228) cutting AB at E. 
Proof. *.: C coincides with D on folding about AB. 
.. EC coincides with ED and is equal to it. 
Also |_ OEC coincides kg in and is equal to it. 
But these are adjacent 
*, AB bisects CD at rt. Q.E.D, 


Cor. 2. The line through the centres of two cireles (called their 
line of centres) is an axis of symmetry. 


For the line of centres contains a diam. of each ©, 
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Exercises. 


711. A st. line CD bisects a st. line AB at rt.|_8; prove that the pt. 
A is the image of the pt. B in the line CD. 

712. A pt. A is the image of a pt. Bina line CD; prove that A and 
B are equidistant from any pt. in CD. 

713. A pt. Ais the image of a pt. B ina line CD; prove that CD 
bisects the |_ formed by joining A and B to any pt. in CD. 

714. A st. line AB is the image of a st. line CD in a line EF ; prove 
that AB and CD are either || to EF or, when produced, meet in EF. 

* 715. A st. line AB is the image ofa st. line CD in a line EF ; prove 
that AD and BC intersect on EF. 

* 716. AC, AD are chords of a © equally inclined to the diam. AB ; 
prove that AC = AD. . 

*717. A © is divided into 4 = parts by 2 diams. at rt. |_8 to one 
another. 

* 718. If 2 Os intersect, their line of centres bisects their common chord 
at rt. |_s. 

* 719. Two = ©s intersect so that the centre of each is on the other ; 
prove that the sq, on the radius of either © = } the sq. onthe common 
chord. 

* 720, An isos. /\ is symmetrical about the bisector of the vert. |_. 

* 721. Prove by symmetry that the bisectors of the base |_s of an 
isos. /\ meet on the bisector of the vert. |_. 

* 722, Prove by symmetry that the medians of an isos. /\ are oon- 
current. 

723. A © és symmetrical about tts centre. 

724. A sq. is symmetrical about a pt. 

725. Describe and prove the symmetry of a rect. 

726. Which of the following letters have axial symmetry and which 
have centra] symmetry ?— 

B,.E, H, M, O, S, W, Z. 

* 727. Is a (]gm symmetrical about a pt. ? 

* 728, Three = ©s pass through a pt. O and intersect, 2 and 2, in 93 
pts. A, B and C; prove that OA, OB, OC are {8 to the sides of the 
A ABC. (Mad. Mat.) 
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THEOREM 35. 
(Kue. III. 3.) 


Gen. Enun. (A) A straight line drawn from the centre <i a circle 
to bisect a chord which ts not a diameter is at right angles to the 
chord. 
Conversely, 
) The perpendicular to a chord of a circle from the centre 
bisects the chord. 


Fia. 229, 


Part. Enun. Let OD be a st. line drawn from O the centre of the 
© ABC to D a pt. in the chord AB which is not a diam. 
It is reqd. to prove 
(A) If AD = BD, then OD 1s 1 to AB. 
Conversely, 
(B) If OD is 1 to AB, then AD = BD. 
Const. Join OA, OB. 
Proof of (A). In the A\s AOD, BOD 
AD = BD ; . ° ° Hyp. 
*.°4 OD is common. 
radius OA = radius OB, 
are VN AOD = Fas BOD e e e dre 14. 
es L ADO =|. BDO. 


*, OD is L to AB. Q.E.D. 
Proof of (B). In the A4s AOD, BOD 
De be ADO = rt: . BDO. . Hyp. 


..4 QOD is common. 
lradius OA = radius OB. 


.. A AOD= A BOD é ° : Th. 16. 
. AD = BD. @B.D. 
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Cor. The perpendicular bisector of any chord of a circle passes 
through the centre. 


Exercises, 


729. The | btsectors of any 2 chords.of a © intersect in the centre. 

730. P, Q, R, S, T are pts. ona ©; prove that the | bisectors of 
PQ;.QR,.RS, ST, TP.are concurrent. + aa 
4931. A'@: cannot have 2 centres. (Punj. Mat.) war " 

732. The locus of the centres of ©s passing through 2 fixed pts. is the 
| bisector of the st. line joining the 2 pts. 

733. If 2 ©s are concentric they cannot have acommon pt. (Allah. 
Mat.) - 

34. The | bisector of either of 2 || chords of a © is also the 1 
bisector of the other, 

735. I'he mid. pts. of several || chords of a © lie on that diam. of the 
© which is | to them all. 

736. If the vertices of a trapezium lie upon a © it must be isos. 

37. Two chords of a © which are not both diams. cannot bisect each 
other. (luc. III. 4.) 

3°. PQRS is a (7gm whose vertices lie upon a © ; prove that PR, 
QS are diams. of the ©. 

739. Every © passing through a fixed pt. and having ita centre on a 
fixed st. line must pass through another fixed pt. 

740. If 2 Os intersect in one pt. they must intersect in another. 

741. If 2 ©s havea common pt. they cannot have the same centre. 
(Huc. III.'5, 6.) : 

742. If a st. line is drawn to cut 2 concent. Os its intercepts between 
the @s are =. vais 7 of 

* 743. The st. line joining any 2 pts. on a © falls within the ©. 
(Bue. III. 2.) hin 

*%44. Through a pt. of interseciton of 2 ©s wise centres are P, Qa 
st. line AB és drawn || to PQ and terminated by the ©s';' prove (nat 
AB = 2PQ. | Lb tose 

‘* 745. Through the pts. of intersection of 2 ©s st. lines AB, CD are 
drawn 5j to one another and meeting the ©s again in A, B, C, D; 
prove that AB = CD. 

* 746. Through a pt. of intersection of 2 ©s st. lines PQ, RS are 
drawn equally inclined to the common chord and meeting the ©s 
again in P, Q, R, S; prove that PQ = RS. 

*~747, The greatest st. line that can be drawn through a pt. of inter- 
section of 2 ©s terminated by the @s is || to the line of centres. (Mad. 
F.E.) 

* 748, Two st. lines OPQ, ORS are drawn from an external pt. O 
to cuba given ©@ PQSR;; prove that the intersection of PS and QR 
cannot be the centre of the ©. 


CHORDS AND ARCS...’ 937 


Def. 53. A circle is said to be circumscribed about a rectilineal 
figure, and the figure is said to be inscribed in the circle if the circle 


Fig. 230. 


passes through all the vertices of the rectilineal figure. 

The circumscribed circle of a triangle is called the circumcircle, 
its centre is called the circumcentre and its radius the circum- 
radius of the triangle. 


Def. 54. Points are said to be concyclic when they lie on the 
same circle. .:: a nie Oa Dee ms “4 


Gee Been Jhere & ome corel, and om one whao® pases 


carve. Lkree germ 2 


Pra. 331. 


Part. Eaun. Let A, B, C be 3 pts. not in a st. lime 
it i2 regd_ to prove thai 
one ©, and one only, will pass through A. B and C. 
Const a AB, AC. 
& EO, FO, the perp. bisectors of AB. AC a 
in O (see Ex. pet ~~ ae 
Proof. -.- EO is the locus of pts. equidistant from Aand B. Th. M%. 
And FO is the locus of pts. equidistant from Aand C. Th. 94. 
“. O, the pt. common to EO, FO. is equidistant from A, 
B and C. 
And O is the only pt. common te EO, FO. 
-". ® © with centre O and radius OA, and this © only, 
will pass through A, B and C. Q. B.D. 


Exercises. 

749. 17 2 Os ave more than 2 pis. common they must coincide. 
(Bac. IIL 10.) 

750. Two ©s cannot have a common are. 
Pais A © canmot be made to pass through 3 given pts. in the same 

ine. 
752. A st. lime cannot cut a © in 3 or more pts. 
7S3 The i bisectors of the sides of a A mect in a pb. 
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"964, I oe ee a fre fas 2 pts, oma G thita the 
contre of ©. (Bue, IIL 9.) 

”755 PQRS iss quadl. whose diags, intersect at T ; prove that the 
circum-centres of the As PQT, ORT, RST, SPT are the angular 
pis. of » (gm. 

* 79. A © can be circumscribed shout any isos. trapezium. 
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THEOREM 37. 
(Euc.. IIT. 26; 27.) 


Gen. Enun. In equal circles (or in the same circle) :— 

(A) Iftwo arcs subtend equal angles at the centres, they are aa 
Conversely, 

(B) If two ares are equal they subtend equal angles at the centres. 


Fia. 232. 


Part. Enun. Let BCD, FGH be arcs of = ©s ABD, EFH whose 
centres are K, L respy. 
It 1s reqd. to prove 
(A) If. BKD = |_ FLH, then arc BCD = arc FGH. 
Conversely, 
(B) If arc BCD = are FGH, then |__ BKD = |_ FLH. 
Proof of (A). Apply © ABD to © EFH so that K falls on L and 
KB lies along LF. 
Then :.. KB = LF : : ° ° Hyp. 
.. B falls on F, 
And :..L_. BKD = |_ FLH . ° Hyp. 
.°. KD lies along LH. 
And:.. KD =LH ; : ; . Hyp. 
. D falls on H. 
Now the whole circumference ABCD coincides with 
the whole circumference EFGH (°.* the Osare=). 
". are BCD coincides with arc FGH. 
. arc BCD = arc FGH. Q.E.D. 


Proof of (B). ‘aonly © ABD to © EFH so that K falls on L and 
KB lies along LF. 
Then *.. KB = LF , ; ; ‘ Hyp. 
‘. B falls on F. 
Now the whole circumference ABCD coincides with 
the whole circumference EFGH (°.* the Osare=). 


CHORDS AND ARCS: > 241 


Andarc BCD =arc FGH . e ‘ Hyp. 
.*. arc BCD coincides with arc FGH. 

.*. D falls on H. 

.°» L. BKD coincides with |_ FLH. 

sol. BKD =|. FLA. Q.E.D. 


Exercises. 


757. In = Os (or in the same ©) of 2 wnequal |_s at the centres the 
greater |__ stands upon the greater arc. eae 

758. In = ©s (or in the same ©) 2 sectors are = if the |_s between 
their bounding radii are =. 

759- PQ, PR are = chords in a ©; prove that P is the mid. pt. of 
the arc OQPR. 

760. C is the mid. pt. of an arc ACB; prove that C is equidistant 
from the radii through A and B. 

* 761. AB, CD are diams. of a © and CE is a chord || to AB ; prove 
that B is the mid. pt. of the arc DBE. 

E Pe DF is the diam. and EG a chord of asemi-€@ DEGF; DF 
and EG are produced to meet at H ; if GH = 3DF, prove that arc FG 
= }arc DE, 
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THEOREM 38. 
(Euc. III. 28, 29.) 


Gen. Enun. In equal circles (or in the same cércle) — 
(A) If two chords are equal they cut off equal arcs. 
Conversely, 

(B) If two arcs are equal the chords of the ares are equal, 


Fre. 233. 


Part. Enun. Let AB, EF be chords of = ©s ABC, EFG whose 
centres are K, L respy. 
It is reqd. to prove 
(A) If chord AB = chord EF, then minor are ADB = minor 
arc EHF and major arc ACB = major arc EGF. 
Conversely, 
(B) If arc ADB = are EHF, then chord AB = chord EF. 


Const. Join KA, KB, LE, LF. 
Proof of (A). In the A\s KAB, LEF 


(KA = LE. : ° ; ; o Hyp. 
°°) KB = Le : ; . ° » _ “Np. 
AB = EF. : ; ; : a 
-. A KABS2A LEF : ~ Th. tk 


, (| AKB =[_ ELF. 
*. minor arc ADB = minorarc EHF . Th.37. 
But whole circumference ADBC = whole 


circumference EHFG . ;, - Hyp. 

.°. major are ACB = major arc EGF. Q.E.D. 

Proof of (B). *.* arc ADB = arc EHF . : ‘ . 
” | ARBweeoeue. .. . . ~- Th. 37. 


Hence in the As KAB, LEF, 
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KA = LE ° e e e ° Hyp. 

° | KB=LF . . ‘ . . 1) Eyp: 
| AKB =\|_ ELF 

-* A KAB=ALEF . ‘ ° seh. LO; 

-*. chord AB = chord EF. Q.5.D. 
Exercises. 


763. In = ©s (or in the same ©) = chords subtend = |_s at the centres. 

764. If in 2 ©s = chords subtend = |_s at the centres, the @s must 
be =. 

765. If 2 opp. sides of a quadl. inscd. ina © are =, its diags. are =. 

766. The st. lines joining alternate angular pts. of a regular polygon 
inscd. in @ © are =. 

* 767. An equtlat. polygon inscd. in a © is also equiang. 

* 768. ABC is a A inscd. in a © and D, E are the mid. pts. of the 
minor arcs cut off by AB, AC; prove that DE is equally inclined to 
AB and AC, 
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TuEorem 39. 
(Euc. III. 14, 15.) 


Gen. Enun. (A) Equal chords of a circle are equidistant from the 
centre, and the greater chord of a circle is nearer the centre than 
the less. 
~ Conversely, 

(B) Chords of a circle that are equidistant from the centre are 
equal, and a chord of a circle nearer to the centre is greater than 
one more remote. 


Fig. 234, 


Part. KEnun. Let AB, CD be chords of & © ABC whose centre is 
O, and let OE, OF be the distances of O from AB, CD respy. 
‘Tt is reqd. to prove Bhs mn 
(A) If AB = CD, then OE < OF. 
Conversely, Cs a 
B) If OE > OF, then AB XCD. 
(B) If OBS = 


Const. Join OA, OC. 


Proof. *.*|_s OEA, OFC are rt. Sn ‘ ° ° » Def. 38. 
--OA?= OE?+ EA? . ° ° . Thro 
And OC? = OF? + FO 5 . ° Th. 32. 


But OA? = OC?(:.. OA = OC). 
*, OF? + EA? = OF? + FC’. 


Hence if EA? e FC’, then OE? = OF’, 
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And conversely, 
if OF? 2 OF?, then EA? = FC? 


.. if EA 2 FC, then OE = OF. 


And conversely, 


fee> z 
HOES OF, then EA > Fe. 


Fig. 284, 


 ButEA=4%ABandFC=3CD . . . Th.36.. 
we 4 “sf AB > ‘CD, then OF < OF. oe 
< = et 
‘ «1 \And conversely, | 
if OE S OF, ee CD. cine 
txercises. | 
769. In = ©s = chords are equidistant from the centres. 
770. In = ©8 chords equidistant from the centres are =. 


771. In = ©s (or in the same ©) if 2 chords subtend = | 8 at the 
entres they are equidistant from the centres. 


772. In = ©s (or in the same ©) if 2 chords are equidistant from 
he centres they subtend =|_s at the centres. . 


773. Of all chords that can be drawn through a given pt. within a © 
he longest ts the diam. through that pt. 


774. The pts. of intersection of any diam. with = and } chords in » 
) are equidistant from the centre, 
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775 AB, CD are = chords in the greater of 2 concent. ©s; prove 
that the parts of AB, CD intercepted by the smaller © are =. 

776. PQ, RS are = chords of a @ intersecting at T; prove that 
they are equally inclined to the diam. through T. 

777. A chord of constant length slides round a fixed © ; prove that 
the locus of its mid. pt. ts a concent. ©. 

Lf ane chord of constant length slides round a fimed ©; prove that 
the of any pt. fixed in the chord ts a concent. ©. 

779. Of all chords that can be drawn through a gwen pt. within a © 
the shortest is the | to the diam. through that pt. 

780. Equal chords of a © that intersect divide each other into = 
segments, the greater = the grealer and the less = the less. 

781. Chords of a © that intersect so that a segment of the one = a 
segment of the other are =. 

782. P, Q are the centres of 2 = ©s and ABCD is a st. line { to PQ 
and meeting the ©s in A, B, C, D; prove that AB = CD. 

783. P, Q are the centres of 2 = ©s and ABCD is a st. line through 
the mid. ps. of PQ and meeting the ©sat A, B, C, D; prove that 
AB = CD. 

784. P, Q are the mid. pts. of 2 = chords ina © and the st. line 
joining P, Q is produced both ways to meet the © in R, S ; prove that 
PR = QS. : 

sf 785. PQ, RS are a chord and a diam. of a © not intersecting one 
another; prove that the sum of the |s from R, S upon FQ is const. 
for all positions of RS. 

~ ba PQ, RS are a chord and a diam. of a © na one 
another; prove that the difference of the |s from R, S upon PQ is 
const. for all positions of RS. 

* 787. If 3 = chords of a © meet in the same pt., that pt. must be 
the centre of the ©. 

* 788. AB, AC are = st. lines drawn from an external pt. A to the 
concave circumference of a ©; if AB, AC cut the convex ciroumfer- 
ence at D, E, prove that AD = AE. 

* 789. Of all chords of a © which are bisected by a fixed chord the 
greater is that which mocts the fixed chord at a pt. nearer its mid. pt. 
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TANGENOY. 


Def. 55. A secant of a circle is a straight line of indefinite 
which meets the circumference of the cirele in two points. 


235. 
Def. 56. A tangent toa circle is a straight line which meets the 
circumference of the circle in one, and only one, point, however far 


Fia. 


Fia. 286. 
produced. This straight line is said to touch the circle, and the 


point where it meets the circle is cailed the point of contact. 
Since the path of a moving point is a line, a secant of a circle may 
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be regarded as a straight line passing through two different positions of 
@ point movingin acircle. If thé two positions are consecutive, that is 
to say, if there is no distance between them, the secant becomes a 
tangent, because it passes -thrdugh two points which coincide, and 
does not meet'the circle in ahother point however far producéd. ' For 
example, suppose a secant, cutting a circle at A and B, to turn round 
A so that B continually approaches A. These points will ultimately 
coincide, and then the secant becomes a tangent to the circle. See 
Fig. 237. 

Or, again, suppose a secant cutting a circle at A and B to move 
parallel to its original position, A and B will continually approach 


Fig. 238. 


one another and ultimately coincide, so that the secant becomes « 
tangent to the circle. See Fig. 238. 

Hence a tangent to a circle may be regarded as the “limiting” 
position of a secant when the points of intersection move into coin- 
cidence, and this suggests the following alternative definition of a 
tangent :— 

Def. 57. A tangent to a circle is a straight line which mee‘s the 
eircumference of the circle in two consecutive points. 

The advantage of this definition over Def. 56 is that it applies to all 


Fia. 2389. 


curves, as may be seen from Fig. 239, where AB is a tangent to a curve 
at P, though it also meets the curve at Q and R. 
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Def. 58. Two circles which meet in one, and only one, point are 
said to touch one another, and the point at which they meet is called 


the point of contact. 


Fig. 240. Fig. 241, 


We may regard one circle touching another as the limiting position 
f one circle cutting another, when the points of intersection move inte 
oincidence ; hence, as an alternative definition, we have :— 


Def. 59. Two circles which meet in two consecutive points are said 


© touch one another. 
This alternative definition applies to contact between any two 
urves, a3 shown in Fig. 242, where the curve AB touches the curve 


D at P, though it also meets it at Q. 


Fia. 242. 


We infer from this alternative definition :— 

If two circles touch one another they have the same tangent at 

their point of contact. 

For suppose two circles to intersect and AB to be their common 
ord, as in Fig. 243. If the smaller circle is made to turn about A, 
will move into coincidence with A, when the circles will touch one 
other and AB will become a common tangent at their point of 
ntact. By turning in one direction about A, the smaller circle is 
ade to touch the larger circle externally, as in Fig. 244; by turning 
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Fiaq. 245. 


in the opposite direction it is made to touch the larger circle internally, 
as in Fig. 245. 


Def. 60. Common tangents to two circles are said to be direct 
(Fig. 246) or transverse (Fig. 247) according as the two circles lie 
on the same side or on opposite sides of the common tangent. 


Pia. 246. Fia. 247. 
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Def. 61. Two circles are said to cut orthogonally when the two 


tangents at either point of intersection are at right angles to one 
another. 


Fig, 248. 


Def. 62. A circle is said to be inscribed in a rectilineal figure 
and the figure is said to be circumscribed about the circle if the 
circle touches all the sides of the rectilineal figure. 


\ 


Fig. 249. 


The inscribed circle of a triangle is called the in-circle; its centre ie 
called the in-centre, and its radius the in-radius of the triangle. 
If @ circle touches one side of a triangle and the other two sides 


Fia. 250, 


produced it is said to be escribed to the triangle and is called an 


e-circle, its centre is called an e-centre, and its radius an e-radius 
of the triangle. 
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THEOREM 40, 


(Eue. IIL 18.) 


Gen. Enun. The tangent at any point 
of a circle and the radius through the 
point are perpendicular to one another. 

Part. Enun. Let BC be a tangent av 
a pt. A toa © whose centre is OC 

It is reyd. to prore thai 

radius OA ws 1 to tangent BC. 


Fia. 251. Const. Take any pt. D in BC otber 
than A. Join OD. 
Proof. -.: pt. D lies outside the ©. | 
... radius OA < OD. 
Similarly OA < any other st. line from O to BC, 
.*. OA is the shortest st. line from O to BC. 
.. radius OA is | totangent BC. ; Aa ey) 
Q.B.D. 
Cor. 1. Only one tangent can be drawn to a circle at any point 
on its circumference. 
Cor. 2. The perpendicular to a diameter of a circle at either of 
sts extremities is a tangent to the circle (Kuc. ITI. 16). 
Cor. 3. The perpendicular to a tangent to a circle at the point of 
contact passes through the centre (Kuc. IIT: 19). 
Cor. 4. The perpendicular to a tangent to a circle from the centre 
passes through the point of contact. 


Cor. 5. If two tangents are drawn to a circle from an external 
point (A) the tangents are equal, (B) they subtend equal angles at the 
centre of the circle, (C) they make equal angles woth the straight line 
joining the given point to the centre. 


Fia. 25la, 


METHOD OF LIMITS 253 


Proof. In the A\s OBA, OCA. 
OB = OC (radii) 

S {OA is common, -3 : ra od wreck ae 
rt 1 OBA-=rt.| OCA. gti. au: Th, 40. 
“weeenee= OCA ,. ae eee o Th: 15. 

(ise AB'=AC. Gn i iy eli 
So that 4(B)i; AQB=[{,AOC... ,,,.°5 3 

Uc) OAB = [COA Peeiii ou b: 


ON THE METHOD OF LIMITS. ° 


Since a tangent is only a particular kind of secant and touching 
circles: a special: case of cutting circles, we can deduce by what is 
known as the method of limits many of the properties of tangents 
and of touching circles from the properties of secants and of cutting 
circles respectively. 


Proof of Theorem 40 by the Method of Limits :— 


Let AB ‘ec a secant cutting a © whose centre is O at A and B, and 
let C *e the mid. pt. of AB. 


Fia. 252, 


Join OA, OC, 

Now suppose the secant AB to turn round A so that B moves inte 
coincidence with A, and let AD be the ultimate position of AB. 

Then AD is the tangent at A, 

But when B coincides with A, C must also coincide with A, because 
C is the mid. pt. of AB. 

Hence when B coincides with A, and the secant AB becomes the 
tangent AD, OC will coincide with OA. 

But OC is | toAB ; , ; ‘ ‘ , ¢ Wh, 36. 

“. OA is | to AD, Q.E.D. 

Note.—Corollaries 1, 2, 8, 4 of Theorem 40 can all be proved by this 
method and afford valuable exercises, 
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Exercises. 


790. The tangents to a © at the extremities of a diam. are |. 
791. State and prove the converse of Ex. 790. 
792. A st. line cannot touch a © in 2 or more pts. 


793. The | to a diam. of a» © at its extremity falls without the ©. 
(Euc. TIT. 16.) 


794. PQ, PR are tangents to a © whose centre is O; prove that |_ 

RPQ +L. ROQ = 180°. 
5. AB and AC are two tangents to a © whose centre is O; prove 

that AO bisects BC at rt. |_s. 

796. Any diam. of a © is the | bisector of all chords || to the tangents 
at its extremities. 

797. All chords of the greater of 2 concent. ©s which touch the lesser 
aré = 

798. Find the locus of the centres of ©s touching a given st. line ai a 
given pt. 

799. Two, and only two, tangents can be drawn toa © from an ex- 
ternal pt. 


800. Any two tangents drawn to a © make =|_s with the at. line 
joining their pts. of contact. 


8or. If P, Q and R, S are the pis. of contact of the 2 direct common 
tangents to 2 ©s, provethat PQ= RS. 


80z. If P, Q and R, S are the pts. of contact of the 2 transverse 
tangents to 2 @s, prove that PQ = RS. 


803. If 2 ©s intersect at P and Q, prove that the tangents to both 
@s at P make with one another the same |_ as the tangents to both 
©s at Q. 

804. If a © can be inscd. in a quadl. the sum of one pair of opp. sides 
of the quadl. = the sum of the other pair. (Bom. Sch. Fin.) 

805. If a © can be insed. in a (7gm, the //gm is a rhombus. 


806. Ifa © can be inscd. in a hexagon, the sum of alternate sides of 
the hexagon = 4 its perim. 


807. If 2 ©s cut each other orthogonally, the radii to each pt. of inter- 
section are at rt.|_s to one another. 


808. If 2 ©s cut each other orthogonally, the sum of the squares on 
their radii = the sq. on the st. line joining their centres. (Punj. Mat.) 


. If P, Q are the pts. of contact of a common tangent to 2 Os, 
these @s are cut orthogonally by the © desed. on PQ as diam. 
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310. If a© can be inscd. in a polygon, the area of the polygon = rect 
contained by 4 its perim. and the radius of the ©. a 


811. If ast, line touches a ©, any other st. line drawn through the pt. 
of contact will cut the ©. 


812.. All tangents to the lesser of 2 concent. ©s. from pts. on the greater 
are =. ike t 3 : 
813. Find the locus of the centre of a © of given radius touching a 
given sl. lune. 
814. Find the locus of the centre of a © touching 2 given |j st. lines. 
815. Find the locus of the centre of a © touching 2 given intersecting 
st. lines. 


816. The line of centres of 2 ©s passes through the intersection of 
their direct common tangents. , 


817. The line of centres of 2 ©s passes through the intersection of 
their transverse common tangents. i 


818. One ©, and only one, can be inscd. in a given /. 


819. Three ©s, and only three, can be descd. to touch one side of a /\ 
and the other 2 stdes produced. 


820. The intersection of the diags. of a rhombus is the centre of the 
inscd. ©. 


821. If a © can be inscd. in a quadl., the |_s at the centre subtended 
by each pair of opp. sides are supplementary. 


822. If a © can be inscd. in a hexagon, the |_s at the centre sub 
tended by any 3 alternate sides are together = 2 rt. |_s. 


* 823. PQ, PR are tangents to a © and QS is a diam. ; prove thas 
| QPR=2|_RQS. - 
* 824. AB, CD are diams. of a © whose centre is O, and tangents 


are drawn to the © at A, B, C, D; prove that the diags. of the quadl. 
so formed intersect at O. 


* 825, In the greater of 2 concent. ©@s 2 chords PQ and PR are 
drawn to touch the lesser at S and T ; prove that ST = 3QR. 


* 826. PQ is a chord and PR a diam. of a ©; PS bisects |_ RPQ 
and meets the © atS; prove that PQ is | tothe tangent tothe © 
at S. 

* 827. The in-© of a ABC touches BC at D; prove- that. es 
difference between BD and CD = the difference between AB and AC 


* 828. Two tangents are drawn toa © froma fixed pt. and produced 
to meet a third tangent ; prove that the part of the third tangent that they 
intercept subtends a const.|_ at the centre of the ©. 

©) 


10 
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: *829. A tangent to.a © meets two || tangents at P and Q; prove 
that PQ subtends a rt.|_ at the centre., (Bom. Sch. Fin.) 


s *830. Prove that the in-centre, the circum-centre and the vertex of an 
isos. /\ are collinear. 


*831. If I is the in-centre of a /\ and I,, I,, I, its 6-centres, thas 
1 is the orthocentre of the \ 1,1, 1,. (Bom. Prev.) 
_ * 832, In Fig. 253 prove that :— 
(i) AE, = AF, = BF, = BD, = CD, = CE, =s. 
(ii) AE= AF =s-a; BF=BD=s-6; CD=CE=8-«@ 
(iii) BD, = BF; = CD, = CE, =s -a. 
' CD, = CE, = AE, = AF; ='8 -b. 
AE. = AP. — BD, = BF, =8-<¢ 
(iv) AE’‘= CEL; BF = AF; ; CD = BD), 
(v) EE, = FF, =a; FF, = DD, = 0; DD, = EE, =@ 
(vi) D,D,'='c; E,E, = a; F;F, = 0. 
(vii) DOs: BE, =a - 0! FF, =a - 8, 


Fia. 253, 


b+6 
where BC = 4, CA= 0, AB =¢,s = 5 
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THEOREM 41. 
(Euc. Il. 11, 12.) 


Gen. Enun. [f two circles touch, the point of contact les on thesr 
line of centres. 


Fig. 254. Fig. 255, 


Part. Enun. Let 2 ©s whose centres are A and B siuali at the 
pt. C. 

It ts reqd. to prove that 

A, B, C are wn one st. line. | 

Const. Suppose CD to be the common tangent to the Oe. Join 
AC, BC. 
Proof. °.: CD is a tangent to a © and AC is ee radius of. the © 

"through the pt. of contact. 


*, L. ACD is a rt. L_ : : : Ses iy te i pe 
Similarly |_ BCD is art. ke ‘ é oid Oy) Phe 40. 
. A,B, C-are in one st. line . ee” .° (Why?) 

| Q.E.D. 


Note.—Theorem 41 can easily be deduced by the Method of 
Limits from the theorem :— 
If two Os intersect, their line of centres bisects thetr common 
chord (Ex. 718). 


Exercises, 


833. If 2 ©s touch, the distance between their centres = the sum or 
difference of theirradw, . , 

834. State and prove the converse of Ex. 838. 

835. Two ©s cannot touch one another at 2 pts. (Euc. III, 18.) 

836. If 2 Os meet on their line of centres, they must touch each 
other. 
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837. A © of centre P touches externally 2 @s of centres Q and R; 
prove that the difference between PQ and PR = the difference between 
the radii of the ©s of centres Q and R. 

838. Find the locus of the centre of a © of given radius touching a 
given © (1) externally, (2) internally. 

, 839. Find the locus of the centre of a © touching a given © ata 
given pl. — 

840. Two = ©s touch externally ; find the locus of the centre of a 
third © touching both, 

841. If 2 ©s touch externally or internally and any st. line is drawn 
through the pt. of contact to cut the ©s again in 2 pts., the radii to these 
pts. are ||. 

842. If 2 ©s touch externally or internally and any at. line is drawn 
through the pt. of contact to cut the ©s again in 2 pts., the tangents 
to the ©s at these pts. are ||. , 

843. If 2 ©s touch externally or internally and 2 diams. are drawn || 
to one another, the pt. of contact and an extremity of each diam. are 
collinear. (Bom. Sch. Fin.) 

844. Two = Os touch externally ; prove that they intercept = chords 
on any st. line drawn through the pt. of contact. 

* 845. Three ©s touch externally at P, Q, R; prove that the common 
tangents at P, Q, R meet in a pt. equidistant from P, Q, R. 

* 846. Three ©s whose centres are A, B, C touch externally at P, 
Q, R; prove that the in-© of A ABC is the circum-© of A. POR. 

* 847. A, B are the pts. of contact of a common tangent to 2 Os 
which touch externally at C; prove that the lineof centres of the @s 
is a tangent to the © descd. on AB as diam. (Punj. Inter.) 

* 848. A© with centre P touches a © with centre ovigemreemi and 
a © with centre R touches one internally and the other externally ; 
prove that PR + QR = a const. for all positions of R. at ie 

* 849. Two ©s touch externally or internally at A and } tangents are 
drawn, one to each © at Band C; prove that AB and AC are either in 
the same st. line or at rt. |_8. 

* 850. Two = ©s with centres P and Q touch externally at R. 
Chords RS, RT are drawn, one in each ©, at rt.|_s to one another. 
Prove that ST is =and|jtoPQ. Gan 

* 851. Three ©s touch externally at P, Q, R. PQ, PR are pro- 
duced to cut one of the @sagaininS, T. Prove that the line of centres 
of the other two ©s is || to ST. 

* 852. Two = ©s intersect at A, B and are touched externally by « 
third © whose centre is C ; prove that A, B, C are collinear. 

** 853. A © rolls within another © of twice its radius; prove that 
the locus of any pt. on the smaller © is a diam. of the larger. 
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ANGLE PROPERTIES OF CIROLES. 
THEOREM 42. 
(Euc. III. 20.) 


Gen. Enun. The angle which an are of a circle subtends at the 
centre ts double that which tt subtends at any point on the re- 
sled part 8 the circumference. 


Fig. 258. 

Part. Enun. Let ABC bea © of which O is the centre, and let 
ADB be an arc of the © ABC and C any pt. on the remaining 
part of the circumference. 

It is reqd. to prove that 

| AOB = 2|_ ACB. 
Const. Join CO and produce it to E. 
Proof. ie radius OA = radius OC. 


4( OAG =| Gem . Th. 12. 
Also ext. | EOA =|[_ OAC + Pe OCA. Th. 8, Cor 3. 
= 2| OCA. 


Similarly __EOB = 2|_ OCB. 

*, sum or difference of |_s EOA, EOB = twice the sum 
or difference of |_s OCA, OCB. 

*,L. AOB = 2|_ ACB. Q.B.D. 
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Exercises. 


854. In = ©s (or in the same ©) if 2 arcs subtend =m |_$ at the cér- 
eumferences they are =. 

855. In = Os (or in the same ©) if 2 arcs are = they subtend = Ls of 
the circumferences. | 

856. If C, D are pts. of trisection of an aro of a @ ACDB, prove 
that | DAC =|_ DAB. 

857. The internal bisector of the vert. |_ of a A\ meets the circum-© in 
a pl. equidistant from the ends of the base. 

858. If a polygon inscd. ina © is equilat. it is also equiang. (Cal. 
Mat.) 

859. An equiang. polygon inscd. in a © has its alternate sides =. 
860. If an equiang. polygon inscd. in a © has an odd number of sides 
tt must be equilat. 

861. Parallel chords in a © intercept = arcs on the circumference. 

862. State and prove the converse of Ex. 861, 

863. PQ, RS are = chords in a © PQSR;; prove that the quadl. 
PQSR is an isos. trapezium. 

864. AB, CD are || chords in a ©; prove that AC = BD and 
AD = BC. 

865. PQ, PR are chords of a © || respy. to 2 other chords yg, pr of 
the same ©); prove that Rg is || to Qr. 

866. Through A, B, the pts. of intersection of 2 ©s, i st. lines CAD, 
EBF are drawn meeting the ©s in C, E and D, F; prove that chord 
CE = chord DF. 

867. Two chords intersect within a © ; prove that the sum of the opp. arcs 
which they intercept = the arc intercepted by || chords meeting on the ©. 

868. Two chords intersect without a ©; prove that the difference of 
the arcs which they intercept = the arc intercepted by || chords meeting on 
the ©. 

869. Two chords intersect within a ©; prove that they contain an 
|_ = 4 the|_ subtended at the centre by an aro = the sum of the opp. 
arcs which they intercept. (All. Mat.) 

870. Two chords intersect without # ©; prove that they contain an 
| = 4 the|_ subtended at the centre by an aro = the difference of the 
arcs which they intercept. 

871. Two = ©s intersect in A and B ; through A st. lines CAD, EAR 
are drawn meeting the ©s in C, D, E, F; prove that chord CE = 
chord DF. 

* 872. E is the pt. of intersection of 2 chords AB, CD of a @ ACBD 
whose centre is QO; prove that|_ AOC +| BOD=2|_ AEC. 

* 873. If the in-© of a A\ ABC touches its sides at D, E, F, the |_s 
of the (\ DEF are 90° - = 90° — = 90° - <. 

* 874. Two = ©s intersect in A and B; through A a st. line is drawre 
meeting the ©s again tn C and D; prove that C and D are equidistant’ 
from B. 
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* 875. The internal bisector of the vert, |_ A of a (\ ABC meets the 
circum-© in D; DE, DF are drawn |s to AB, AC respy.; prove that 
AE = 4(AB + AC). 

* 876. AB, AC are chords of a © and D, E are the mid. pts. of the 
arcs AB, AC ; the st. line joining D, E cuts AB, AC at F, G respy. ; 
prove that AF = AG. 

* 877. ABCD isa square; arcs of ©s AEC, BED are descd. with 
centres B, C respy. cutting one another at the pt. E within the sq.; 
prove that| BDE = 3rt.|_. (Mad. Mat.) 

. iin P, Q, R are pts. on a © and S, T, X are the mid. pts. of the 
arcs PQ, OR, RP respy.; prove that the st. lines PT, QX, RS are 
concurrent. 

* 879. Two = ©s cut one another at A, B so that the centre of each 
is on the other; ast. line is drawn through A terminated by the ©s at 
C and D; prove that CD = DB = BC. 

* 880. If I and S are the in-centre and circum-centre respy. of a /A\ 
PQR, prove that |_ SPI = 4 difference of |_s Q and R. 

* 881. ABCD and PQRS are quadls. inscd. in the same © havin 
BC |i to QR and AD || to PS; prove that |_ contained by AC and P 
=| contained by BD and QS. 

Def. 63. A segment of a circle is the figure bounded by a chord 
of the circle and one of the arcs into which it divides the circum- 
ference. 


Fra. 259. 


The chord of a segment is called its base. 
A segment of a circle is called a semi-circle when its chord fs @ 
diameter of the circle, 


Fic 260. 
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A segment of a circle is called a major segment or @ minor segment 
according as its arc is a major arc or a minor aro, 


Fie, 261. Fia. 262. 


Def. 64. An angle in a segment is the angle subtended by the 
chord of the segment at a point on the are. 


Fig. 268. 
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THEOREM 43. 
(Kuc. IIT. 21.) 


Gen. Enun, Angles in the same segment of a circle are equal. 


Fig. 266. 


Part. Enun. Let ACB, ADB be |_s in the same segment ACDB 
of a © ABC whose centre is O. 
It 18 reqd. to prove that 
| ACB =|_ ADB. 
Const. Join OA, OB. | 
Proof. *.‘ arc AEB subtends |_ AOB at the centre and |_ ACB 
at a pt. on the remaining part of the circumference. 


..L. ACB =4[_AOB . ‘ d , . Th. 42, 

Similarly|_ ADB =4|_ AOB . ‘ : : . Th. 42, 

ost ACB = | ADS, Q.E.D. 
Exercises, 


882. Two ©s intersect at Aand B; st. lines CAD and EAF are 
drawn outting the ©sin C, D, E, F; prove that As BCD, BEF are 
equiang, 
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885. PQ, RS, chords of a ©, intersect at T ; prove that As PTS, 
OTR are equiang. 

884. PQ, RS, chords of # ©, when produced intersect at T ; prove 
that As PTS, OTR are equiang. 

885. The L subtended by the chord of a segment at any pt. within 
it > the|_ of the segment. 

886. On the same st. line and on the same side of it there cannot be 
2 different segments of ©s containing =|_s. (Buc. III. 23.) 

887. If 2 segments of ©s on = st. lines contain = |_s they are equal 
to one another. (Kuo. III. 24.) 

888. PQ is the chord of a segment and R is a pt. on the aro; prove 
that|_ RPQ +|_ RQP = a const. for all positions of R, 

889. P, Q are the pis. of intersection of 2 fixed s ; prove that any st. 
line through P and terminated by the ©s subtends a const. | at Q. 
(Mad. Mat.) 

* 890. PRQ, PSQ are 2 segments of ©s having a common chord 
PQ and R is any pt. on the arc of the segment PRQ; PR, QR are 
drawn and produced to meet the segment PSQ in T, S; prove that 
the arc ST is of const. length for all positions of R. 

* 891. If the bisectors'of the |_s of a A. ABC meet the circum-@ 


i D, E, F, prove that the |_s of the \ DEF are 90° — =, 90° -=, 
bee 
90S =a) 


* 892. PQ and PS are chords of a ©; R is the mid. pt. of PQ and 
T the mid, pt. of PS; prove that |_ PTR is const. for all positions 
of S. 

* 893. Two Os intersect at P, Q; st. lines RPS, ROT are drawn 
from any pt. R on one ©; prove that they intercept an are of const. 
length on the other ©. 

* 894.. PQ, RS, chords of a ©, cut at rt. LS at T ; prove that the 
median of the \ PTR through T is | to QS. 

* 895. A © AOB, passing through the centre O of another ©, cuts 
the latter © at A and B; a st. line APQ is drawn meeting the © 
AOB in P and the other © in Q; prove that PB = PQ. (Mad. Mat.) 

* 896. I ts the in-centre of a /\ PQR and PI is produced to meet the 
circum-@ at S; prove that SQ=SR=SI. (Bom. Sch. Fin.) 

* 897. O ts the orthocentre of a /\ ABC and AO is produced to meet 
BC ai'D and the circum-© at E ; prove that OD = DE. (Bom. Mat.) 
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THEOREM 44, 


Gen. Enun. If the line joining two points subtends equal angles 
at two other points on the same side of st, the four poinis are 
concyclic. 


Fia. 267. 


Part. Enun. Let the line joining A and B subtend = [_s at C 
and D on the same side of AB. 


It is reqd. to prove that 
A, B, C, D are concyclic. 
Const. Suppose a © drawn through A, B, C. 
If this © does not pass through D, it must cut BD (or 
BD produced) in some other pt. E. 
Join AE, 
Proof. °.°|_s BCA, BEA are in the same segment. 
Pr BCA=( SA... 
But |. BCA =|_BDA : : : Hyp. 
... L. BDA = |_ BEA. 
That is, anext. L_of “\ AED = an int. and 
opp. L_, whichis impossible . . . Th. 8, Cor. 4. 
Hence © ABC must pass through D. 


.". A, B, C, D are concyelic. Q.E.D. 


Exercises. 
898. If 2 /\3 on the same base and on the same side of it have = vert. 
|_3 the vertices of the /\s and the ends of the base are concyclic. 


899. If 2 /\s on the same base and on opp. sides of it have = vert.|_, 
their circum-radii are =. 


goo, Hind the locus of the vertem of a /\ on @ given base and of a 
gwen vert.|_. (Mad. Mat.) 


Br ABC isa / and D, E are the feet of the | s from B, C on 
AC, AB respy.; prove that B, C, D, E are concyclio, 
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a PQ, SR are || chords of a @ PQRS whose centre is O; if PR, 
QS intersect at T within the ©, prove that T, S, P, O are concyclic. 

903. The internal bisectors of the vert.|_s of /A\s on the same base 
and on the same side of it and having = vert. |_s are concurrent. 

904. PQ is the chord of a segment and R is any pt. on the aro: find 
the locus of the intersection of the bisectors of the [_s RPQ, RQP. 

905. PQ is the chord of a segment and R is any pt. on thé arc; RP, 
RQ are produced to S, T respy.; find the locus of the intersection of 
the bisectors of the|_s SPQ, TQP. 

906. PQ is the chord of a segment and R is any pt. on the aro; find 
the locus of the pt. S on PR such that RS = RQ. 

* 907. Hind the locus of the orthocentre of a /\ on a given base and of 
a given vert.|_. (Mad. F. A.) 

* 908. Find the locus of the in-centre of a /\ on a given base and of 
a given vert.|_. (Cal. Mat.) 

* 909. Hind the locus of an e-centre of a /\ ona given base and of a 
given vert. |_. 

“gro. Find the locus of the centroid of a A ona given base and of a 
given vert. |_. 

“gtr. R, S are moveable pts. on the arc of a segment PRSQ, but 
the chord RS is always of const. length ; find the locus of the inter 
section of PS and QR. 
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THroREM 45. 
(Euc. ITI. 31.) 


Gen. Enun. (A) The angle in a semicircle is a right angle. 
(B) The angle in a major segment is acute. 
(C) The angle in a minor segment ts obtuse. 


Fig. 271. 


Part. Enun. Let AB be a diam. of a © whose centre is O, and 
let AC be a chord dividing the © into a major and minor segment. 
Let D be any pt. on the arc of the major segment and E any pt. 
on the arc of the minor segment. 
It is reqd. to prove that 
(A) |_ ACB is a rt. _ (see Fig. 269). 
(B) |_ ADC is acute (see Fig. 270). 
(C) __ AEC is obtuse (see Fig. 271). 
Proof of (A). |_ ACB at the circumference = 4 straight 
| AOB at the centre subtended by the 
gamearc.. é ‘ P , . Th. 42. 
. L. ACB is a rt. LL. Q.B.D. 
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Proof of (B). Join OC (Fig. 270). 
|_ ADC at the circumference = $|_ AOC 
at the centre subtended by the samearc Th. 42. 
But |_ AOC < straight |_ AOB. 
.". L. ADC is acute. 


Fia. 271. 


Proof of (C). Join OC (Fig. 271). 


AEC at the circumference = 4 reflex 
|. AOC at the centre subtended by the 


Same arc 


.". L. AEC is obtuse. 


Th. 42. 
Q.E.D. 


Exercises. 


g12. ABC is a / rt.|_d at B; prove that the © desed. on AC as 
diam. passes through B. 


913. If ©s are-descd. on the sides of an isos. /\ as diams. they will 
meet at the mid. pt. of the base. 


914. If ©s are descd. on the sides of any /\ as diams. they will 
meat, 2 and 2, on the sides of the A. 
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15, If ©s are descd. on the sides of a rhombus as diams, they will 
meet at the intersection of the diags.. « 

916. Find the locus of the interseotion of the diags. of a rhomons -u 
@ given base and on either side of it.” ; 

917. Two @s intersect at P, Q, and through P diams. are drawn 
meeting the @s again at R, S; prove that R, Q, S are collinear. 

918. AB is the diam of a © which intersects at C and D any © 
having A for centre; prove that BC, BD are tangents to the second ©. 
(Mad. Mat.) 

919. ABCD is a quadl. inscribed in a ©; AB produced meets DC 
produced at E; AD produced meets BC produced at F; if AC is a 
diam. of the ©, prove that B, D, F, E are concyclic. 

920. Find the locus of the pts. of contact of tangents drawn from the 
same pt. to concentric ©s. 

g21. A st. line of const. length slides with its ends along the arms of a 
ri. |_; find the locus of the mid. pt. 

* 922. Two chords of a © intersect at rt.|_s; prove that the sum 
of the opp. arcs which they intercept is 4 the circumference. 

* 923. State and prove the converse of Ex. 922. 

* 924. Two chords of a © intersect at rt.|_s; prove that each pair 
of opp. arcs which they intercept subtend supplementary |_s at the 
centre. eee 

*g25. POR is a A rt.[|_d at Q and on PQ as diam. a © is descd. 
cutting PR at S; prove that the tangent to the © at S bisects QR. 

* 926. P, Q are the pts. of contact of 2 || tangents to'a © and PR, 

S are drawn ||; to one another and cut the © in T, X respy.; prove 
that PTQX is a rect. | ; 

* 927. Find the locus of mid. pts. of chords of a © through a fixed 
pt. (1), inside the ©, (2) owtside the ©, . ia) : 

* 928. Riis a pt. on a minor arc PQ of a © whose centre is O and 
RS is drawn | to the chord PQ; prove that|. PRS =| :ORQ. 

* 929. Two ©s touch at O and st. lines AOB, COD. are drawn at 
rt. |_s to.onée another meeting one @in A, \C and the other'in B, D; 
if the line of centres meets the ©s again in E, F, prove that EF? = 
AB? + CD’. 

* 930. Of all rt.|_d /A\s having a given hypot., the perim. ts greatest 
when tt 48 1808. a 
.* 938. Of. all. A\s having a; given base,,and, vert.:|:-, the, perim.. ss 
greatest when st 1s 180s. | bytes 

* 932. Of all /\s whose vertices lie on.a given, the perim. is greatest 
when tt is equilat. Pye Sy) mages eds i a ee 


Def. 65. ‘A cyclic quadrilateral’ is one whose vertices lie onthe 
game circle. | bh a OL eGtns oF {1 fi dees of 


“VI 
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THEOREM 46. 
(Euc. III. 22.) 


Gen. Enun. The ‘opposite angles of any cyclic quadrilateral are 
supol-mentary. 


Fia. 272. 


Part. Enun. Let ABCD be a quadl. inscd. in a © whose centre 
is U. 
lt ts reqd. to prove that 
i) L_B+{_D=2rt.\s. 
i) LA+L.C = 27%. Ls. 
Const. Join OA, OC. 
Proof. {_ B at the circumference = ${_ AOC at the 
centre subtended by the same arc . : ; 
Also |_ D at the circumference = 3 reflex |_ 
AOC at the centre subtended by the same arc Th. 42. 
--LB+lD=3%(_ AOC + reflex |_ AOC). 
But |_ AOC + reflex|_ AOC = 4rt.|_s. 
~LB+LD=2rt. Ls. 
Similarly by joining OB, OD it can be proved that 
A+ C= 2rt.Ls. Q.E.D. 


Th. 42. 


Exercises, 


933. The 2 segments into which a © is divided by any chord contain 
Be lmentirg [_s. 

934. If the side QR of a cyclic quadl. PQRS ts produced to T, the 
ext.|_ SRT = the ent. and opp. |_ SPQ. 

PS, QR, the opp. sides of a cyclic quadl. PORS, are produced 

ie rant ta He prove that As POT, RST are octane rae , 

936. PS, QR, the opp. sides of a cyclic quad). 5 ee are produced 
to meet in T ; if PT = QT, prove that PQ is jj to SR. 

937. If a (]gm is oyclic t must be arect. (Bom. Mat.) 
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938. If a (Jgm is cyclic its diags. intersect at the contre of its 
eircum-©. 
939. ABCD is a cyclic quad]. and |_ B =|_ D; prove that AC is 
a diam. of the circum-©. af 
940. The 3 alt. |_s of any hexagon inscd. in a © together=4 rt. ( s, 
1. ABCDEF is a hexagon inscd. in a © having AB || to DE and 
BC || to EF ; prove that CD is || to FA, 
42. Through P, Q, the pis. of intersection of 2 Os, st. lines APB, 
CQD are drawn meeting one © in A, C and the other in B, D; prove 
that AC is || to BD. 
943. ABCD is a cyclic quadl. and BC is produced to E ; prove that 
the bisector of |_ BAD meets the bisector of |_ DCE on the circum-©, 
(Bom. Mat.) 


944. ABCD is a cyclic quadl. ; AB produced meets DC produced at 
F ; AD produced meets BC produced at E; prove that|_ ABC +{_ 
ADC =|_ AFD +|_ AEB + 2|_ BAD. 

* 945. If a st. line is equally inclined to one pair of opp. sides of a 
eyclic quadl. tt ts also equally inclined to the other pair. (Mad. Mat.) 

* 946. Ifa st. line is equally inclined to one pair of opp. sides of a 
eyclic quadl, it is also equally inclined to the diags. 


* 947. If ast. line is equally inclined to one pair of opp. sides of a 
cyclic quadl. the | upon it from the intersection of the diags. bisects 
the |_ between the diags, ; 

° 948. The ext. bisector of the vert. |_ of a A\ meets the circum-© in 
@ pt. equidistant from the ends of the base. 

* 949. The st. Une joining the vertex of a /\ toa pt. on the circum-© 
equidistant from the ends of the base is either the int. or ext. bisector of 
the vert. |_. 

*g50. Through one of the pts. of intersection of 2 @s 2 st. lines 
AB, CD are drawn meeting the @s again in A, B, C, D; prove that 
AC, BD make a const.|_ with each other. 

* 951. Two = ©s intersect in A, B and any at. line BCD is drawn 
to cut both ©s inC, D; prove that AC = AD. (Bom. Sch. Fin.) 

© ABCD is a quadl. having AB = AC = AD;; prove that |_ 
CBD +|_CDB = 34|_ BAD. 


272 ELEMENTS OF GEOMETRY 


THEOREM 47. 


Gen. Enun. Ifa pair of opposite angles of a quadrilateral are 
supplementary, tts vertices are concyclic. 


Fia. 2738. Fig. 274. 


Part. Enun. Let ABCD be a quadl. whose opp. |_s ABC and 


ADC are supplementary. 
It is reqd. to prove that 
the vertices A; B, C, D are concyelic. 
Const. Suppose a © drawn through A, B and C. 
If this © does not pass through D, it must cut CD (or 
'’ “CD produced) in some other pt. E. 


_ Join AE. 
Proof. -.“ ABCE is a cyclic quadl. 
-“L ABC +L. AEC = 2rt. Ls ; . Th. 46. 
But | ABC +[|_ ADC = 2rt. Ls Hyp. 


‘-[. ABC + {AEC =[|_. ABC + L_ ADC. 
*. L. ABC = Ao. 
That is, an ext. |_ of A, AED = an int. and 


opp. L_, which is impossible . : . Th. 8, Cor. 4. 
Hence © ABC must pass through D. 
*. A, B, C, D are concyclic. Q.E.D. 
Exercises. 


953. All rects. are cyclic quadls. 
954. All isos. trapeziwms are cyclic quadls, 
955. If a st. line AB subtends supplementary |_8 at pts. C, D on 
opp. sides of tt, prove that A, B, C, D are concyclic. 
956. ABCD is a cyclic quadl. and a st. line is drawn || to BC meeting 
AB, CD in E, F respy.; prove that A, E, F, D are concyclic. 
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957. O is the orthocentre of a (\ ABC and D, E, F are the feet of 
the | s from A, B, C upon the opp. sides respy.; prove that AEOF, 
BFOD, CDOE are cyclic quadls. 


958. PQ and PR, the = sides of an isos. A, are produced to S and 
T so that QS = RT; prove that QRTS is a cyclic quadl. 


_ 959. If I is the in-centre of a /\ ABC and I, the centre of the e-© 
touching BC, then B, I, C and I, are concyclic. 


960, The int. bisectors of the |_s of a convex quadl. form a cyclic 
quadl. 


961. PQ, RS are || chords of a © whose centre is O; PR, QS when 
produced meet at T ; prove that P, T, S, O are concyclic. 


* 962. If in 2 ©s = chords subtend equal or supplementary |_s at the 
circumferences the ©s must be =. 


* 963. If O is the orthocentre of a /\ ABC the circum-@s of the AS 
ABC, BOC, COA, AOB are all =. 


* 964. ABCD is a cyclic quadl.; AB produced meets DC produced 
at F ; AD produced meets BC produced at E ; prove that the circum- 
©s of /A\s BCF, CDE meet on the st. line joining E and F. (Bom. 
Sch. Fin.) 


* 965. T is any pt. on the diag. PR of a (7gm PQRS ; prove that 
the circum-@©s of (\s PST, RQT meet on the diag. QS. 

* 966. D, E, F are the feet of the | 8 from the vertices A, B,C of af 
ABC on the opp. sides ; prove that the sides of the /\ DEF are equally 
inclined to the sides of the /\ ABC. (Punj. Mat.) 

The A\ DEF is called the Pedal Triangle of the (A. ABC. 


* 967. In an acute |_d / each of the | s from the vertices 
opp. sides is the int. bisector of an|_ of the pedal /A\. (Cal. Mat.) 


* 968. If 1,, I, I, are the e-centres of a /\ ABC, prove that 
ABC is the pedal / of the /\ 1,L1,. 
* 969. The feet of the | s on the sides ofa (A from any pt. on the 
circum-©) are in the same st. line. (Cal. Mat.) 
This st. line is called the Pedal Line or the Simson Line of the 
A\ With respect to the pt. 


. ee PQRS is 4 quadl. whose sides pass through the vertices of 
another quad]. ABCD ; every 2 adj. sides of PQRS are equally inclined 
to that side of ABCD which meets them both; prove that ABCD is a 
cyclic quadl. 

* 971. ABCD is a cyclic quadl.; AB produced meets DC produced 
at E ; AD produced meets BC produced at F ; if the circum-© of the 
b ADE meets the line joining E and F at G, prove that CDFG, 

CGE, ABGF are cyclic quadls. 

* 972. P, Q, R are any pts. on the sides BC, CA, AB respy. of a A 
ABC; prove that the circum-©s of the As AQR, BRP, tPo Bre 
concurrent, 

” 973. S is a pt. in the base QR of a (\ PQR, and through Q,S,R 
lines are drawn | to PQ, PS, PR respy. meeting one another in 
T, X, V; prove that P, T, X, V are concyclio, 
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* 974. ‘From any pt. R on an arc. PRO of a © whose centre is O, 
RS and RT are drawn | to the radii OP and OQ respy.; prove that 
ST is a const. length for all positions of R. . 


On the Nine-points Circle. 

*975. In any /\ the mid. pts. of the sides and the mid. pts. of the 
limes yomning the orthocentre to the vertices lie ona ©. 

* 976. In any /\ the mid. pts. of the sides and the mid. pts. of the 
lines Joining the orthocentre to the vertices and the feet of the |s from 
the vertices to the opp. sides ie ona @. (Bom. Prev.) 

_ This © is called the Nine-points Circle of the A. 

* 977. In any / the nine-points © ts the circwm-© of the pedal A. 

* 978. The distance of the orthocentre from any vertex of a /\ = twice. 
the | from the circum-centre to the opp. side. 

“979. In any A the nine-points radius = 4 the circum-radius. 

* 980. In any /\ the nine-points centre lies midway between the orthe- 
centre and the circum-centre. 
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THEOREM 48. 
(Hue. IIT. 32.) 


Gen, Enun. If a straight line touches a circle and from the point 
ef contact a chord ts drawn, the angles which this chord makes 


with the tangent are respectively equal to the angles in the alternate 
segments. 
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Part. Enon. Let the st. line AB touch the © DEF at the pt. C 
and let the chord CD be drawn. 
It 18 reqd. to prove that :— 
(i) __ BCD = any |_ in the alt. segment DEC, 
(ii) |_ ACD = any |_ in the alt. segment DFC. 
Const. Through C draw the diam. CE. 
Take any pt. F on the arc DFC. 
Join CF, DF, DE. 


Proof. mY ’ AB is a tangent and CE a diam. 


*. L_ ECB isa rt. |_ ‘ Th. 40. 
ae rs EDC, being in a semi- ©, is a rt. iss Th. 45. 


DEG GaEeD = art. £23 tA ; Th. 8. 
| ECB =| DEC + |_ ECD. | 
From tees equals take away the common |_ ECD. 
-L. BCD =|. DEC. 
Bonne | BCD = any |_ in the alt. eee 


DEC , - Th. 43. 
2 * DECF isa cyclic quadl, 
*, L. DFC = 180° - |__ DEC. ‘ J) Th 86. 
= 180°-|_ BCD. - Proved above. 
=|_ACD . gh a 
Hence la ACD = _ | in the alt. segment 
DFC : é o OT. 43. 


Q.E.D. 
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Exercises. 


981. State and prove the converse of Theorem 48, (Bom. Prev.) 

982. Two tangents AB, AC are drawn toa ©;. Dis any pt. on the 
© outside A. ABC; show that |_ ABD +|_ ACD = a constant. 
(Punj. Mat.) 

983. If one of 2 intersecting ©s passes through the centre of the 
other, the tangent to the first at one of the pts. of intersection and the 
common chord make = |_s with the radius to that pt. from the centre 
of the second. (Cal. F. HK.) 

84. Two tangents AP, AQ are drawn to a © and B is the mid. pt. 
of the arc PQ convex to A; show that PB bisects |_ APQ. (Allah. 
Mat.) 

985. If 2 Os tmiersect, the |_s subtended at the pts. of intersection by 
a common tangent are supplementary. (Bomb. Mat.) 

986. AB is a chord of a ©; the | from A onthe tangent at B 
meets the st. line through B at rt. |_s to AB in C; prove that AC = 
the diam. of the ©. (Bomb. Prev.) 

987. If 2 ©s touch internally, any chord of the greater © which 
touches the less shall be divided at the pt. of its contact into segments 
which subtend = |_s at the pt. of contact of the 2 ©s. (Bomb. Sch, 
Fin.) 

988. If 2 ©s touch internally, and a st. line is drawn to cut them, the 
segments of tt intercepted between the ©s subtend = |_s at the pt. of 
contact. (Bomb. Sch. Fin.) 

* 989. Prove Th. 48 by the Method of Limits. 

* g90. Two ©s touch internally at O; ABCD is achord cutting the 
outer © in Aand D and the inner © in Band C; OA, OD cut the 
inner © in A’, D’ respy. and OB, OC produced cut the outer © in 
B’, C’ respy.; prove that B'C’ is ||to A’D’. (Mad. Mat.) 

* gg. C is the centre of a ©; CA, CB are two radii at rt.| 5s to 
each other: from B any chord BP is drawn cutting CA at N; show 
that BA touches the cireum-© of the A. ANP. (Bomb. Mat.) 

* 992. A isa pt. of intersection of 2@s; through A any 2 st. lines 
BAC, DAE are drawn terminated by the ©s at B,C and D, E; prove 
that the chords BD, CE intersect at the same |_ as the tangents to 
the ©s at the pt. A. (Mad. Mat.) 

* 993. The diam. BA of a © is produced to P so that AP = the 
radius; through A the tangent AED is drawn and from P the tangent 
PEC touching the © at C and meeting AED at E ; BC is joined and 
produced to meet AED at D; prove that DEC is an equilat. A. 
(Cal. F. E.) 

* 994. P is a pt. in APB an arc of a ©, such that arc AP = twice 
arc PB; the tangent at P meets the chord AB produced at R and AQ 
tL to AB at Q; prove that QP = PR. (Bomb. Mat.) 

* 995. Two ©s touch externally ; a st. line cuts one of them in A, D 
and the other in B, C; show that AB and CD subiend supplemeniary 
|_ 8 at the pt. of contact, (Mad. Mat.) 
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* 9096. A A POR is inscd. in a © whose centre is Aand the | PN 
on OR touches the © at P; if PB | to PQ meets QR in B, prove 
that BN = NR. (Bomb. Prev.) 


* 997. From any pt. A on a given © 2 chords AB, AD are drawn 
touching another given © whose centre C is on the former ©; prove 
that BD is || to the tangent at C. (Mad. Mat.) 

* 998. If 2 Os intersect, their common tangents subtend at one of the 
pts. of intersection |_s which are supplementary. (Bomb. Prev.) 
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PRACTICAL SECTION. 


EQUIVALENT AREAS. 


PrRosiEM 13. 


Gen. Enun. 7'0 construct a triangle equivalent to a given quadri- 
lateral. 


Fig. 276. 


Part. Enun. Let ABCD be a given quadl. 
It ts reqd. to construct a A equivalent to the quadl. ABCD. 
Const. Join AC. 
Through D draw DE l to AC meeting BC 
produced i inE. ; Prob. 6. 
Join AE. 
Then shall A, ABE = quadl. ABCD. 
Proof. -.- A. ACE = A ACD, being on the same 


base AC and of the same altitude . . Th. 28, Cor.2 
-. A. ABC + A ACE = A ABC + A ACD. 
That i is, Z\ ABE = quadl. ABCD. Q.E.F. 


Cor. To construct a triangle equivalent to a given polygon. 


Exercises, 


999. Divide a given (/gm into 7 equiv. (7gms in 2 different ways, 

1000, Divide a given /\ into 5 equiv. /\s in 8 different ways. 

1001, On the base AB of a rect. ABCD construct an equiv. (7gm 
having a given 
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1002. On the base AB of a rect. ABCD construct an equiv. (7gm 
having a side of given length > AD. 

1003. On the base AB of a rect. ABCD construct an equiv. (J/gm. 
having its perim. of given length. When is this imposs. ? 

1004. Construct a rhombus equiv. to a given rect. (Mad. Mat.) 

* 1005. Construct a /7gm having adj. sides of given lengths and 
equiv. to @ given rect. When is this imposs. ? 

1006, Construct an isos. /\ equiv. to a given /\ and standing on the 
same base, (Allah, Mat.) 

1007. On the base AB of a /(\ ABC construct an equiv. A having a. 
given|_. 

1008. On the base AB of a (\ ABC construct an equiv. rt. Ld A. 

1009. On the base AB of a /(\ ABC construct an equiv. A having a 
side of given length. When is thisimposs.? — , 

1010. On the base AB of a (\ ABC construct an equiv. A having ita 
vertex on @ given st. line. When is this imposs, ? 

1011. On the base AB of a /\ ABC construct an equiv. A having its 
vertex equidistant from 2 given pts. When is this imposs. ? 

1012, Construct a (7gm equiv. to a given A and having a given|_. 
(Euo. I. 42.) 

* 1013. Given 2 sides and the area, construct the A. (Mad. F, A.) 

* 1014. Construct a /7gm equiv. to a given /\ and having the same 
perim. (Mad. Mat.) 

* 1015. Construct a (7gm equiv. to a given {Jgm and having its 
diags. of given lengths. 

* 1016, From a given pt. in one of the sides of a A (or in a side pro- 
duced) draw a st. line to meet the other side (produced if necessary) 60 
that the /\ thus formed shall be equiv. to the given /\. 

” 1017. Construct a /\ on a given base and equiv. to a given /\. 

* 1018, Construct a /\ of given altitude and equiv. to a given /\. 
(Punj. F. EB.) . 

* 1019. Construct a /\ equiv. to the sum of 2 given As. 

* 1020, Construct a /\ equiv. to the difference of 2 given As. 

* 1021. Construct a /\ of given area having its base along a given at. 
line and its vertex at a given pt. 

* 1022. Bisect a (7gm by ast. line through a given pt. in. one of its 
sides. 

* 1023. Bisect a (7gm by a st. line through a given pt. in one. of its 
sides produced. noyin - 

” 1024. Bisect a /\ by ast. line through a given pt.ina side. (Bom. 
Sch. Fin.) 

* 1025. Trisect a /\ by st. lines through a given pt. in a side, 

* 1026, Out off a fourth part of a /\ by ast. line through a given pt. 
in a side. 

* 1027. Cut offan nth part of a A by ast. line through a given pt, in 
a side. 
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a sam Bisect a quadl, by a st. line through an angular pt, (Cal 
at. 

* 1029. Cut off a third part of a quadl. by a st. line through an an- 
gular pt. 

* 1030, Out off an mth part of a quadl. by ast. line through an ar- 
gular pt. 

* 1031. Dividea A into m = parts by st. lines through a given pt. in 
a side. 

* 1032, PQR isa /\; Sis a pt. in PQ; find a pt. T inQRauch that 
A PST = A PRT. | | 

* 1033. Divide a /\ into 3 equal parts by st. lines drawn to the 
vertices from a pt. within the /\. 

* 1034. Construct a (7gm equiv. to a given (7gm and having a 
side = a given st. line. 

* 1035. To a given st. line apply a (7gm equiv. to a given and 
having a given|_. (Huc. I. 44.) 4 

_* 1036, Construct a (7gm equiv. to a given rectil. fig. and having a 
given |_. ‘ (Huc. I. 45.) . | 

* 1037.. Given 2 sqs., construct a sq. equiv. to their sum. 

* 1038. Given 3 sqs., construct a sq. equiv. to their sum. . 

* 1039. Given 2 sqs., construct a sq. equiv. to their difference, 

* 1040. Divide a given st. line into 2 parts such that the sum of their 
8qs. = @ given sq. (Allah. Mat.) 

- * 1041. Construct a.sq. equiv. to 8 times a given sq. (Mad, Mat.) 

* 1042. Find a pt. in the diag. of a sq. produced from which, if a st. 
line is drawn || to any side of the sq. and meeting another side produced, 
it will form, together with the produced diag. and the produced side, a 
A = the sq. (Bom. Sch, Fin.) . 

* 1043. In a given st. line AB find a pt. D such that AD? - BD? = 
a given sq.. whose side is not > AB. (Bom. Mat.) 

* 1044. Construct a sq. = } of a given sq. 

* 1045. Cut off the corners of a given sq. so that it may become a 
reg. octagon. ; 

* 1046. Aand B are 2 inaccessible pts. on the far bank of a river; 
give a construction for finding the distance between them. 

* 1047.. Find a pt..P in AB such that AP? = 2PB?, (Bom, Soh, 
Fin.) 

* 1048. Construct a sq. whose area‘is twice, three times, four times 
..» & given aq. 

* 1049. Draw at. lines measuring 1, ./2, ./8, /4... im. 
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CIRCLES. 


Prosiem 14. 


(Euc. III. 1.) 


Gen. Enun. To find the centre of a circle of which an arc te 


given. 


Fia. 277. 


Part. Enun, Let ABC be a given arc of a ©. 
It is reqd. to find the centre of the © of which ABC is an are. 


Const. 


Proof. 


Draw 2 chords AB, BC. 

Draw DE the perp. bisector of AB... ; Prob. 2. 
Draw FG the perp. bisector of BC... ; Prob. 2. 
Let DE and FG meet atO. . (see Ex. 44.) 


Then shall O be the centre of the © of which ABC is an 
arc. 
‘.* DE is the perp. bisector of the chord AB. 


.°. DE passes through the centre of the © of 


which ABC is an arc ; : ; . Th. 35, Cor. 
Similarly FG passes through the centre. 
.*. O, the only pt. common to DE and FG, must be the 
centre. Q.E.F. 
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PROBLEM 15, 
(Kuc. III. 30.) 


Gen. Enun. To bisect a given arc of a circle. 


Fig. 278, 


\ 
Part. Enun. Let ABC be a given arc of a ©. 
It is reqd. to bisect the arc ABC. 
Const. Join AC and draw BD, bisecting AC at rt. |_s 
and meeting the are ABC inB . : >, = RebSR, 
Then shall the are ABC be bisécted at B. 
Proof. Join BA, BC. 
* B is equidistant from AandC . ° ‘ Th. 24. 
.*. chord AB = chord BC. 
». minor arc AB = minorare BC , ° » ~Th..38. 
.. arc ABC is bisected at B. Q. ELF. 


Exercises. 


1950. An arc of a © being given, desc. the whole © of which it fs 
anare. (Kuo. ITI. 25.) 

1051. Two chords of a © being given in position and magnitude, 
desc. the ©. 

1052. Desc. a © to pass through 2 given pts. and having its centre 
on 4 given st. line. When is this imposs.? (Bom. Sch. Fin.) 

1053. Desc. a © to pass through 2 given pts. and having its radius 
of given length. When is this imposs. ? 

1054. Desc. a © with a given centre to out the circumference of @ 
given © in 2 = parts. 
95: In a given © draw a chord whose distance from the centre = 


10 
¢ its length. 
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* 1056. Through a given pt. within a © draw the shortest chord. 
* 1057. Through a given pt. within a © draw a chord which shall be 
bisected at that pt. 


* 1058. Desc. 2 ©s of given radii ners their common chord of 
he length. 

* 1059. Through R, one of iis i of intersection of 2 Os, draw a 
st. line meeting the ©s in P and Q such that PR = RQ." \ 


ny.) 
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TANGENOY. 
Prosiem 16, 
(Euc. III. 17.) 


Gen. Enun. To draw a tangent to a circle :— 
(A) At a given point on the circumference. 
(B) From a given point outside the curcum/ference. 


Fia. 279. 


Part. Enun. (A). Let A be a pt. on the circumference of a © 
(Fig. 279). 
It is reqd. to draw a tangent to the © at A. 
Const. Find O the centre of the cS, - s Prob, 14. 
Join OA. 
Draw AB iB to OA e e e © € Prob. 3. 
Then shall AB be a tangent to the © at A. 
Proof. -. ABis | to radius OA. 
.. AB is a tangent to the @ at A . Th. 40, Cor. 2. 
QE. F. 
Part. Enun. (B). Let A be a pt. outside the circumference of a 
© (Fig. 28y). 
It is reqd. to draw a tangent to the © from A. 
Const. Find O the centre of the © : : ; Prob. 14. 
Join OA. 
On OA as diam. dese. a ©. 
This © will cut the given © in two pts. since O is within 
and A is without the given ©, and in two pts. only. 
Let B and C be these pts. 
Join AB, AC. 
Then shall AB, AC be tangents to the © from A. 
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Fia, 280. 


Proof, Join OB, OC. 
*.* segment OBA is a semi-O,. . Mee 

.. L. OBA is art. L_. : ‘ ; ; Th. 45. 

.. AB is L to radius OB. . { oRey | 
_.. AB isa tangent tothe @fromA. — .Th. 40, Cor. 2. 
_ Similarly AC is a tangent to the © from A.. Q.E.F. 
Moreover any other st. line drawn from A to meet the given ®at D, 
say, is not a tangent since (as can be easily proved),|_ ADO > a rt. 
for< a rt. |_ according as D is within or without the ©, ABC. 
us: ) 
Two tangents, and two only, can be drawn to a circle from an 
external point. a 


Exercises. es ee ae 


1060. Desc, a © with a given centre to touch a given st, line., i 

1061. Desc. a © with a given centre to touch a given ©.; How, many 
solutions are there? jek AR 
_. 1062, Desc. a © of given radius to touch a given st, line ata, given 
pt. How many solutions are there ? a hay 

1063. Desc. a © of given radius to touch a given © at a given pt, 
Flow many solutions are there? 

1064. Desc. several ©s of given radius to touch a given st. line. 

1065. Desc. several @s of given radius to touch a given ©). 

1066, Draw a tangent toa given © || to a given st. line, 

1067. Draw a tangent to a given® | toa given st. line. 

1068. Draw 2 tangents to a given © containing an L. = agiven [_. 

1069. Draw a st. line through a given pt. at a given distance from & 
given pt. 

1070. Deso, several ©s to touch 2 || st. lines, 

1071. Deso. several ©s to touch 2 concent. Os, 


1072, Draw 2 concent. ©s such that each chord of the outer that 
touches the inner = the diam. of the inner. 
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* 1073. Through a given pt. within a © draw a chord of given length. 
When is this imposs, ? 


*1074. Through a given pt. without a © draw ast. line so that the 
part intercepted by the © is of given length. 


* 1075, Within a given © draw a chord of given length } to a given 
st. line. 


* 1076. Within a given © draw a chord of given length | toa given 
st. line. 


* 1077. Desc. a © to pass through a given pt. and touch a given st. 
line at a given pt. (Allah. Mat.) 


* 1078, Desc. a © to pass through a given pt. and touch a given © 
at a given pt. 


* 1079. Desc. several ©s to touch 2 given intersecting st. lines. 


* 1080. Desc. a © of given radius to touch 2 given intersecting st. 
lines. How many solutions are there ? ‘ 


* 1081. Deso. 8 © of given radius to touch a given © and a given st. 
line. ' 


* 1082. Desc. a © of given radius to touch 2 given @s. 

* 1083. Desc. a © of given radius to touch a given st. line and pass 
through a given pt. 

* 1084. Desc. 3 Os of given radii to touch each other externally. 


* 1085. Desc. 2 ©s of given radii to touch each other externally and 
to touch a third © of given radius internally. 


* 1086. Desc. 2 ©s of given radii to touch each other and a given st. 
line on the same side of it. 


* 1087. Find a pt. in a given st. line from which the tangent drawp 
to a given © is of given length. — 4 


* 1088, Find a pt. from which the tangents drawn to 2 given @s are 
of given lengths. 


* 1089. Desc. a © to touch a given © anda given st. line at's given 
pt. (Cal. Mat.) 


* 1090. Desc. a © to touch a given st, line and a given © at a giver 
pt. (Mad. Mat.) 
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Prosiem 17. 


. direct : 
Gen. Enun. To draw angent wo circles. 
u 0d) a travisterse common tangent to two cireles 


Fia, 282, 


Part. Enun. Let P be the centre of the larger and © the centre 
of the smaller of 2 given Os. 


direct 


It is reqd. to draw a transverse COMMON ta igent to the ® whose 


centres are P and Q. 


11 
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Fia. 281. 


Fia 282. 


Const. With centre P and radius = the Se log of the radii of 
the given Os desc. a ©. 


From Q draw a tangent QA tothis© . . Prob. 16. 
Join PA and let PA Bac meet the circumference of 


the larger © at B. 


in the same sense 
Draw QC || to PB i, the opposite sense * - Prob. 6 


Let QC meet the circumference of the smaller © at C. 
Join BC. 
direct 


Then shall BC bea trausverse 


whose centres are P and Q. 
Proof. -.: AB and QC are = and jj. 
.. BC is || to AQ , e ; : . Ex. 151. 
.. ABCQ is a (/gm. 


common tangent to the ©s 
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And |_s PAQ, PBC are rt. Ls e e e Ths. 40, 6. 
.*. ABCQ is a rectangle. 
-»L BCQ is art. |. 


Je BC. is: an Treet common tangent to 


transverse 
the ©s whose centres are P and Q. . Th. 40, Cor. 2. 
Q.E.F. 
Exercises. 


1091. Draw one direct common tangents to 2 = Os. 
1092. Draw the transverse common tangents to 2 = ©s. 
1093. Draw the common tangents to 2 intersecting ©s. 


1094. Draw the common tangents to 2 @s touching each other ex- 
ternally. 


1095. Draw acommon tangent to 2 ©s touching each other internally, 


* 1096. Draw a st. line cutting 2 ©s so that the intercepted chords 
may be of given lengths. (Mad. F. A.) 


* 1097. Draw a st. line touching one of 2 ©s and cutting the other 
so that the intercepted chord may be of given length. 
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OIRCUMSORIBED, INSCRIBED AND ESCRIBED OIROLES. 


Prosuem 18. 


(Euc. IV. 5.) 


Gen. Enun. To circwmscribe a circle about a given triangle. 


Fic. 283. Fig. 284. 


Fig. 285. 


Part. Enun. Let ABC be a given A. 
It is reqd to circumscribe a ‘© about the A ABC. 
Const. Draw EO, FO the perp. bisectors of AB, AC 
2 a . Prob. 2. 
Let EO, FO meet at O (see Ex. 44), 
With centre O and radius OA dese. a ©. 
This shall be a © circumscribed about A, ABC, 


I 
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Proof. *.* every pt. on EO is equidistant from Aand B- Th. 24, 
And every pt. on FO is equidistant from Aand C_ Th, 24. 
-*. O, the point common to EO and FO, is equidistant 

from A, B and C. 


Hence the © descd. with centre O and radius OA will 
pass through A, B and C. Q.E.F, 


Exercises, 
1098, Oircumsc. s © about a quadl. whose opp. |_s are supple. 
mentary. 3 


1099. Construct a / of given base, given altitude aud given cirov.m- 
radius, 


1100. Circumse. a © about a given 8q. (Hue. IV, 9.) 


Fig. 285a. 
1101. Ciroumso. & © about a given reg. hexagon, 

1102, Inso, & sq. in a given ©. (uc. IV. 6.) 

1103. Insc. a reg. octagon in a given ©. "3K 
* 1104. Insc. a reg. hexagon in a given ©. (Euc. IV. 16) 
1105. Insc. an equilat. QZ in a given ©. 

* 1106, Ingo, a reg. dodecagon in a given ©. 
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Prosiem 19, 


(Kuc. IV. 4.) 


Gen. Enun. To inscribe a circle in a given triangle, 


Fig. 286. 


Part. Enun. Let ABC be a given A. 
It is reqd. to inscribe a © in the A ABC. 


Const. Draw BI, CI the bisectors of |_s ABC, 


ACB respy. . ° . Prob. 1. 
Let BI, CI meet at I (see Ex. 65). 
DrawIE 1 toBC . he Prob. 4 


With centre I and radius IE desc. a ©. 
This shall be a © inscd. in the A, ABC. 
Proof. Draw IF, IG Ls to CA, ABrespy. . ; Prob. 4. 
Now °.‘ every pt. on B1 is equidistant from BA, BC Th. 26. 
And every pt. on CI is equidistant from CA, CB Th. 28. 
*. I, the pt. common to BI, CI is equidistant from AB, 
BC, CA. 
That is, IE = IF = IG. 
Hence the © descd. with centre I and radius IE will pass 
through E, F, G. 
And this © will be touched by the sides of 
the A at E, F, G, mince thee F, 
Garert.|_s . . ° . Th. 40, Cor. 2. 


Q.E.F. 
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PRoBiEem 20, 
Gen, Enun. To draw an escribed circle of @ given triangle. 


Fig. 287, 


Part. Enun. Let ABC bea given A. 
It is reqd. to draw an escribed © of the A ABC to touch AB 


produced; AC produced and BC. 
Const. Draw BI,, Cl, the bisectors of the ext. Ls at 


BandC , : g F ; isaaetob. 1, 
Let BI,, CI, meet at I, (see Ex. 85). 
Draw ILE | to BC ; . : ; s “Prob. & 
‘ With centre I, and radius I,E desc. a ©. 
This shall be an escribed © of the A ABC. 
Proof. As in Prob. 19. Q.E.F. 


Exercises, 


1107. Desc. a © to cut the sides of a given /\ so that the intercepted 
arcs are =, (Punj. Mat.) 

1108, Desc, 2 ©s to touch 8 st. lines of which 2, and only 2, are il. 

1109. Desc, 8 ©s with given centres to touch each other, How 
many solutions are there ? 

1110. Insc. a © in a given sector of a ©. 

1111. Desc, a © to touch a given © and the tangents to the © at 2 
given pts, 
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1112, Inse.& © in a given sq. (Euc. IV. 8.) 


Fig, 287, 
1113. Insc. & © in a given rhombus. 
1114. Insc & © in a given reg. hexagon, ‘ 

1115. Circumse. a sq. about a given ©. (Euc. IV. 7.) 

* 1116, Circumse., 8 reg. octagon about a given ©. 

* 1117. Circumsce. a reg. hexagon about a given ©. (Punj. Mat.) 

* 1118. Circumsce. & reg. dodecagon about a given ©. 

* 1119. Circumsc. a, rhombus having an |_ = a given |_ about a 
given ©. 


* 1120. Construct & /\ having given its 3 e-centres. 
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THE “ ALTERNATE ” SEGMENT, 
ProsiEM 21. 


(Euc. III. 33.) 


Gen. Enun. On a given finite straight line to describe a@ segmen$ 
of @ ewele which shall contain an angle equal to a@ gwen angle. 


' Bie; 288, 


Part. Enun. Let AB be a given finite st. line and Ca given |_. 
It 1s reqd. to desc. on AB a segment of a © containing an |_ = 


Const. Ab Amake|_ BAD=|_C , . : - Prob. 5 
Draw AG | to AD. : ° ° ‘ “Prob. 3 
Draw FG, bisecting AB at rt. |_s and meeting 
AG in G RNAs : P : ; - Prob. 2 
Then G is equidistant from A and B Th. 24 


With centre G and radius GA desc. a © ABH. 
Then the segment ABH shall contain an L=LC. 


Proof. °° AGis 1 to AD. , ; ‘ « : Const. 
-*» AD touchesthe©® ABH . é - Th. 40, Cor. 2. 
And AB is a chord of the © ABH. 
- L. BAD = the |_ in the alt. segment AHB_~_ ‘Th. 48. 
Butl_ BAD=|[_C : : ‘ a : Const. 
-’, the segment AHB contains an|_ = |_C, Q.E.F, 
Cor. 1. On a gwen finite straight line describe a segment of a 
etrcle which shall contain a right angle. 
Cor. 2, From a given circle cut off a segment which shall con 
tain an angle equal to a given angle. (Hue. III. 34, ) 


Draw a tangent to the © and from the pt. of contact draw a chord 
making with the tangent an| = the given |. 
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PrositeM 22. 
(Huc. IV. 2.) 


Gen. Enun. In a given circle to inscribe a triangle equiangular 
to a given triangle. 


Fig. 289. 


Part. Enun. Let ABC be a given © and DEF a given A. 

It is reqd. to inscribe in the © ABC a A equiang. to the \ DEF. 

Const. At any pt. A on the © draw the tangent GAH Prob. 16. 
Make BS GAB, HAC, on the same side of 


GAH, = Ls DFE, DEF respy: ‘ -"' \ Prop. 6. 
Let AB, AC cut the © at B, C respy. 
Join BC. 


Then shall the A, ABC be inscd. in the © ABC and be 
equiang. to the /\ DEF. 


Proof. ‘.’ AB is a chord of the © drawn from the pt. of contact 
of the tangent AG. 
. L. GAB = |_ ACB in the alt. rae ; Th. 48. 
But | GAB=([ DFE . é : Conat. 
.L. ACB =| DFE. 
Similarly | ABC =|_ DEF. 
.thirdL. BAC =third|_ EDF . Th. 8. 
*. L\ ABC, insed. in © ABC, is equiang. to A DEF. Q.E.F. 
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PROBLEM 23. 
(Euc. TV. 3.) 


Gen. Enun. About a given circle to circwmscribe a triangle equi- 
angular to a given triangle. 


Fia. 290. 
Part. Enun. Let ABC be a given © and DEF a given /. 


ft is reqd. to circumscribe about the © ABC a A equiang. to the 
4 DEF. 


Const. Produce EF both ways to G and H. 
Find O the centre of the® . : ‘ o4, Prob..14; 
Draw any radius OA. | 
Make |_s AOB, AOC, on opp. sides of AO, = 
: |_s DFG, DEH respy. ; : : oy LODE. 
Through A, B, C draw MN, NL, LM 1s to 
OA, OB, OC 5 p ; ; - ee ELropi-os 
Then shall the A, LMN becircumscd. about the 
© ABC and be equiang. to the /\ DEF. 
Proof. °-.. MN, NL, LM are 1s to radii of the © at 
their extremities . ‘ i : ‘ 7 Const. 
.*. the \ LMN is circumscd. about the © Th. 40, Cor. 2. 
Again °.: the 4 |_s of the quadl. AOBN to- 
gether = 4rt.|_s ; ‘ ; : Th. 8. 
And, of these,|_sOAN, OBNarert.[_s_. Const. 
.-*:L_s ANB, AOB together = 2rt.|_s. 
=| DFE+(L_DFG leeks 
But |_ AOB = |_ DFG. ‘ ; : ; Const. 
.. L. ANB = L_ DFE. 
Similarly |_ AMC = |_ DEF. 
”. third|_L=third|_D . ‘ : ‘ AN ae 
-: Z, LMN, circumscd. about © ABC, is equiang. to A 
DEF. Q.E.F. 
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Exercises. 
On the Construction of Triangles. 


1z21. Construct a /\, having given its base, vert.|_ and a side. 
2122. Construct a /\, having given its base, vert. and the pt. in 
the base on which the | falls from the vertex. (Bomb. Mat.) 
1123. Construct a /\, having given its base, ver.) and altitude. 
(Bomb. Sch. Fin.) 
1124. Construct a /\, having given its base, vert. | and area. 
(Allah. Mat.) 
1125. Construct the /\ whose area is a maximum, having given its 
base and vert.|_. (Bomb. Mat.) 
1126. Construct a /\, having given its base, vert.|_ and the length 
of oa median bisecting the base. 
. Construct a /\, having given its base, vert.| and the pt. 
wie e base meets the internal bisector of the vert. |_. 
* 1128. Construct a /\, having given its base, vert.| and the median 
meh either extremity of the base. (Mad. Mat.) 
* 1129. Construct a /\, having given its base, vert. |_ and sum of re- 
wainite sides. 
* 1130. Construct a /\, having given its base, vert.|_ and difference 
of remaining sides. 


CIRCLES AND REGULAR POLYGONS. 


ADDITIONAL Prosiem I. 


Gen. Enun. In a given circle to inscribe a regular polygon of m 
sides, 


Fia. 290a, 


Part. Enan. Let O be the centre of a given ©. 
It is reqd. to inscribe a reg. polygon of n sides in the given ©. 
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° 
Const. Draw two radii OA, OB containing an |_ AOB = ss, 
(Note. This can be done with ruler and compasses for only 
particular values of n. For other values a pro- 
tractor may be used.) | 
Join AB and set off chords BC, CD, DE... each equal 
to AB round the circumference. 
Then shall ABCDE ... be a reg. polygon of n sides 
inscd. in the given ©. 
Proof. Join OC, OD, OE. 


.* chord AB=chord BC =chord CD=chord DE=... Const. 

.. minor arc AB = minor arc BC = minor arc CD = minor 

MODE = . 6.7; ‘ d : ; Th. 38 (4). 

-. | AOB = | BOC =|_COD= | DOE=..., Th. 37 (B) 

PareAOs = 200" Oe | Const. 
n 

’. each of these angles = = so that n of them make up 


360°. 
Hence the polygon has n sides. 
And it is evidently equilat. 


a 720° 
Again, .-|_ AOC =|_ BOD (each = —— }. 


n 
.", reflex | AOC = reflex |_ BOD. 
But reflex |_ AOC = 2|_ ABC and reflex |_ BOD = 2{_ BCD. 
Th. 42. 
.. |_ ABC = {_ BCD. 
Similarly, |_ BCD =|_CDE=... 
Hence the polygon is also equiang. and, therefore, regular. Q.E.F. 


Cor. Inscribe a regular figure of 3, 4, 6, 8, 12, 24 sidesina given ©. 
ADDITIONAL Prospiem II. 


Gen. Enun. About a given circle to circwmscribe a regular polygon 
of n sides, 


Fia. 290. 
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Part. Enun. Let O be the centre of a given ©. 
I[t is reqd. to circumscribe u reg. polygon of n sides about the given ©. 


Const. Determine the angular pts. A, B, C, D, E... of a reg. 

polygon of n sides insed. in the given@® Addit. Prob. I. 

At the pts. A, B, C, D, E.. . draw tangents to the © 

intersecting at F, G, H, K... ; Prob. 16 (a). 

Then shall FGHK ... be a reg. polygon of n sides 
eircumsced. about the given ©. 


Fic. 290s. 


Proof. Join OA, OB, OC. ) 
|. AOB=|_ BOC (cach i ~) 


OA = OB = OC (radii) 
|_ s OAF, OBF, OBG, OCG are all rt.[_s. Th. 40 
.. fig OAFB can be made to coincide with fig. OBGC 
by superposition. 
.. AF = BG. 
But AF = BF. : : . ; . Th. 40, Cor 5. 
Hence BF = BG = CG = CH = DH= DKe... 
..PG=eGH=-HKe-... 
.. the polygon is equilat. 
And it is evidently cf n s-des. 
Again, *.* |_ AFB coincides with |_ BGC when fig. OAFB is 
made to coincide with fig. OBGC, 
4 APB:-=| BGC. 
Sinmilarly,| BGC =| CHD =|_DKE=... 
Hence the polygon is also equiang. and, therefore, regular. Q.5.F, 


Cor. Cirewmscribe a regular figure of 3, 4, 6, 8, 12, 24 sides about 
a given circle. 
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ON THE PRACTICAL DETERMINATION OF THE 
AREAS OF IRREGULAR RECTILINEAL FIGURES. 


FIRST METHOD—THE FIELD BOOK. 


Consider the irregular rectilineal figure ACDBEF and the ac- 
companying notes taken from a field-book. The entries in the 
central column give measurements from A along the base line AB 
and must be read upwards. The entries in the side columns give 
measurements along the offsets PF, QC, RE, SD, and each appears 


©OB 
0 | 1060 | 0 
900 | 220 D 
E 200] 720 
400 | 340 C 
F100| 160 
0 010 


From © A go east. 


Fig. 291, 


to the right or left according as the offset to which it refers springs 

to the right or left of the base line as a man walks from A to B. 

The figure 0 in a side column indicates that the corresponding 

point on the boundary is at no distance from the base line; in 

other words, that at this point the base line meets the boundary. 
Thus, these notes may be amplified as follows :— 


Arrive at Station B. 


AB = 1060 links 


AS = 900 ,, SD = 220 links 
RE = 200 links} AR= 720 ,, 
AQ= 400 _,, QC = 840 ,, 
PF = 100 ,, AP = 160 ,, 
Start from Station A 
and go east. 


Given the notes, it is easy to draw the figure, and its area is de- 
termined by finding the areas of the triangles and trapeziums inte 
which it is divided by the base line and offsets thus :— 
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Fig. ACDBEF = A AQC + trap. QOSDC + A SBD + A BRE + 
trap. ERPF + A FPA. 
*, reqd. area = {4 x 400 x 340 + 4 x 560 x 500 + 4 x 160 x 
220 + 4 x 340 x 200 + 4 x 300 x 560 + 4 x 
160 x 100} sq. links. 
| = 351600 sq. links = 35°16 sq. chains. 
It is sometimes convenient to use two or more base lines. Con- 
sider, for example, the irregular rectilineal figure ADEBFCG and 
the accompanying notes taken from a field-book. 


Turn to 
the left, 


ToOC 
940 0 
360 - 80 F 
Y {0 
Turn to 
the left, 


ToOB 
880 0 
Fia. 292, 280 00 | 
0 0 
From © A go north, 
In this and similar cases we first find the area of the figure 
bounded by the base lines and then add the areas that fall outside 
and subtract the areas that fall inside this figure thus :— 
Fig. ADEBFCG = A ABC + fig. ADEB + A BFC - A AGC. 
*, reqd. area = (N1370 x 490 x 430 x 450 + 106000 + 37600 
— 55200) sq. links = 448811 sq. chains nearly. 
Notice that ‘turn to the left” 1s not necessarily at right angles. 
This method is used by land surveyors. They regard the area 
they wish to survey as bounded by a rectilineal figure which nearly 
coincides with the actual boundary. To ensure greater accuracy, 
two or more surveys of the same area are made, varying the base” 
lines, and the mean result taken. 
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SHCOND METHOD—TRIANGULATION, 
This method amounts to dividing the figure into triangles by 


Fig. 293. 


drawing diagonals and finding the areas of these triangles by 
making suitable measurements. 


THIRD METHOD—REDUCTION TO A TRIANGLE. 


By the construction of Prob. 13 a rectilineal figure of any number. 
of sides can be reduced to an equivalent rectilineal figure of one 
less number of sides. By repeating this construction any irregular 
rectilineal figure can be reduced to a triangle of equal area, and this 
area can be determined by making suitable measurements. 


Fig, 294, 


¥or example, figure ABCDEF = figure ABCGF = figure HBCG 
= figure HKG. 
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Exercises. 


1131. Plan a field to scale 
400 yds. = 1 in. from the ac- 
companying notes, and find its 
&rea in acres, roods and poles, 


1132. Plan a field to scale 

. F. = ssh from the ac- 
companying notes, and find its 
area in acres, roods and poles, 


1133. Plan a field to scale 
70 yds. = 1 in. from the ac- 
companying notes, and find its 
area in sq. yde, 


Yards. 
To@®D 
0 1200 0 
C 200 700 
500 100 B 
0 0 0 


From © A go N. 


From © A go EK. 
Yards, 
To®B 

0 210 112 F 
D 64 140 
C 86 60 

0 0 48 E 


From © A go W. 
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1134. Plan a field. to scale 
4 chains = 1 in. from the ac- 
companying notes, and find its 
ares in acres, 


1135: Plan a field to scale 
R. F. = sky from the ao- 
companying notes, and find its 
area in acres, roods and poles, 


1136. Plan a field 
ACDEBFGH 
to scale 150 yds. = 1 in. from 
the accompanying notes, in 
which the offsets to a stream 
are given in italics ; also find its 
ares in sq. yds, 


Links 
To © G 
0 1200 0 
F 425 950 
730 40E 
D 350 500 
C 60 420 
275 280 B 
0 0 0 


E 94 


D120 52 
Stream crosses base line 
88 F 
120 260Q 
170 H 
C 46 
0 0 


From © A go 3. W. 


304 ELEMENTS 


1137. Plan a field to scale 

- = rex from the ac 

companying notes, and find its 
area in acres. 


1138. Plan a field to scale 
8 chains = 1 in. from the ac- 
companying notes, and find its 
area in acres. 


OF GEOMETRY 


Links. 


ToO A 
0 500 
H 25 300 
G 20 160 
0 0 


Turn to 
the right. 


To@®C 
400 0 
160 20 F 
0 0 


From © B 
go N.E. 


To@®B 
0 300 
E 10 180 
Di12 90 
0 0 


From © A go N.W. 


Links, 


To@® D 
750 {0 | 
630 160 C 
E 120 300 
0 0 


Turn to 
the right. 


To®B 
800 
200 250 C 
0 0 


From © A go W. 


FIELD BOOK. 


850 
140 
70 
85 
0 
Turn to 
the left. 


oSo0 


1139. Plan a field to scale 
R. F. = sy¢, from the ac 


companying notes, and find its To@®C 


a@rea in acres, 340 0 
75 28 
8) 0 
Turn to 
the left, 


50 
20 


From © A go E. 
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1140. The accompanying rectilineal figure is the plan of a field 


drawn to scale 100 yds. = 1 in.; copy the figure on tracing paper, draw 
convenient base line and offsets and note down measurements as for a 


Fig. 295. 


field book. Then find the area of the field in acres, Verify (1) by 
triangulation, (2) by reduction to a triangle. 
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PATTERN DRAWING. 


The accompanying geometrical patterns are to be copied as ex- 
ercises in meatness and accuracy. They are composed of circles, 
arcs of circles and straight lines, and can all be drawn with ruler 
and compasses. The form of each pattern suggests its construction 
lines, and these should be drawn in black lead, only those lines 
being inked in that compose the pattern. Each copy should be 
made from three to four inches in greatest width. 

It is useful to bear in mind that when two arcs join so as to form 
one continuous curve, they are parts of circles touching one an- 
other at the point where the two arcs join, and so this point lies on 


Fia. 296. | Fig. 297. 


their line of centres (Th. 41). Also when a straight line joins an 
arc to form one continuous line, the arc is part of a circle touching 


r= Sg eee m= 


Fig. 298. 


the straight line at the point where the straight line joins the are, 
and so the perpendicular to the straight line at this point passes 
through the centre of the arc (Th. 40). 
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PART III. 
EXPERIMENTAL SECTION. 


31} 


PART IIL. 
EXPERIMENTAL SECTION. 


EXTENSION OF THE THEOREM OF PYTHAGORAS. 


Exp. 351. ABC in Fig. 320 is an obtuse-angled triangle drawn on 
squared paper and ACDE, ABGF, BCKH are squares described 
on its side AC opposite the obtuse angle and its sides AB, BC re- 
spectively. Copy Fig. 320 on squared paper, and show by counting 
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Fia. 320. 


divisions that the square on AC is greater than the sum of the 
squares on AB, BC by twice the rectangle contained by BC and the 
projection on BC of AB (or by twice the rectangle contained by 
AB and the projection on AB of BC). “Auli 
Working :-—- 
AC? = AL?+ CL? = 3? + 10? = 109 
AB? = AL? + BL? = 3? + 3?= 18 
BC? = 7? = 49 
Twice rect, BC. BL = 2x7 x 3 = 42 
And 109 = 18 + 49 + 42 
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Exp. 352. Repeat Exp. 351 two or three times with obtuse-angled 
i of different measurements. 


Exp. 353. ABC in Fig. 321 is any triangle drawn on squared 
paper and ACDE, ABGF, BCKH are squares described on its side 
AC opposite an acute angle and its sides AB, BC respectively. 


+ 


Copy Fig. 321 on squared paper and show by counting divisions 
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that the square on AC is less than the sum of the squares on AB, 
BC by twice the rectangle contained by BC and the projection on 
BC of AB (or by twice the rectangle contained by AB and the 
projection on AB of BC). 
Working :— 

AC? = AL? + LC? = 594 9 = 99 

AB? = AL? + BL? = 5? + 6? = 61 

BC? = 8 = 64 

Twice rect. BC. BL = 2 x 8 x 6 = 96 
And 29 = 61 + 64 -— 96 


Exp. 354. Repeat Exp. 353 two or three times with any trianglee 
of different measurements. 


From Exps. 351-354 we are led to conclude :— 
he square on a side of a triangle és greater or less than 
the sum of the squares on the other two sides, according 
as the angle contained by those sides is obtuse or acute, 
by twice the rectangle contained by either of the two 
sides and the projection on it of the other, 
Learn this by heart. 
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Exp. 355. Make a triangle from the following data: AB = 5cmn., 
BC = 3:lem., CA = 7°5 cm., and calculate the length of the pro- 
jection of BC on AB. Verify by drawing and measurement. 

Exp. 356. Makea triangle from the following data: AB = 2:Lin., 
BC = 1°8in., CA = 1°6 in., and calculate the length of the projec 
tion of AB on BC. Verify by drawing and measurement. 
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RECTANGLES UNDER SEGMENTS OF CHORDS. 


Exp. 357. Describe a circle and through any point P inside the 
circle draw a chord AB. The point P is said to divide the chord 
AB wnternally into the segments PA, PB. Measure PA and PB 
and calculate, to the nearest tenth of a square inch, the area of the 
rectangle contained by PA and PB. Similarly draw other chords 


Fig. $22. 


through P and calculate to the nearest tenth of a square inch the 
areas of the rectangles contained by the segments into which each 
chord is divided internally at P. Tabulate and compare your 
results. 

Exp. 358. Describe a circle, and from any point P outside the 
circle draw a straight line PAB to cut the circle in A, B. The 
point P is said to divide the chord AB externally into the seg- 


Fic. 828, 


mente PA, PB. Measure PA and PB, and calculate, to the nearest 
tenth of a square inch, the area of the rectangle contained by PA 
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and PB. Similarly draw other straight lines from P to cut the 
circle, and calculate to the nearest tenth of a square inch the areas 
of the rectangles contained by the segments into which each chord 
is divided externally at P. 'Tabulate and compare your results. 

From Exps. 357, 358, allowing for errors of measurement, we are 
led to conclude :— 

If two chords of a circle intersect either inside or outside the 
circle, the rectangle contained by the segments of the 
one is equal to the rectangle contained by the segments 
of the other. 

Learn this by heart. 

Exp. 359. From a point C in a straight line AB a straight line 
CD is drawn. AC = 2°4 cm., BC = 4'3 cm., CD = 3°35 cm. A 
circle is described through A, B, D and DC is produced to cut this 
circle at KE, Calculate the length of CE and verify by drawing and 
measurement. ) 

Exp. 360. From a point A two straight lines AB, AC are drawn 
and in AB a point D is taken. AB = 2°8in., AC = 3:lin., AD = 
17 in. Acircle is described through B, C, D and this circle cuts AC 
at E. Calculate the length of AE and verify by drawing and 
measurement. 


Exp. 361. Illustrate by drawing figures, measurement and cal- 


Fig. 324, 


culation to the nearest tenth of a square inch the following truth :—- 
If from any point without a circle achord and a tangent 
are drawn the rectangle contained by the segments of 

the chord is equal to the square on the tangent. 

Learn this by heart. 

Notice that this is the particular case of Exp, 858 when PA = PB 
(Fig. 323). 

Exp. 362. Describe a circle and place in it a chord PQ = l'Lin. 
Produce PQ to R so that QR = 1:3 in. Calculate to the nearest 
tenth of an inch the length of a tangent from R to the circle. 
Verify by drawing and measurement. 


11 


12 
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Exp. 363. [lustrate by drawing figures, measurement and cal- 
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culation to the nearest tenth of a square inch the following truth :— 
If from any point on the circumference of a semi-circle a 
perpendicular ts drawn to the diameter, the square on 
the perpendicular ts equal to the rectangle contained 
by the segments of the diameter. 
Learn this by heart. 
Notice that this is the particular case of Exp. 357 when one of the 
chords through P (Fig. 322) is a diameter of the circle and another is 
at right angles to it. 
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THE GRAPHICAL EXTRACTION OF ARITHMETICAL 
SQUARE ROOT. 


Exp. 364. Drawa straight line AB = 3 in. and divide it internally 
at C so that AC =2 in. and, therefore, BC=1in. On AB describe 
& semi-circle and at C draw CD perpendicular to AB meeting the 
semi-circle at D. Then CD = ,/2 in. Why? Calculate to the 
nearest hundredth of an inch the length of CD and verify by 
measurement. 

Exp. 365. Draw a straight line AB = 6 cm. and divide it in- 
ternally at C so that AC = 4 cm. and, therefore, BC = 2cm. At 
C draw CD perpendicular to AB such that the square on CD = the 
rectangle contained by AC and BC. Verify by measurement and 
calculation. 

Exp. 366. Draw the side of a square equal to a rectangle measur- 
ing 3 in. by 1 in. (Construction as in Exp. 364). Verify by measure- 
ment and calculation. 

Exp. 367. Draw the side of a square equal to a rectangle measur- 
ing (1) 10 sq. cm., (2) 4°6 sq. in., (3) 6°2 sq. em., (4) 680 sq. mm. 
(Construction as in Exp. 364). Verify by measurement and cal- 
culation. 

Exp. 368. Represent graphically the following lengths : (1) ./6in., 
(2) /7 em., (3) V21 em., (4) 1200 mm. (Construction as in Exp. 
364). Verify by measurement and calculation. 
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THE GRAPHICAL SOLUTION OF CERTAIN QUADRATIO 
EQUATIONS. 


Exp. 369. Draw a straight line AB = 10 cm. and divide it in- 
ternally at C so that the rectangle contained by AC and BC is 
equal to 16 sq. cm. This amounts to solving the simultaneous 
equations 


z+y=10 
xy = 16 
where om. = AC and y cm. = BC. 
Or, what is equivalent, the quadratic equation, 
a? -— 107 + 16 = 0, 


where om. = AC, 
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Fig. 326, on a reduced scale, indicates the construction The two 
positions of C correspond to the two roots of the quadratic. 
Exp. 370. Taking ‘lin. as the unit of length, give a graphical 
solution of the simultaneous equations 
z+y= 30 
xy = 144)° 
Verify by solving algebraically. 
Exp. 371. Taking 1 mm. as the unit of length, give a graphical 
solution of the quadratic equation 
a? — 407 + 169 = 0. 
Verify by solving algebraically. 
Exp. 372. Taking 1 in. as the unit of length, give a graphical 
solution of the quadratic equation 
o-—-4r+2=0. 
Verify by solving algebraically. 
Note. 2 is not a perfect square, but ,/2 in. can be found either 
arithmetically or as in Exp. 364. 
Exp. 373. Taking 1 cm. as the unit of length, give graphical 
solutions of the quadratic equations 
(i) 27 - 62 +5 = 0. 
(ii) 27 - 62 +9 = Q. 
Verify by solving algebraically. 
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THEORETICAL SECTION. 


RECTANGLES UNDER SEGMENTS OF STRAIGHT LINES. 


THEOREM A. 
(Kuce. IT. 1.) 


Gen. Enun. If there are two straight lines, one of which is divided 
into any number of parts, the rectangle contained by the two straight 
tines 1s equal to the sum o/ the rectangles contained by the undivided 
line and the several parts of the divided line. 
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Illustration. Let AD be a st. line divided into 8 parts AB, BC, 
CD measuring a, b, c of the same linear unit respy., and let AE be 
another et. line drawn | to AD and measuring k of the same 
linear unit. 

Complete the rects. ADHE, ABFE, BCGF, CDHG. 

Now 

rect. ADHE = rect. ABFE + rect. BCGF + rect. CDHG. 

But 

rect. ADHE = k(a + 6 + ¢) of the corresponding sq. unit. Th. 26. 


» ABFE = ka ” 99, ” ”” 
9 BCGF = kb 9? 99 +B sD 
» CDHG = ke ” ” ” » 


.ka+b+ 0) =ka+ kb + ke. 
Or AE(AB + BC + CD) = AE. AB + AE. BC + AE.CD. 
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Cor. 1. [fa straight line is divided into any two parts, the square 
on the whole line is equal to the sum of the rectangles contained by 
the whole line and each of the parts (Kuc. II. 2). 


Corresponding algebraica] identity 
(a + 6)? = a(a + b) + Bia + DB). 

Cor. 2. If a straight line is divided into any two parts, the 
rectangle contained by the whole line and one part is equal to the 
square on that part together with the rectangle contained by the two 
parts (Kue. II. 3). 


Corresponding algebraica] identity 
a(a +b) = a? + ab, 


Exercises. 


1141. If in Fig. 327 AD = 4°38 cm., AE = 2°5 om., ACGE = 8 sq. 
em., find CD. 
1142. Draw diagrams on squared paper to illustrate the following 
algebraica] identities :— 
(i) x(@ + 6) = a + 62, 
(ii) a(y + 5) = xy + 5a. 
(iii) (2 + 3) (w@ + 7) = w + 10” + 21. 
(iv) x(@ — 8) = 2? — 387. (x > 3.) 
(v) (x -— 8) (e+ 2) =a? -2-6. (x >3.) 
1143. Draw diagrams to illustrate the following algebraical identities 
and state the corresponding geometrical theorems :— 
(i) ab = ba. 
(ii) (a - be = ac - be. (a>b.) ; 
(iii) (@ + 6) (c + d) = ac + ad + be + bd. 
(iv) (a — b) (c+ d) = ac+ad - be- bd. (a>b.) 
(v) (a — b) (c - d) = ac~ ad - bc + bd. (a >b,c¢>d). 
1144. The ae BC of a rt.|_ d A ABC is divided at D so that 
BC.CD = AC’; show that BC. BD = AB*. (Bomb. Prev.) 
* 1145. AB is divided at H so that AB. BH = AH?and L és taken in 
AH so that HL = HB;; prove that AH. AL = HL* (Bomb. Sch. Fin.) 
* 1146. If A, B, C, D are 4 pts. taken in order, in a st. line, prove that 
AC.BD=AB.CD+AD.BC. (Bomb. Sch. Fin.) 
* 1147. If P is the orthocentre of an acute-angled /(\ ABC, prove 
that AP.BC + BP.CA+CP.AB=4/) ABC. (Cal. Mat.) 
* 1148. AB is a st. line trisected in C, D and produced to E ; show 
that CE.ED = AE. EB + 2AC*. (Bomb. Prev.) 
* 149. ABC is an isos. /\ rt. | dat A; Disa pt. in BC and Ein 
BC produced such that AD is {| to AE; prove that BD.CE + 
BE.CD=2AD.AE. (Mad. F. E.) 
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THEOREM B. 
(Euc. II. 4.) 


Gen. Enun. If a@ straight line is divided into any two paris, the 
square on the whole line is equal to the sum of the squares on the 


two parts together with twice the rectangle contained by the two 
paris. 


Fia. 328. 


lustration. Let AC be a st. line divided into 2 parts AB, BC 
measuring a, b of the same linear unit respy. 

On AC construct the sq. ACDE. 

In AE take a pt. F such that AF = AB. 


Draw BGK, FGH || to the sides of the sq. ACDE. 
Now 


sq. ACDE = sq. ABGF + sq. GHDK + rect. BCHG + rect. FGKE. 
But 


sq. ACDE = (a + b)* of the corresponding sq. unit. Th. 26, Cor. 1. 
,, ABGF = a’ 


,GHDK =), : i 

rect. BCHG = “4 9 99 ” Th. 26. 
” FGKE = 9 
. (a + bf = a? + BD + Qab. ‘: 


Or (AB + BC)? = AB’ + BC? + 2AB. BC. 
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Exercises. 
i Ifin Fig.328 ACDE = 6-25 sq.in., ABGF = 8-24 aq. in., find 
FGKE. 


1151. Draw a diagram on squared paper to illustrate the algebraical 
identity 
(zw + 9)? = 22 + 18” + 81. 
1152. Draw diagrams to illustrate the following algebraical identities, 
and state the corresponding geometrical theorems :— 
(i) (3a)? = 9a%, 
(ii) (@ + 2b)? = a? + 4adb + 462, 
(ili) (2% + By)? = 4a? + Oy? 4+ 192, 
(iv) (p +9 +7)? =p? +g? + 72 + Opg + Qpr + Yar, 
1153. The sq. on any st. line és 4 times the sq. on half the line. 
1154. If AB is divided at C so that AB? = AC? + 2BC?, show that 
BC = 24. 
1155. In a /\ ABC, AD is drawn | to BC; if BD. DC = AD’, 
prove that|_ BAC isart.| . (Bomb. Mat.) 
1156. AO is | to the base BOC of a Z\ ABC; prove that AB? + 
AC? + 2B0.OC = BC? + 2A02 (Mad. Mat.) 
1157. Inart.| d/A tfa | is drawn from the rt. Le the hypot., the 
6g. on this | = the rect. contained by the segments of the hypot. (Bomb. 
Mat.) 


1158. From thert.|_ Aofart.|_d LA ABC, AD is drawn | to BC; 
prove that AB? = BC. BD. (Mad. Mat.) 

1159. ABC is a A rt.|_d at C; prove that AB? + 4/\ ABC = the 
8q. on the line made up of AC and CB. (Bomb. Mat.) 

1160. ABC is an isos. A, CA, CB being the = sides; BO is | to 
BC meeting CA produced in O ; show that OB? = OA?+ 290A. AC. 
(Cal. F, E.) 

1161. ABC is an isos. & CA, CB being the = sides: BO is L to 
CA ; show that BO? = 2CO.0OA + OA? 

1162. A rect. ABCD has the side AB produced to E so that BE = 
BC ; show that rect. ABCD = 4 difference of sqs. on AE and BD. 
(Allah. Mat.) 

* 1163. AC is divided at B and produced to D ; prove that AC? + 
BD? = AD? + BC? - 2AB.CD. 

* 1164. PS is divided at R and produced to Q; prove that PR® + 
SQ? = PS? + RQ? - 2PQ.RS. 

* 1165. If AB is divided at C so that AB. BC = AC? and if AB is 
produced both ways to D and E so that AB = BD and CA = AE, 
show that BE*= AB.DE. (Bomb. Prev.) 

* 1166. AB is divided at H so that AB. BH = AH’; AB is pro 
duced to F so that BF = 2AH ; prove that AF? = 5AB* (Mad. F, A, 
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THEOREM O., 
(Rucalies7:) 


Gen. Enun. If a straight line is divided into any two paris, the 
square on one of the parts is equal to the sum of the squares on the 
whole line and on the other part diminished by twice the rectangle 


contained by the whole line and that part. 


Fig. 329, 


Mlustration. Let AB be ast. line divided into two parts AC, CB 
measuring (& — 5), 6 of the same linear unit respy. 

On AB construct the sq. ABDE. 

In AE take a pt. F such that AF = AC, 

Draw CGK, FGH || to the sides of the sq. ABDE. 


Now 
sq. ACGF=sq. ABDE+sq. GHDK - rect. CBDK - rect. FHDE. 


But 
sq. ACGF = (a - b)’ of the corresponding’sq. unit. Th. 26, Cor. 1. 


», ABDE = a’ ” , ” ” 
9 GHDK = 0’ ” 9 ”? ” 

ect. CBDK = ab 29 9” ”? Th. 26. 
9 FHDE =ab 9 ? ”? a9 


(a —- bP = a* + b? - Qab. 
Or (AB — BC) = AB’ + BC? - 2AB. BC. 
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Def. 66. If a point B is taken in a straight line AC, then AC Its 
said to be divided internally at B into the segments AB and BC. 


Fig. 330, 


If a point B is taken in a straight line AC produced, then AC ts 


Fia. 881, 


said to be divided externally at B into the segments AB and BC. 
Hence the enunciations of Theorems B and C may be combined 


thus :— 

If a straight line is divided peat at any point, the 
square on the given line is equal to the sum of the squares on the 
together with 


indhished by twice the rectangle contained by the 


two segments 
segments. 


Exercises. 


1167. If in Fig. 8329 AB = 3:3 cm., ACGF = 4°41 sq. om., find 
CBDK. 
1168. Draw e diagram on squared paper to illustrate the algebraioal 


identit 
/ (x — 5)? = 2? - 102 + 25. (@ > 5.) 


1169. Draw diagrams to illustrate the following algebraical identitieg 
and state the corresponding geometrical theorems :— 


(i) (@ — 2b)? = a? + 40? - dad. (0 < 3) 


(ii) (22 — y)? = 4a7 + y? — day. (« >. 4.) 
(iii) (a + 6 — c)? = a® + b? +c? + Yad - Qac- Abe (a+ b>D>e,) 
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1170. The rect. contained by 2 unequal st. lines < } the sum of the sqs. 
on them. 

1171. If AB is divided at H so that AB. BH = AH?, then AB* + 
BH? = 3AH+. (Bomb. Mat.) 

* 1172. If AB is divided at C so that AB. BC = AC’, prove that the 
sq. on the line made up of AB and BC = 5AC*. (Bomb. Mat.) — 
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THrorEM D. 


Gen. Enun. The difference of two squares is equal to the rtetangle 
contained by the sum and difference of their sides. 
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Illustration. Let AB be a st. line divided internally into 2 parte 
AC, CB measuring }, (a — 0) of the same linear unit respy. 
On AB construct the sq. ABDE. 
In AE take a pt. F such that EF = AC, 
Draw CGH, FG || to the sides of the sq. ABDE. 
Now 
sq. ABDE - sq. FGHE = rect. ACGF + rect. CBDH. 


But 


sq. ABDE = a’ of the corresponding sq. unit. Th. 26, Cor. 1. 
” FGHE = 0}? ” ” 9? ” 
rect. ACGF = b(a-b) ,, es ne Th. 26. 
» CBDH = aa —~ b) ” 9 ” ”» 
a" — 6? = bia - b) + ala — b). 
=(a+b)(a— b). + Th. A. 


Or AB’ —- AC’? = (AB + AC) (AB - AC). 

Cor. 1. Lf a straight line is divided into two equal parts and also 
into two unequal parts, the rectangle contained by the unequal 
parts and the square on the line between the points of section are 
together equal to the square on half the line. (Hue. II. 5.) 

Cor. 2. Ifa straight line ts bisected and produced to any point, 
the rectangle contained bu the whole line thus produced and the 
part produced, together wiih the square on half the bisected line. 
ts equal to the square on the line made up of the half and the par 
produced. (Kuc. II. 6.) 


RECTANGLES UNDER SEGMENTS OF LINES 327 


. Exercises. 
1173. If in Fig. 832 ABDE = 9°61 sq. in., CBDH = 2°17 sq. in., find 
ACGF. | 
1174. Draw a diagram on squared paper to illustrate the algebraical ' 
identity 
xo? —~ 49 = (+7) (4 - 7). (x >7.) 
1175. Draw a diagram to illustrate the following algebraical identity 
and state the corresponding geometrical theorem :— 


a? — 4b? = (a + 2b) (a — 2b). (0 ae $) 


1176. Inart.|_d / the rect. contained by the sum and difference of 
the hypot. and one side = the sq. on the other side. 

1177. In any /\ if the sq. on one side = the rect. contained by the 
sum and difference of the other two, the / is rt. tease 

1178. AB is bisected at C and produced to D; prove that AD? — 
DB? = 4AC.CD. 

1179. AB is divided at H so that AB. BH = AH? and K is the mid. 
pt. of AH ; prove that AH, KH, KB are the sides of a rt.|_d A. 
(Cal. F. H.) 

1180. AD is divided equally at B and unequally at C so that AC. CD 
= 3BC?*; prove that BD = 2BC. 

* 1181. The base QR of an isos. /\ PQR is divided internally or ex- 
ternally at S. Join PS, and prove that QS.SR = the difference 
between PS? and PQ? 

* 1182. ABCD is a st. line. If AB = BC and AC = CD, then 
AD. DC = 8AB*, 

* 1183. Ris the mid. pt. of PQ ; PQ is produced toS and QP to T; 
prove that the difference between PS.QS and PT.QT = the difference 
between RS? and RT? 

* 1184. FEABCD is a st. line such that A is the mid. pt. of FC as 
well as of EB; prove that BC.CE + CD.DF = BD.DE. (Bomb. 
Sch. Fin.) 

*1185. If arect.and a sq. have the same perim., the sq. will have the 
larger area. (Mad. Mat.) 

* 1186, If from the mid. pt. of one of the sides of a rt.{_d Aa | is 
drawn to the hypot., the difference of the sqs. on the segments into 
which it is divided = the sq. on the other side. 

* 1187. APQRS isa st. line such that AP = PS; prove tlutAQ.QS 
> AR.RS. 

* 1188. The difference of the sqs. on 2 sides of a /\ = twice the rect. 
contained by the third side and the projection on the third side of the 
median that bisects the third side. 

* 1189. The locus of the vertices of all the /A\s which have the same base 
and the difference of the sqs. on their sides = a given sq., is a st. line | 
to the base. 

* 1190. ABCD is an isos, trapezium having AB || to CD ; prove that 
AB.CD = AC? - AD’, (Bomb. Mat.) 
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* rror. A, B, C, D, E are pts. on a st. line such that AB = BC = 
CD = DE and O is any pt. outside the st. line; prove that the differ- 
ence of the sqs. on OA and OE is twice the difference of the sqs. on 
OB and OD. (Bomb. Mat.) 


* 1192. BC is drawn | to AB and = 3AB;; from CA, CD 1s cut off 


= CB and from AB, AE is cut of = AD; prove that AB. BE = AE*. 
{Mad. F. A.) 


Def. 67. If ast. line AB is divided internally or externally at EB 


Fia. 338. 


so that AB. BE = AE? then the st. lime AB is said to be divided 
at E in medial section. 


REOTANGLES UNDER SEGMENTS OF LINES 329 


Treorem UU. 


Gen. Enun. The square on the sum of two straight lines exceeds 
the square on their difference by four times the rectangle contained 
by the lines. sonia 


epicat? 


Fig. 334. 


Illustration. Let AC bea st. line divided internally into 2 parts 
AB, BC measuring a, 6 of the same linear unit respy. Suppose 
a> bd. 

Gn AC construct the sq. ACEG. 
Take pts. D in CE, F in EG, H in GA, such that CD = EF = 
GH = AB. 

Draw BLM, DMN, FNK, HKL || to the sides of the sq. ACEG. 

Now 
sq. ACEG - sq. KLMN = rect. ABLH + rect. BCDM + rect. NDEF 

+rect. HKFG. 

But 

sq. ACEG = (a + b)? of the corresponding sq. unit. Th. 26,Cor.1. 

» KLMN = (a - bP 5 ” 9 
rect. ABLH = rect. BCDM = rect. NDEF = rect. 

HKFG = ab of the corresponding sq. unit . Th. 26. 

.*. (a + b)? —- (a — 5b)? = 4ab. 

Or (AB + BC)? —- (AB -— BC)? = 4AB.BC. 

Cor. If a straight line is divided into any two parts, four times 
the rectangle contained by the whole line and one of the parts, to- 
gether with the square on the other part, is equal to the square on 
the line made up of the whole and the first part. (Kuc. II. 8.) 
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Exercises. 


1193. If in Fig. 8834 ABLH =1'14 sq. cm., BC=‘6 om., find KLMN. 
1194. Draw s diagram on squared paper to illustrate the algebraical 
identity 
(a+ 3)? - (a- gpmise (2 >8.,) 
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THEOREM F, 


Gen. Enun. The square onthe sum of two straight lines and the 
square on their difference are together equal to twice the sum of 


the equares on the given lines. 


q 
Pee TAILS Ly See fore ae 
Pee oh he ee ae 
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Fig. 335. 


ilustration. Let AC be a st. line divided internally into 2 parts 
AB, BC measuring a, 6 of the same linear unit respy. Suppose 


a> b. 
On AC construct the sq. ACFK. 
Take pts. D in AB, M in AK, L in MK such that BD = AM = 


ML = BC. 
Draw BQG, DPNH, MPQE, LN || to the sides of the sq. ACFK, 


Now 
aq. ACFK + sq. LNHK = 28q. MQGK + 2 sq. BCEQ, 
But 
Th. 26, Cor. 1. 


99 LNHK = (a ~ 6)? ” 9 9 9 


99 ¥9 


” MQGK = a3 ” ” 
” BCEQ = b? 99 9 99 ay 
.. (a + 6) + (a — b)? = 2a? + Qb?, 


Or (AB + BC)? + (AB - BC)? = 2AB? + 2BC?. 

Cor. 1. [fa straight line is divided equally and also unequally, 
the sum of the squares on the two unequal parts is twice the sum 
of the squares on half the line and on the line between the points of 


section, (Kuc. II. 9.) 
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Cor. 2. If a straight line is bisected and produced to any point, 
the sum of the squares on the whole line thus produced and on the 
art produced is twice the sum of the squares on half the line 
isected and on the line made up of the half and the part produced, 
(Eue. II. 10.) 


Exercises. 
119%. If in Fig. 83835 ACFK=5°76 sq. in., LNHK=1°96 aq, in., find 
QEFG. 


: 1196. Draw a diagram on squared paper to illustrate the algebraical 
identit 

: (2 + 1)? + (w@ — 1)? = 2a? + 2. (2 >1.) 

* 1197. AB is divided equally at P and wnequally at Q; prove that 
AQ’ + QB? = 2AQ. OB + 4PQ’. 

* rr98. The vert.|_ A of an isos. /\ ABC isa rt.|_; the base BC 
is produced to any pt. D ; prove that 2AD? = BD? + CD?. (Mad. Mat.) 

* 1199. EF is divided at G and H, K are the mid. pts. of EG, GF; 
prove that EK? + 3FK? = FH? + 3EH?, (Mad. Mat.) 

* 1200. li the vertex A of an equilat. /\ is joined toa pt. Din the 
base BC, prove that AD? = BD? + CD?+ BD.CD. (Mad. F. A.) 
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EXTENSION OF THE THEOREM OF PYTHAGORAS. 


THEOREM 49. 
(Euc. IT. 12.) 


Gen. Enun. In an obtuse-angled triangle the square on the side 
opposite the obtuse angle is greater than the swum of the squares on 
the sides containing the obtuse angle by twice the rectangle con- 
tained by either of these sides and the projection on tt of the other. 


Fic. 886, 


Part. Enun. Let ABC be an obtuse-angled A having {_ T an 
obtuse |_, and suppose AD drawn | to BC produced so that CD 
is the projection on BC of AC. 


It is reqd. to prove that 
AB? = BC* + CA* + 2. BC. CD. 


Proof. °.* |_CDA is art. |. 
.. AB? = BD? + DA? . ‘ ; , j Th. 32. 
= (BC + CD)? + DA’ 
= BC? + CD? + 2BC.CD + DA*® . Th. B. 
But CD? + DA? = CA’. ; i , . en 32. 
.. AB? = BC? + CA? + 2BC.CD. Q-B.D. 


Exercises. 

1201. The side BC of an equilat. /\ ABC is produced to D and AD 
is joined ; show that AD? = BC? + CD’? + BC.CD. (Bomb. Prev.) 

* 1202, ABC is an isos. (\ having|_Aart.|_ and Dapt.in CB 
produced ; if AD? = DB? + 3BA?, provethat DB=BC. (Mad. Mat.) 

* 1203. The sides of a A are 3, 5,7 ft. respy.; find the greatest [| of 
the A. (Bomb. Mat.) 

* 1204. ABC is an isos. 2 and DE is drawn || to the base BC; show 
that BE? = BC. DE + CE’, 

* 1205, |_ C is the obtuse L. of a (\ ABC and AD is {| to BC pro- 
duced, and from AD produced DF is cut off = AB and DG = AC; 
provethas FC = GB. (Mad, Mat.) 
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THEOREM 50. 
(Kuc. IT. 13.) 


Gen. Enun. In any triangle, the square on the side opposite an 
acute angle is less than the sum of the squares on the sides contain- 
ing that acute angle by twice the rectangle contained by either of 
these sides and the projection on it of the other. 


Fig, 357. Fia.: 338. 


Part. Enun. Let ABC be any A having |_ C an acute |_, and 
suppose AD drawn | to BC (Fig. 337) or to CB produced (Fig. 338); 
ft is reqd. to prove that 
AB’ = BC? + CA? - 2BC. CD. 
Proof. *.. | BDA is‘a rt. |. 
.. AB’ = BD? + DA? . : : : Th. 32. 
= (BC — CD)? + DA? in Fig. 337. 
= (CD —- BC)? + DA? in Fig. 338. 
-*s in both Fig. 337 and Fig. 338. 
AB’ = BC? + CD? - 2BC.CD + DA? , Th. ©. 


But CD? + DA? = CA?., : : x ‘ Th. 32. 
.. AB’? = BC? + CA? - 2BC. CD. Q.E.D. 
od Exercises. 


1206. If from an extremity of the base of an isos. A. a | és drawn to 
the opp. side, twice the rect. contained by that side and the segment adj. 
to the base = the sq. on the base. (Bomb. Mat.) 

1207. The side BC of an equilat. A. ABC 1s produced to D and AD 
is joined; show that AD? = BC?+ BD? - BC. BD. 

* 1208. If from any pt. O within a A ABC, | s Oa, Od, Oc are drawn 
to BC, CA,,AB respy., show that AC.Cb + CB. Ba + BA. Ac = 
CA.Ab+ AB. Be+BC,Ca. (Mad. B.C, EB.) 
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* 1209. The sqs. on the diags. of a trapezium are together = the sum of 
the sqs. on the oblique sides + twice the rect. contained by the || sides. 
(Bomb. Sch. Fin.) 

* 1210. The sum of the sqs. on the sides of a {_Jgm = the sum of the 
sqs. on tts diags. (Bomb. Mat.) 

* 211. The swm of the sqs. on the diags. of any quadl. = twice the sum 
of the sqs. on the st. lines joining the mid. pis. of the opp. sides. 

_ * ta12. If inany /\ ABC, AB*+ BC. CA= BC? + CA’, prove that 
| C =60° (Mad. Mat.) 

* 1213. |_ P of the (A, PQR is an obtuse|_, and QS, RT are | 8 to 
RP, QP produced; prove that QR? = PQ.QT + PR.RS. (Cal. 
Mat.) 

* 1214. ABC isa /\, and on AB, BC, CA the sqs. ABDE, BCFG, 
ACHK are descd. all outside the /\; prove that KE? + DG? + FH? 
= 3(AB* + BC? + CA’). (Mad. Mat.) 

* 1215. A pt. P is taken within a /\ ABC such that when {s PM, 
PN are let fall on AC, AB the rects. CM.AC and BN.AB aro =: 
show that P lies on a fixed st. line | to BC. (Bomb. Prev.) 

* 1216. The base BC of a /\ ABC is divided;at D so that ». BD = 
}.CD; prove that p. AB? + ¢. AC? =». BD? + ¢.CD? + (9 + g)AD*. 
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THEOREM 61. 


Gen. Enun. The sum of the squares on two sides of a triangle ts 
touble the sum of the squares on half the third side and on the 
median that bisects the third side. . 


Fia. 339, Fig. 340, a Fig. $41. 


Part. Enun. Let AD be the median bisecting the side BC of a A 
ABC. 
It is reqd. to prove that 
AB? + AC? = 2(BD? + AD’). 
Const. Suppose AE to have been drawn _| to BC, 


Proof. Case I. If AE coincides with AD (Fig. 339). 
AB* = BD? + AD® , . e ° Th.'32. 
AC? ed CD? + AD? © a oe 4 Th. 32. 
But BD = CD. 
a Cie 
Hence, by adding, 
AB? + AC? = 2(BD? + AD’). Q.E.D. 
Case II. If AE does not coincide with AD (Figs. 340, 341) 
One of the |_s ADB, ADC must be obtuse and 
the other acute. 
Let |_ ADB be obtuse. 
Then AB?=BD*+AD?+2.BD.DE. Th. 49. 
And AC’=CD*+AD?-2.CD.DE ._ Th. 50. 
But BD = CD. 
.. BD’? = CD* and BD. DE = CD. DE. 
Hence, by adding, 
AB? + AC? = 2(BD? + AD’). Q. B.D. 
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Cor. The locus of the vertices of all triangles which have the same 
base and the sum of the squares on their sides equal to a given 
square is a circle having its centre at the middle point of the base. 

For in Figs. 340, 341, 

AB? + AC? = 2BD?+2AD? . ., ce! Qe eee 
“. 2AD? = AB? + AC? - 2BD”. 
= @ constant. 
. Hence AD is of constant length. 


Exercises. 


1217, Find the locus of a pt. such that the sum of the sqs. on tts distances 
from 2 given pts. = a given sq. (Cal. Mat.) 

1218, P is any pt. within a (/gm ABCD whose diags. intersect at 
G; show that PA? + PB? + PC? + PD? = AB? + BC? + 4PG’. 
(Bomb. Prev.) 

1219. Three times the sum of the sqs. on the sides of a /(\ = four times 
the sum of the sqs. on the medians. (Cal. Mat.) 

1220. Gis the centroid of a (\ ABC; prove that 3(GA?+ GB?+ GC} 
= AB? + BC? + CA? 

1221. The sqs. on the sides of a quadl. are together > the sqs. on vs 
diags. by four times the sq. on the st. line joining the mtd. pts. of tts 
diags. (Cal. F. A.) 

1222. If the sqs. on the sides of a quadl. are together = the sqs. on its 
diags., the quadl. is a (7gm. 

* 1223. In any quadl. if two opp. sides are bisected, the sum of the 
eqs. on the other two sides, together with the sqs. on the diags. = the 
gum of the sqs. on the bisected sides together with four times the sq. 
on the line joining the pts. of bisection. (Bomb. Mat.) 

* 1224. G is the centroid of a /\ ABC and D is the mid. pt. of AG; 
prove that DB? + DC? = AB? + AC’ —- 10AD’. 

* 3225. ABCD isa /7jgm of which AC, BD are the diags.; P is a 
pt. such that PA? + PC? = PB? + PD’; prove that ABCD is a rect. 
(Bomb. Mat.) 

* 1226. Ina ©, CD isa chord || toa diam. AB ; P is any pt. on AB; 
show that AP? + BP? = CP? + DP*® (Bomb. Prev.) 

* 1227, Pis any pt. ona given ©: Q isa pt. on a given concentric © 
such that PQ subtends a rt. at a fixed pt. T ; show that the mid. 
pt. of PQ lies on a fixed ©. ad, Mat.) 
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RECTANGLES UNDER SEGMENTS OF OHORDS. 
THEOREM 52. 
(Kuc. ITI. 35, 36.) 


Gen. Enun. If two chords of a circle intersect either inside or 
outside the circle, the rectangle contained by the segments of the 
one 1s equal to the rectangle contained by the segments of the other. 


Fig. 342. Fig. 343, 


Part. Enun. Let AB, CD be 2 chords of a © ABC whose centre 
is F and radius 7 linear units, intersecting at a pt. E either inside 
the © (Fig. 342) or outside the © (Fig. 343). 


It is reqd. to prove that 
AE.EB =.CE. ED. 


Const. Suppose FG to have been drawn | to AB. 


Join FA, FE. 
Proof. °.. FGis | toAB . : A : 5 Const. 
tak AG = BG . . . os . e Th. 35. 


Hence, in Fig. 342, 
AE.EB + GE’*= AG’. : 
.. AE, EB + GE’ + FG? = AG? + FG’. 
.. AE.EB=FA*- FE’. : , Th. 32. 
= 7? sq. units —- FE’. 
Similarly CE. ED = 7’ sq. units - FE’. 


2 aoe we, Gor, -2. 


.. AE. EB = CE. ED. Q. B.D, 
Again, in Fig. 343, 
AE.EB + AG’? = GE’ : . . Th. D, Cor. 2) 
.. AE. EB + AG* + FG? = GE’ + FG* 
.. AE. EB = FE? - FA’ ‘ , Th. 32 


= FE* — +7 8q. units. 
Similarly CE.ED = FE’ - 7’ sq units. 
.. AE.EB = CE. ED Q.&.D 
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Cor. 1. If from any point without a circle a chord and a tangent 
are drawn, the rectangle contained by the segments of the chord is 
equal to the square on the tangent. (Proof by the Method of 
Limits.) 

Cor. 2. If from any point without a circle two straight lines are 
drawn one of which cuts the circle in two points and the other meets 
tt, and if the rectangle contained by the whole straight line which 
cuts the circle and the part of it without the circle is equal to the 
square on the line which meets the circle, the line which meets the 
circle shall touch it. (Euc. III. 37.) (Proof by Reductio ad 
Absurdum. ) 
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TuroreM 53. 


Gen. Enun. If two finite straight lines intersect, or if the lin: 
produced intersect, so that the rectangle contained by the segmen 
of one is equal to the rectangle contained by the seyments of ti 
other, the extremities of the two lines are concyclic. 


Fia. 344. Fia. 345. 


Part. Enun. Let AB, CD be 2 finite st. lines which inters 
produced if necessary, at FE, and let AE. EB = CE. ED. 
It is reqd. to prove that 
A,. B, C, D are concyclic. 
Const. Suppose the © to have been drawn that passes 
through A, B, C : : : é ; : 
If this © does not pass through D, let it cut CD, or 
produced, in D’. 
Proof. ‘.. AB, CD’ are chords of a ©. 
Pe AE. EB = CE. ED’ e . 6 v + Th. 
But AE. EB = CE. ED. 
.. CE. ED = CE. ED’. 
.. ED = ED’, 
which is impossible. 
.. the © ABC passes through D. 
. A, B, C, D are concyclic. Q.z 


Exercises. 


1228. ABCD is a quadl. inscd. in a © and BA, CD produced int 
sect in O; prove that OA.OB =OD.OC. (Bomb. Sch. Fin.) 

1229. If 2 Os intersect, their common chord when produced bisects ¢ 
common tangents. (Punj, F. H,) 
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1230. If 2 ©s intersect and from any pt. in the common chord produced 
tangents are drawn, one to each ©, prove that these tangents are =. 
(Punj. Mat.) 

1231. Find the locus of a pt. from which tangents drawn to 2 intersect- 
ing @s are =. (Punj. Mat.) 

* 1232. Lis the centre of a ©, IC aradius; from a pt. O without the 
© OQ is drawn | toIC, If OC cuts the © at B, prove that OC. CB 
= 21C.CQ. (Mad. Mat.) 

* 1233. O is the centre of a © and A, B, C are fixed pts. on its cir- 
cumference; if P is the mid. pt. of BC and AKL any chord through 
A cutting BC in K, prove that AK. KL cannot be greater than 
AO? —- OP*, (Mad. Mat.) 

* 1234. ABC isa A having|_ A acute; prove that BC? is less than 
AB? + AC? by twice the sq. on the tangent drawn from A to the © of 
which BC isadiam. (Bomb. Sch. Fin ) 

* 1235. Two chords of a© are drawn at rt. |_s through a fixed pt. 
within the © ; prove that the sum of the sqs. on the chords is independent 
of their directions. (Cal. F. E.) 

* 1236. From a pt. A without a © 2st. lines ABC, ADE are drawn 
cutting the © in B, C, E, D and a © is descd. passing through 
A, C, D and cutting BE at F; show that AD.AE = AF’. (Mad. 
F. A.) 

* 1237. lf AB is a diam. of a © and APQ ast. line cutting the © 
again at P and a fixed st. line | to AB at Q, prove that AP. AQ is 
of constant area, (Cal. F. E.) 

* 1238. The chord AB of a © is produced both ways equally to C, D 
and tangents CE, DF are drawn on opp. sides of CD; show that EF 
bisects AB. (Cal. F. E.) 

* 1239. Two ©s ABCD, EBCF, having the common tangents AE, 
DF, ext one another at B, C, and the chord BC is produced to cut 
the tangents at G, H ; show that GH? = AE? + BC* (Punj. F. A.) 
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PRACTICAL SECTION. 


SQUARES AND RECTANGLES, 


Prositem 24, 
(Euc. II. 14.) 


Gen. Enun. To construct a square equivalent to a given rectangle 


Fia. 346. 


Part. Enun. Let ABCD be a given rect. 

It is reqd. to construct a sq. equiv. to the rect. ABCD. 

Const. Produce AD to E making DE = DC. 
Bisect AE at F A : ‘ : : » Prob. 
With centre F and rad. FA desc. a semi-© AGE, 
Produce CD to meet the semi-© AGE at G. 
Then shall DG? = rect ABCD. 

Proof. Join FG. 


Now DG? = FG? - FD? ° . . Th. 3 
= AF? - FD* 
=(AF+FD)(AF- FD) . : Th. 
= AD. DE. 
= rect. ABCD. Q.2. 


Cor. Construct a square equivalent to a given polygon. 
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The Graphical Extraction of Arithmetical Square Root. 


In Fig. 346 if AD measures a linear units and DE measures 6 
linear units, then DG? = ab square units. 

. DG = Nab linear units. 

Thus, by giving a and b numerical values, we can find geometri- 
eally the square root of their product. For example, DG = ,/5 cm. 
ff AD = 5cm.and DE =1cm. Or, again, DG = ,/15 in. if AD = 
5 in. and DE = 3 in,, or if AD = 15 in. and DE = 1 in. 


Exercises, 


1240. Represent graphically the following lengths: (i) ,/2 in., (ii) /8 
in., (iii) /°63 in., (iv) /14 cm., (v) 11 cm., (vi) ,/730 mm. 

1241. Construct a sq. equiv. to any given ZA. (Punj. F. B.) 

1242. Produce a given st. line AB to C so that rect. AB. AC =a 
given rect. DE. DF. 

1243. Construct a rect. of given perim. equiv. to a given sq., and 
find when this construction fails. (Bomb. Sch, Fin.) 

1244. Given a sq. and one side of a rect, equiv. to the sq., find the 
other side. (Allah. Mat.) 

* 1245. Construct a rect. equiv. to the difference of 2 sqs. (Cal. F. E.) 

* 1246. A st. line AB is bisected at C; find a pt. Pin AB produced 
such that PA? — PB? = PC?, 

* 1247. Divide a given st. line into 2 parts so that the rect. contained 
by them may be the greatest possible. (Cal. Mat.) 

* 1248, Describe an isos. obtuse mp A such that the sq. on the 
largest side is equiv. to three times the sq. on either of the = sides, 
{Bomb. Mat.) 

"1249. Finda pt. P in AB produced such that AB?+ AP?=2AP, PB. 
(Bomb, Mat.) 

* 1250. Produce a given finite st. line so that the rect. contained by 
the whole line thus produced and the part produced is equiv. to a 
given sq. 

* 1251. Divide the hypot. of a rt.|_d /A into 2 parts such that the 
difference between their sqs. = the sq. on one of the sides. (Cal. Mat.) 

* 1252. Divide a given st. line internally in medial section. (Kuc. 
$i; 11.) 

* 1253. Divide a given st. line externally in medial section, 

* 1254. Produce a given finite straight line so that the sum of the 
sqs. on the whole line thus produced and on the part produced = 8 
times the sq. on the given line. (Mad. F. A.) 

* 1255. On a given st. line as hypot. construct a rt. | d A such that 
the sq. on one side = the rect, contained by the hypot. and the other 
side. (Bomb, Mat.) 
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Contact of Circles. 


* 1256, Describe a © passing through 2 given pts. and touching & 
given st, line. 

* 1257. Describe a © passing through 2 given pts. and touching @ 
given ©). 

* 1258. Describe a © passing through a given pt. and touching 2 
given st. lines. 

* y259. Describe a © passing through a given pf. and touching 2 
given st, line and a given ©. 
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PART IV. 


EXPERIMENTAL SECTION. 


RATIO AND PROPORTION. 
Exp. 374. Draw a straight line AB and divide it into two parts 


at C, so that AC = $ of AB. 

The fraction § expresses the relation which the line AC 
bears to the line AB in regard to quantity. This relation is 
called the ratio of AC to AB, and is written AC: AB. Hence 


AC 
the quotient 75 and the ratio AC : AB are both represented by 


the same fraction, and one is merely another way of writing the 
other. And the same is true of any two magnitudes of the same 
kind if they are commensurable, while if they are incommensur- 
able, they can always be expressed in terms of a common unit to 
any required degree of accuracy, so that we shall for our present 
purpose treat them as commensurable. With this understanding 
we shall express ratios in the quotient form when convenient. 
For example, the ratio A, ABC: A DEF will be written in the 
P L\ ABC, 

orm 7 DEF 
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Exp. 375. Measure AB and CD in inches, and work out the 


Fia. 848, 


AB 
ratio Ep t three places of decimals. Now repeat in centimetres, 


and compare your results. Account for any difference there 
may be. 


Exp. 376. Draw two straight lines AB and CD. From AB cutoffa 


eu ‘ 


Fea the 


Fia. 349. 


AE 
part AE, and from CD cut off a part CF such that 75 =# and 


eee 
Cpr?" 
AE CF 

Then AB = GD: 

That is, the ratio of AE to AB is the same as the ratio of CF to CD 

Or briefly 

‘‘ AE is to AB as CF is to CD”. 

These four lines are said to be in proportion, and AE, AB are 
said to be proportional to CF, CD for AE in comparison with AB 
is ‘‘ portion for portion the same as” CF in comparison with CD. 


Exp. 377. Make two triangles having unequal bases but of the 
same altitude. By measurement and calculation ascertain the 
ratio that the area of the first bears to the area of the second, and 
compare it with the ratio that the base of the first bears to the 
base of the second. Verify your conclusion theoretically. 

From Exp. 377 we are led to conclude :— 

The areas of triangles of equal altitude are proportional to 
their bases. 

Learn this by heart. 


a) 
a 
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Exp. 378. Make a triangle ABC having AB = 3°3 in., AC = 
29 in. From AB cut off AD = 2‘1in. Draw DE parallel to BC, 


cutting AC at E. Measure AE. Work out the ratios = ‘and 


AE 
GE ©2ch to two places of decimals, and compare. 


Exp. 379. Repeat Exp. 378, varying the length of AD. 

From Exps. 378, 379, allowing for errors of measurement, we are 
led to conclude :— 

If a straight line is drawn parallel to one side of a triangle, 
the other two sides are divided in the same ratio. 

Learn this by heart. 

Exp. 380. Make a triangle ABC, and divide its sides AB and 
AC at D and E respectively, so that a5 = — (This may be 
done by taking AD any fraction, say ‘7, of AB and AE the same 
fraction of AC.) Join DE and verify the following truth by 
testing with ruler and set square :— 

Tf a straight line divides two sides of a triangle in the same 
ratio, tt is parallel to the third side. 

Learn this by heart. 

Exp. 381. ABC is a triangle, and PQ is drawn parallel to BC, 
cutting AB at P, and ACat Q. If AB=3°8 in., AC = 2°4 in., 
AP = 2-4 in., calculate the length of AQ, and verify by drawing 
and measurement. 

Exp. 382. ABC is a triangle, and PQ is drawn parallel to BC, 
cutting AB at P, and AC atQ. If AB = 9°3 cm., AC = 69 cm., 
BP = 42cm., calculate the length of AQ, and verify by drawing 
and measurement. 

Exp. 383. ABCD is a quadrilateral, EF is drawn parallel to 
AD, cutting AB at E, and BD at F. FG is drawn parallel to DC, 
cutting BC at G., Then AB, BC are cut in the same ratio at E 
and G (why?). If AB = 3:25 in., BC = 2°88 in., AE = 1'1lin,, 
calculate the length of BG and verify by drawing and measure- 
ment, 

Exp. 384. Make atriangle ABC having|_A = 76° and |_B = 57°. 
Make another triangle DEF having |_D = |_A and|_E =|_B but 
the side DE not necessarily equal to the side AB. ‘Then the tri- 
angle DEF and the triangle ABC are equiangular (why ?) and the 
sides that are opposite to equal angles are called corresponding 


é AB BC CA 
sides. Now measure and work out the ratios DE’ EF’ FD each 


to_two places of decimals and compare the results. 
Exp. >%5. Repeat Exp. 384 varying the size of the angles and 
the length of the sides. 1e* 


13 
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From. Exps. 384, 385, allowing for errors of measurement, we 
are led to conclude :— 
If two triangles are equiangular, each side of the first bears the 
same ratio to the corresponding side of the second, 
Learn this by heart. 
Trianglés that are equiangular and have therefore each side of 
the one bearing the same ratio to the corresponding side of the 
other are said to be similar. 


Exp. 386. Make two triangles ABC, DEF such that AB bears 
the same ratio to DE as BC to EF andasCAto FD. (This is 
done by taking DE any fraction, say ‘8, of AB, EF the same frac- 
tion of BC and FD the same fraction of CA.) Now verify the 
following truth by measurement with protractor :— 

If each side of one triangle bears the same ratio to each side of 
another triangle, taken in order, the triangles are equt- 
angular. 

Learn this by heart. 


Exp. 387. ABC isa triangle and PQ is drawn parallel to BC 
cutting AB at P and AC at Q. If AB=3'1 in, BC = 472 in., 
AP = 1°9 in., calculate the length vf PQ and verify by drawing 
and measurement. 


Exp. 388. ABC is a triangle right angled at A and AD is the 
perpendicular from A to BC. Then the triangles ABD, ACD, 
ABC are similar (why ?). If AB=93 cm., BC = 108 cm, 
CA = 5'5 cm., calculate the lengths of BD, CD, AD and verify by 


drawing and measurement. 


Exp. 389. ABC isa triangle. A circle touches BC at C, passes 
through A and cuts BA produced at D. Then the triangles ABC, 
BCD are similar (why’). If AB =6°8 cm., BC =79 cm., CA 
= 5 em., calculate the lengths of CD and AD and verify by draw- 
ing and measurement. 


Exp. 390. ABC is the circum-circle of atriangle ABC. Another 
circle ADC touches AB at A and passes through C. The tangent 
to the circle ABC at A cuts the circle ACD at D. Then the 
triangles ABC, ACD are similar (why?). If AC = 48 cm., BC 
= 59 cm., AB = 66 cm., calculate the lengths of CD and AD 
and verify by drawing and measurement. 


Exp. 391. Make a triangle ABC having|_A = 56°, AB = 2°Din., 
AC =2°9in. Make another triangle DEF having |_D =|_A and 
BE YAS : 
ea Ee (say DE = 1°9 in.). Now measure BC and EF and show 
that the triangles ABC and DEF have each side of the one bearing 
the same ratio to each side of the other taken in order and are 
therefore similar. 
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From Exp. 391 we are led to conclude :— 

If the ratio of two sides of one triangle be equal to the ratio of 
two sides of another triangle, and if the angles contained 
by these sides be equal the triangles are similar. 

Learn this by heart. 
Exp. 392. Make a triangle ABC having AB = 83 em., BC = 7 
em., CA=12:'1lcem. From AB cut offa part AD = 6cm., and from 
AB AD 
AC cut off a part AE such that AC ~ AE’ Calculate the length 
of DE, and verify by drawing and measurement. 


Exp. 393. Make a triangle ABC having AB = 7°7 cm., BC = 4:1 
cm., CA=65°2cm. Produce BC to D so that CD = BC. _ Join 
AD. Make another triangle EFG similar to the triangle ABD, 
but having FG = 52cm. Now calculate the length of the median 
of the triangle EFG through E and verify by drawing and measure- 
ment, 

Exp. 394. Make a triangle ABC having AB = 2°7 in., BC = 3-6 
in., CA = 23 in. Draw AD bisecting |_A internally and cutting 


BC at D. Measure BD and CD and work out the ratios 5 and 


AB 
AC each to two places of decimals and compare the results. 


Exp. 395. Repeat Exp. 394 varying the measurements. 

Exp. 396. Make a triangle ABC having AB = 4°4in., BC = 
21 in, CA=2°6 in. Draw AD bisecting |_A externally and 
cutting BC produced at D. Measure BD and CD and work out 


D AB 
the ratios Dp and AC each to two places of decimals and 


compare the results. 

Exp. 397. Repeat Exp. 396 varying the measurements. 

From Exps. 394 to 397, allowing for errors of measurement, we 
are led to conclude :-— 

The internal bisector of an angle of a triangle divides the 
opposite side internally in the ratio of the sides containing 
the angle, and likewise the external bisector externally. 

Learn this by heart. 

Exp. 398. Make a triangle ABC having AB = 8°6 cm., BC = 9°2 
em., CA = 67cm. Draw AD bisecting fA internally and cutting 
BC at D. Calculate the lengths of BD and CD and verify by 
measurement. 

Exp. 399. Make a triangle ABC having AB = 3°6 in., BC = 2°2 
in, CA=1°7in. Draw AD bisecting |_A externally and cutting 
BC produced at D. Calculate the lengths of BD and CD and 
verify by measurement, 
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Exp. 400. Make a triangle ABC having AB = 8°56 cm., BC = 
8°8 cm. CA=6'8.cm. Draw AD bisecting |_A internally and 
BE bisecting |_B internally. Let AD and BE intersect at I. 

Al : 
Now work out the ratio pi % two places of decimals and verify 
by measurement. (See Properties of Proportion [X., page 355.) 

Exp. 401. Make a triangle ABC having base BC = 32 in. and 
altitude AP = 2°4 in. Make another triangle DEF equiangular 
and therefore similar to the triangle ABC but let its base EF = 
2°8 in. Then the altitude of the triangle DEF and AP are pro- 
portional to EF and BC (why?). Now evaluate and compare the 
ratio 

| area of triangle ABC 


area of triangle DEF 


with the ratio 
area of square on BC 
area of square on EF’ 


Exp. 402. Repeat Exp. 401 varying the measurements. 
From Exps. 401, 402 we are led to conclude :— 
The areas of similar triangles are to one another as the squares 
on corresponding sides. 
Learn this by heart. 
Exp. 403. Make a triangle ABC having BC = 8°5 cm. and area 
= 27-2 sq. cm. and from it cut off a triangle ADE by a straight line 


DE parallel to BC such that the triangle ADE is Ma of the tri- 


angle ABC. Verify by measuring the base and altitude of the 
triangle ADE and calculation. 


Exp. 404. Make a triangle ABC having AB =5%3cm., AC = 
3‘1cm., BC =5cm. Draw the tangent at A to the circumcircle 
of the triangle ABC and let it meet BC produced at D. Then 
A. ABD and A, ACD are similar (why?) Evaluate the ratio 


ABD 
was to three places of decimals and verify by measuring CD 


and using the result of Exp. 377. 


RATIO B51 


THEORETICAL SECTION. 


RATIO. 


The quotient of one magnitude by another expresses the ratio of 
the first magnitude to the second. Thus if one magnitude A con: 
tains a particular unit @ times, and another magnitude B contains 
the same unit b times, the ratio of magnitude A to magnitude B is 
expressed by the quotient of A by B, which in this case is equal 


to the fraction ; 


Euclid defines Ratio as ‘‘ the mutual relation of two magnitudes 
of the.same kind to one another in respect of quantity”. This de- 
finition, however, cannot be accepted as satisfactory, for the idea 
of ratio is a fundamental conception, and cannot be precisely de- 
fined. 

If A and B are incommensurable magnitudes, the quotient of 
A by B can only approximately be expressed numerically. Since, 
however, the measures of incommensurable magnitudes of the 
same kind can be expressed in terms of any chosen unit to as 
many decimal places as we please, we shall, for our present pur- 
pose, always regard them as commensurable. 

The ratio of Ato Bis written A: B. It is also put in the quotient 


A 
forms BR? A/B and A + B. 


A 
Of the terms of the ratio B the numerator A is called the ante- 


cedent and the denominator B is called the consequent of the ratio. 


Note 1. We can only speak of the ratio of one magnitude to 
auother of the same kind just as we can only speak of the quotient 
of one magnitude by another of the same kind. For example, we 
can speak of the ratio of one area to another area or of one sum of 
money to another sum of money, but not of an area to a length or 
of a weight to an interval of time. 


Note 2. The ratio of one magnitude to another is an abstract 
number and is independent of the particular unit or units in terms 
of which the magnitudes are expressed, Thus theratio of 7 inches 
to 15 inches is 7% and not 7 inches. 
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The ratio - is said to be one of 


greater inequality if A is greater than B, 
equality if A is equal to B, 
less inequality if A is less than B. 


Exercises. 


1260. Express the following theorems algebraically and supply a 
proof in each case :—- 
(a) A ratio is unaltered by multiplying antecedent and consequent 
by the same number. 
_ (0) A ratio of greater inequality is diminished by adding the same 
quantity to antecedent and consequent. 
(c) A ratio of less inequality is increased by adding the same quan- 
tity to antecedent and consequent. 
(d) A ratio of greater inequality is increased by subtracting the 
| same quantity from antecedent and consequent. . 
(e) A ratio of less inequality is diminished by subtracting the same 
quantity from antecedent and consequent. 


1261. Find the ratio of 1000 sq. in. to 5 sq. ft. 


1262. Express the ratio of 18 cm, to 27 cm. as a decimal fraction to 3 
places. 


1263. Write down the ratio of the diagonal of any square to its side 
and verify by construction and proof. 


1264. Write down the ratio of the altitude of any equilateral triangle 
to its side and verify by construction and proof. 


1265. Which is the greater ratio 32 yds. to 55 yds. or 87 in. to 60 in. ? 


1266. What quantity added to the antecedent and consequent of the 
ratio 5 ft.: 9 ft. will convert it into the ratio 11: 13? 


\ 1267. ABC is a right-angled A\. The ratio of side AB to side BC is 
#. The square on hypotenuse AC measures 164 sq. in. Find AB and 
BC. | 


1268. ABC is a right-angled /\. The ratio of hypotenuse AB to side 
BC is 3. The square on side AC measures 125 sq.cm. Find AB and 
BC. 


1269. Divide 238° into two parts in the ratio of 5 to 9. 
1270. If 2x? — 5ry — 3y? = 0, find the ratio of x to y. 
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PROPORTION. 


Def. 68. If the ratio of one magnitude to a second is equal to the 
ratio of a third to a fourth, the four magnitudes are said to be in pro- 
portion, and the first and second are said to be proportional to the third 
and fourth. 


Thus if A, B, C, D are four magnitudes, ands = E or A: B= 


C : D, we say that A and B are proportional to C and D, or *‘A is to 
BasCistoD”. This proportion is sometimes written A: B::C: D. 


In any proportion B-=D the terms A, D are called the extremes 


and B, C the means; also D is called the fourth proportional to A, B 
and C. 

Note.— When four magnitudes are in proportion, the two compared 
in the first ratio need not be of the same kind as the two compared ig 
the second ratio. This is implied in Def, 68. 

2 ft. 4 in. __ lton 2 cwt. 

’ 3 ft. 6in.  1ton 13 owt. 
Since each ratio = 4. 

Def. 69. If the ratio of one magnitude to a second is equal to the 
tatio of the second to a third, the three magnitudes are said to be in 
proportion. 


For example 


Thus if A, B, C arethree magnitudes in proportion, we have 5 = e 


In this proportion the term B is called the mean proportional be- 
tween A and C ; also C is called the third proportional to A and B. 
Note.—When three magnitudes are in proportion, they must all be 
of the same kind. This is implied in Def. 69. 
Peas. 3 : 
Def. 70. If, =G =p = ete. the magnitudes A, B, C, D, etc., are 


said to be in continued proportion 
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PROPERTIES OF PROPORTION. 


A-2G B.D 
Lia BD’ then 5 = CG (Invertendo) 
ee ue eee 
meee OB oS ts 
5 ete A+B C+ 
HL. Tf BD’ then EBS 6 (Componendo) 
A Cc 
for 7 +l=pt+l 
_-A+B_C+D 
* B — D . 
. AOS A-B C- ee 
Lis Bp’ then aaa 1S (Dividendo) 
A G 
for 5-1=p57-1 
ABs ie 
2 es 
A © A+B C+D : 
IV Ifa=p then ,— B-CoD (Componendo and Divi- 
dende) 
ee eas | 
eee 8 
OSS: A I OR 
B D 
AS oP B Q AS te 
abet i ne Se an 
Voit BO and C= then C™R (Ex aequali) 
nO Bee ae 
oC Oe 
inthe 
‘ER 
VL ipa 5 where a, 0, c, d are abstract numbers, then 
= = : (Alternando) 
¢ ad 
for = x —= <a 
b ¢e 


o1ag ole 
Roe BIO 


fl 


PROPERTIES OF PROPORTION 355 


wi if r=] where a, b, c, d are abstract numbers, then 
ad = be 


a c 
for 5 x bd = 5 x bd 


*. ad = be, 
a 6 
or, 5.715 i es where a, b, ¢ are abstract numbers, then 
ac = b?, 


Cor. 2. If fowr straight lines are in proportion, the rectangle con- 
tained by the extremes is equal to the rectangle contained by the means. 
{Huc. VI. 16.) 

Cor. 3. If three straight lines are in proportion, the rectangle con- 
tained by the extremes is equal to the syuare on the mean. (Euc. VI. 


17.) 
VIII. Lf ad = bc, where a, b, c, d are abstract. numbers, then 


for ad + bd = ba 


be + 
ea © 
gy Same ¢ 
Cor. 1. If ac = 6? where a, 6b, ¢ are abstract numbers, then 


a 


c 

Cor. 2. If the rectangle contained by one pair of straight lines is 
equal to the rectangle contained by another pair, the four straight 
lines are tn proportion. (Kuc. VI. 16.) 

Cor. 3. If the rectangle contained by two straight lines is equal to 
the square on a third, the three straight lines are in proportion, 
(Euc. V1. 17.) 


b 
oe if = = won fewnere a,b,c. . GPR wentes, are 
Pe 
} ti ye + Ot ak 
abstract numbers, then epaae s+. 
Ue 

for if ee gs i = k 

then a= pk, b= qk,cmrk... 

we Otbte te... Hahp+gatree. a) 

Pe ys 
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Exercises. 


1271. Are the following statements correct :— 
fin, :7 in, = 5 sq. in. : 7 aq. in. 
5 in. : 5 sq. in. = 7 in. : 7 sq. in. ? 

1272. Complete the proportion 22 yds. : 54 yds. = 1§ o2.: 

1273. Find the fourth proportional to °15, 5 and 4°5. 

1274. Find the fourth proportional to 5, 15 and 4°5. 

1275. Find the third proportional to 1 sq. ft. and 36 sq. in. 

1276. Find the third proportional to 36 sq. in. and 1 sq. ft. 

1277. Find the mean proportional between 4 shillings and 3 pence, 

1278. Find the mean proportional between 3 pence and 4 shillings. 

1279. Find the third proportional to1 + ,/2 and 8 + 2,/2. 

1280. A mixture contains 82 parts gold, 5 parts silver and 3 parte 
copper; what is the percentage of the copper in the mixture? 

1231. Prove that the fourth proportional of a, b, b is the third pro- 
portional of a, b. 

1282. If a, b, ¢ are abstract numbers, and a:b =b:o, prove that 
a@:c=a?: bt = b?:¢? and b = Vac. 

1283. If a, b, ¢, d are abstract numbers, and a@:b=-b:c=c:d, 
prove thata:d =a?: b=: c=: and b = 2/ @id,c = Vad’. 

1284. Ifa: b =c:d,and d is a mean proportional between ¢ and 4, 
prove that c is a mean proportional between @ and 0. 

1285. Prove that a given straight line can be divided internally im a 
given ratio at one and only one point. 

1286. Prove that a given straight line can be divided externally m @ 
given ratio at one and only one point. ; 

1287. Prove that the rectangle contained between two st, lines is s 
mean proportional between the squares on the lines, 
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PROPORTIONAL DIVISION OF STRAIGHT LINES. 
SIMILAR TRIANGLES. 


THEOREM 54. 


(Euc. VI. 2.) 


Gen. Enun. (A) If a straight line is drawn parallel to one side 
of a triangle the other two sides are divided in the same ratio. 

Conversely 

(B) If a straight line divides two sides of a triangle in the same 
ratio, tt ts parallel to the third side. 


“e 
3 


Fic. 850. 


Part. Enun. (A) Let the st. line XY be drawn || to the side BC 
of a (\ ABC cutting AB and AC at X and Y respy. 
It 48 reqd. to prove that 
AX AY 
Bae CY 
Const. and Proof. Suppose AX and BX to have acommon measure 
PQ and suppose 
AX =m. PQ 
and BX =n. PQ 
AX  ™ 
so that BY ~ n° 
Suppose AB divided into m + n equal parts. 
Then AX will contain m and BX will contain 
n of these parts. 
And each part = PQ. 
Through the pts. of division in AB suppose st. 
lines drawn || to BC. 
These parallels will divide AC into m+ 
equal parts, of which AY will contain m 


and CY will containn . ; Th. 23. 
so that AY = 
C n 
aS tee 


Bx: CY Q.8.D. 
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Part. Enun. (B) Let the st. line XY divide the sides AB, AC 


AX AY, 
of a LAA ABC at be Y so that BX — CY’ 
ft is reqd. to prove that 


XY is || to BC. 


) Vol PNY r] 
#4 ‘ 


Fie. 351. 


Proof. If XY is not || to BC suppose the || to BC through X to 
cut AC at Y’. 


AX AY’ 
Then BX ro Cy’ . e Th. 54 (a). 

An AY 

ne mY! 
a co. cy” 
. AY + CY = AY' + CY" ° ° ‘ Componendo 
Ne CY Cx 

: AC AC 
that 18 CY = cy’ m 
.. ¥ and Y’ coincide. 
.*. XY is parallel to BC. 
Q.E.D. 


Similarly if XY be drawn || to BC cutting AB and AC produced 


eliher way 
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at X and Y respy. it can be proved that 
ns RBS 
Bee CY: 
And, conversely, 
if XY divides the sides AB, AC of a (\ ABC produced either way 


AX SAY 
at X, Y so that BX > GY it can be proved that 
XY is |{ to BC. 
Cor. If o@ st. line XY be drawn || to the side BC of a A. ABC 


AB WAG AB_ AC 
cutting AB and AC at X, VY then AX AVY => eBe CY 


and conversely. 


Exercises. 


1288. The st. line joining the mid, pis. of the sides of a A is || to the 
base. 

1289. ABCD is a quadl. having AB || to CD; prove that the st. line 
joining the mid. pts. of AD and BC is|] to AB. 

1290. ABCD 18 a quadl. having AB || to CD; prove that any st. li 
drawn || to AB cuts AD and BC proportionally. 

1291. ABCD is a quadl. having AB || to CD; prove that any st. line 
cutting AD and BC proportionally is || to AB. 

1292. Points D, E, F are taken on the sides AB, AC, BC respy. of 
a /\ ABC such that DE is || to BC and EF is || to AB; prove that 
AB BC 
AD BF’ 

1293. The diags. of a trapezium cui one another proportionally. 

1294. E is a pt. in the side AB of a quadl. ABCD; EF ||/to AD 
meets BD in F and EG|| to AC meets BC in G. Prove that FG 
is || to CD. | 

1295. E is a pt. in the diag. BD of a quadl. ABCD; EF || to DA 
meets AB in F and EG||to DC meets CB in G. Prove that FG 
is {| to AC. 

1296. If 2 st. lines are cut by 3 or more |\ st. lines, the intercepts on the 
one have the same ratios as the intercepts on the other. 

1297. O is a fixed pt. and PQ a fixed st. line; OR is any st. line 


drawn from O to PQ and S is a pt. in OR such that the ratio 


is const. Find the locus of S. 
1298. BE bisecting the median through A of a A. ABC meets AC 
at E. Prove that E is a pt. of trisection of AC. 
* 1299. The areas of /\s and (“Jgms of the same altitude are to one 
another as ther bases. (isuc. Vi. 1.) 


OS 
OR 


360 ELEMENTS OF GEOMETRY 


"1300. If ABC, PQR are 2 As of = area having i =| P prove 
A 
that PR~ ACG: 4 conversely if |_A=|_P and PR > pe prove 
that CW ABC = (.PQR. (Euc. VI. 15.) 
“1301. If ABCD, PQRS are 2 (7gms of = area having Ls ss CS 
= BFS 


prove that op = BG 27d conversely if | B= |_S and SR ~ BC 
prove that (7gm. ABCD = (7gm. PORS. (Euc. VI. 14.) 

* 1302. ST is drawn || to the side QR of aA POR meeting PQ at 
Sand PRat T. if RS, QT intersect at V prove that PV lies along 
& median of the /\ PQR. 

* 1303. XY is drawn parallel to BC the base of a L\ ABC cutting 
CA produced and BA produced at X, Y respy.; if D, E are the mid. 
pts. of BY, CX prove that DE is || to BC. 

* 1304. A st. line is drawn cutting the sides BC, CA, AB (produced 
if necessary) of a /\ ABC in D, E, F respy., and it is equally inclined 

F 


to AC and AB;; prove that CD * CE: 


* 1305. POR isa A; PS is the | from P to the internal bisector 
of |_Q; ST drawn | to QR meets PR in T. Prove that T is the 
mid. pt. of PR. 

* 1306. QS, RT are the bisectors of the external Ls at the base 
QR of a APQR and S, T are the feet of the | s from P on QS, RT; 
prove that ST is || to OR. 

* 1307. If the line joining a Cxed pt. to any pt. on a fixed © be 
divided at P in a constant ratio, Sud the loous of P. 
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THEOREM 55. 
(Kuc. VI. 4) 


Note.—The sides of equiangular triangles, which are opposite to 
equal angles, are called corresponding sides. 

Gen. Enun. If two triangles are equiangular each side of the first 
bears the same ratio to the corresponding side of the second. 


\ 4 \¢ 


. Fia. 354, 
Part. Enun. Let ABC, DEF be 2 /\s, having 


re 
> 
] 


It is veqd. to prove that 
AB. VAG. SG 


DE DF EF 
Const. *.°|_A = [L_D. 


Z\ DEF can be placed so that pt. D coincides with pt. A, 
side DE falls along side AB and side DF along side AC. 


Let E’, F’ be the new positions of E, F. 
Prog, = |_AE'F’ =|_E-, ; 3 : ‘ Const. 
= B e e ° e ° Hyp. 
. £F’ is || to BC .. . : ’ 3 THe 


_AB _AC 
And ie AE’ ae AF’ ° ® e s 8 ® Th. 54 Cor. 


, ABS AC 

that SDE~ DE’ 
Similarly by placing A. DEF so that pt. E coincides with pt. B, 
side ED falls along side BA and side EF along side BC, it can be 


shown that 
AB _ BC 


DE ~ EF 
AB AC_ BC 
BE ~ DF EF 
q. B. D. 
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THEOREM 56. 
(Euc. VI. 5.) 


Gen. Enun. Jf each side of one triangle bears the same ratio to 
each side of another, taken in order, the triangles are equiangular. 


Part. Enun. Let ABC, DEF be 2 As in which 
ADB AC) “BE 


DE DF EF 
It is reqd. to prove that 
As ABC, DEF are equiang. 
Const. Suppose |_ FEG = |_ B and|_ EFG = |_ C, the pts. D 
and G being on opp. sides of EF, 


Proof. *. As ABC, GEF are equiang. . ; Th 8, Cor. 2, 


_ AB _ BC 
ee GE a4 EF « e e Th. 55. 
AB 
= DE © © . . e Hyp. 
.. GE = DE, 


Similarly GF = DF. 
Also EF is common to A\s GEF, DEF, 
Hence AGEF = ADEF. : : ; ‘ “ Th. 14, 
.. A\s GEF, DEF are equiang. 
But As GEF, ABC ,, Ws , : ‘ ° Const. 
. Ae RBC DEF ,, a 


Q. E.D. 


Note.—Triangles which are equiangular, and have therefore each 
side of the one bearing the same ratio to the corresponding side of 
the other, are said to be similar. 


SIMILAR TRIANGLES 363 


Exercises. 

1308. The st. line joining the mid. pts. of the sides of a (A is % the 
base. 

1309. Every st. line drawn || to a side of a /\ outs off a similar A. 

1310. BE is the internal. bisector of |_B ofa A. ABC and D, E are 
the feet of the | s from A, C on BE; prove that AD. BE= BD. CE, 

1311. In similar /\s corresponding sides are proportional to corre- 
sponding altitudes. 

1312. If one of the || sides of a trapezium is double the other prove 
that the diagonals meet in a pt. of trisection. 

1313. Deduce from Hx. 1312 that the medians of a /\ trisect each 
other. 

1314. Jf 2 || st. limes are cut by 3 or more st. lines drawn from a 
common pt., prove that the intercepts on the one are proportional to the 
corresponding intercepts on the other, 

1315. A, B, C are fixed pts. in a st. line, and CD is any st. line 
through C; prove that the | s from A and B on to CD bear to one 
another a constant ratio. 

1316. D, E are the mid. pts. of the sides AB, BC of a A ABC and 
DF, EG are drawn || to one another, meeting AC in F, G; prove that 
DF = EG. 

1317. If from any pt. without a © achd. and a tangent are drawn, 
prove that the rect. contained by the segments of the chd. = the sq. om the 
tangent. 

1318. If 2 chds. of a © intersect either inside or outside the ©, the 
rect. contained by the segments of the one = the rect. contained by the 
segments of the other. 

1319. ABCD isa (7gm and BEF is drawn meeting AD produced 

C 


F 
at F and cutting CD at E; prove that ae = BE 


1320. If a be an angle whose vertex is O and from any pt. P in either 
of the arms a | PN be drawn to the other arm, prove that the ratio ne 
- $8 the same for all positions of P. 

Note.—The ratio OP is called the sine of the angle « (written 
sin a). 

ae 

1321. In the fig. of Hx. 1320 prove that the ratio Oop * the same for 
all positions of P. ae 

Note.—The ratio OP is called the cosine of the angle « (written 
cos a). 

ORs . 

1322. In the fig. of Hx. 1320 prove that the ratio On * the same for 
all positions of P. 
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Note.—The ratio ra is called the tangent of the angle « (written 


tan a}. 

1323. In a rt. |_d A ABC a | AD is drawn from the rt. |_A to 
the hypot. BC. Prove that (1) AD is the mean proportional between 
BD and CD, (2) AB ts the mean proportional between BC and BD. 


1324, PQ is a fixed diameter of a © and S is a pt. on the tangent at 
Q; if PS cuts the circumfce. at R prove that the rect. PR . PS is con- 
stant for all positions of S. 


1525: POR is a /\ and VPX is drawn through P || to QR; if PX 
= and QX cuts PR at S and RV cuts PQ at T prove that TS 
is} toQR. — 

1326. PQORS is a quadl. having PS he QR; PR and QS meet at 
T and XTV is drawn || to PS meeting PQ and SR at X and V respy. 
Prove that XT = VT. 

1327. If 2 /\s are on = bases and between the same parallels, any 
at. line || to their bases will cut off equal areas from the As. 


1328. The tangent to a © at P cuts 2 || tangents at Q, R whose pts. 
of contact are S, T respy. If QT, RS intersect at X prove that PX 
is || to QS and RT. 

1329. The corresponding sides of similar /\s are to one another as 
their circum-radii. 

. 1330. P and Q are fixed pts. and AB is any st. line passing between 
them ; prove that if the |s from P and Q on to AB bear a constant 
ratio to one another, AB must pass through a fixed pt. 


1331. A © of centre P touches a © of centre Q externally at R and 
a st. line SRT is drawn meeting the first © at S and the second © at 
T; prove that PR. RT =QR.RS. 


* 1332. D, E, F are pts. on the sides BC, CA, AB of a A ABC 
such that DE is { to BA and EF is || to BC. Prove that A DEF is 
& mean proportional to A\s AFE and DEC. 


* 1333. If P, Q are pts. of contact of a direct common tangent to 
2 ©s that touch one another externally, prove that PQ is a mean 
proportional between the diams. of the @s. 


* 1334. If P, Q are pts. of contact of a direct common tangent to 2 
©s that touch one another externally at T and if PQ meets the line of 
centres in R, prove that TR is the mean proportiona] between PR and 


* 1335. The tangent at P toa fixed © meets 2 || tangents at Q and 
R; prove that rect. PQ. PR is const. 


* 1336. ABC is a A and D, E are pts. in AB, AC such that 


BD=CE. If DE, BC produced meet at F, prove that ac a Sr 


* 1337. AB is a diam. of a © and BEF is the tangent at B; AE is 
drawn to cut the circumfce. at C and AF to cut the circumfce. at D. 
Prove that (A, ACD is similar to A AEF. 
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* 1338. If 2 As have one|_ of the one = one|_ of the other, and the 
sides about 2 other |_s im proportion, then the remaining |_s are either 
= or supplementary. (Kuc. VI. 7.) 


* 1339. PQ is one of the = sides of an isos. A. PQR; ST bisecting 
PQ at rt. | s meets the base QR produced at T. Prove that 
PQ? = QR. OT. 


* 1340. The internal bisector of the vert. | A of a /, ABC 
meets the base BC at D and the circum-@© at E. Prove that 
AB.AC = AD.AE. 

* 1341. In the fig. of Hx. 1340 prove that AB.AC = BD. DC + AD* 
(Euc. VI. B,) . 

* 1342. The external bisector of the vert.|_ A of a A. ABC meets the 
base BC produced at D; prove that AB. AC = BD. DC — AD*. 

* 1343. If from the vert.| of a fA ast. line be drawn | to the base, 
the rect. contained by the sides of the /\ shall be equal to the rect. con 
tained by the | and the diam. of the crcum-©. (Kuc. VI. C.) 

* 1344. The rect. contained by the diags. of a cyclic quadl. = the sum 
of the rects. contained by the opp. sides. (Euc. VI. D.) 

* 1345. PQR is an equilat. /\ and S is a pt. on the arc QR of the 
sircum-@; prove that PS = QS + RS. 

* 1346. If 2 Ass POR, STV have|_Q=|_T prove that 

ahs BORA STV ~ POO Sad Ve 

* 1347. Two ©s intersect at P and Q and at P tangents are 
drawn to each © meeting the circumfces. at R and S; prove that 
A PQR: A PQS = QR: OS. 

* 1348. OR is a diam. of a ©; P is a pt. on the circumfce.: the 
tangents at P and Q meet at T; PS is tho | from P to QR; prove 
that TR bisects PS. 
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THEOREM 57. 
(Euc. VI. 6.) 


Gen. Enun. If the ratio of two sides of one triangle be equal to the 
ratio of two sides of another triangle, and if the angles contained by 
these stdes be equal, the triangles are similar. 


Fic. 356, 


Part Enun. Let ABC, DEF be 2 /\s in which 
LA =D 
{45 _ DE, 
| AC DF 
It is reqd. to prove that 
As ABC, DEF are simitar. 
Const. +.°t{_A = |_D. 
DEF can be placed so that pt. D coincides with pt. A, 
side DE falls along side AB, and side DF along side 


AC. 
Let E’, F’ be the new positions of E, F. 
AB DE 
Proof. *." AG = DF ; : . : ‘ “ Hyp. 

pie 

DE ~ DE . . : Alternando. 
> a AC 

that is AE’ ~ AF’ : : ° . : ; Const. 

.*. E’F’ is | to BC ; . Th. 54, Cor. 


.". L_AE’F’ = |_ABC and|_AF’E’ = |_ACB Th. 6. 
-*. J\s ABC, AE’F’ are equiang. 
Hence A\s ABC, DEF ,, s 
*. each side of the one bears the same ratio to the cor- 
responding side of the other . : - Th. 55. 
e*» A\8 ABC, DEF are similar. 
Q.B.D. 
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Exercises. 


1349. If the diags. of a quadl. are divided proportionally at their pt, 
of intersection, prove that the quadl. is a trapezium. 

.1350. Two st. lines AB, CD intersect at E so that rect, AE. EB = 
rect. CE . ED; prove that A\s AED, BEC are similar. 

1351. If AD is the | from the vertex A of a /(\ ABC to the base BC, 
and if AB is the mean proportional between BC and BD, prove that 
| Aisart.[. 

1352. Prove that the medians from corresponding |_s of similar A\s 
are equaliy inclined to the opp. sides. 


1353. From a ok D on the side AB of a (\ ABC, DE és drawn \ to 
BC; if BC = AB P70 that the pt. E lies on AC. 


* 1354. Two ©s intersect at P and Q, and the tangents to the @s at. 

meet the circumfces. again at R and S; prove that PR: PS = 
radius of © PQR: radius of © PQS. 

* 1355. Two ©s intersect at P and Q, and a st. line RPS is drawn 
meeting the circumfces. at Rand S; prove that OR: QS = radius of 
© PQR : radius of © PQS. 

* 1356. Find the locus of the mid pts. of st. lines drawn \ to the base 
of a /\, and terminated by the sides. 

* 1357. PQR is a A and Sis a pt. on PR, produced if necessary, 
such that PS is a third proportional to PR and PQ; prove that PO 
is a tangent at Q to the circum-© of /\ QSR. 

* 1358. rom any pt. P in a given st. line OX, PQ és drawn || to 
another given st. line OY so that PQ bears a const. ratio to OP ; find 
the locus of Q. 

* 1359. The corresponding sides AB, DE of similar /\s ABC, DEF 
are divided at P, RsothatBP: AP = ER: DR and the corresponding 
sides BC, EF at Q, S so that BQ: CQ= ES: FS. Prove that PQ: 
RS = AC: DF. 

* 1360. O is a fixed pt. and PQ a fixed st. line; OR is any st. line’: 
drawn from O to PQ, and S is a pt.in OR such that the rect. OR.OS 
is const. Find the locus of S. 

* 1361. A pt. P moves on the arc of a segment of a © whose chd. is 


AB. A pt. C is taken on BP such that a is a const. ratio, and a pt. 


D is taken on AP such that os is the same ratio, Prove that CD 
always touches a fixed ©. 
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THEOREM 58. 


(Euc. VI. 3 and A.) 


Gen. Enun. The internal bisector of an angle of a triangle di- 
vides the opposite side internally in the ratio of the sides containing 
the angle, and likewise the external bisector externally. 


W1@. 357. Fi1q. 358 


Part. Enun. In the A. ABC let AD bisect |_BAC internally 
(Fig. 357), and externally (Fig. 358), and cut BC or BC produced 
at D. 

It'ts reqd. to prove in both cases that 


BD _ BA 
DC. an 
Const. Through C supp se CE drawn || to DA, cutting BA 
produced (Fig. 357), and BA (Fig. 358) at E. 
Take a pt. F in BA (Fig. 357), and in BA produced (Fig. 358). 
Proof. -.: DA is || to CE. > ° , : : Const. 
“45 in both Figs., |_DAC =| ACE and 
| FAD == |_ AEC e * e © Th. 6 


ButL_DAC=|_FAD , . : ° Hyp. 
.*» LACE =| _ AEC. 
oe AE = AC . . * © e o Th. 18. 


Again ‘.* DA is || to CE a side of the ABCE. ° Const. 
: : BD BA j 
-“x,)m both Figs., DC - AE a . © ‘ Th. 4. 
. BD BA 
that is DC * AC’ 
Q. 8. D. 
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Def..71. A straight line AB divided internally at P, and ex- 


ar hat AP “AG; id Ee . 2 
ternally at Q, so tha BP BO to be divided harmonically. 


Exercises. 


1362. The base of & /\ is divided harmonically by the internal and 
external bisectors of the vert. |_. 

1303. AD is @ median of a (A. ABC; DE bisecting |_| ADB cuts AB 
at EF and DF bisecting| ADC cuts AC at F. Prove that EF is || to 
BC 


1364. AD is drawn to the base BC of a /\ ABC; DE bisecting 
ADB cuts AB at E and DF bisecting|_ ADC cuts AC at F; if EF 
is || to BC prove that AD is a median of the A. ABC. 

1365. If AB is divided harmonically at P and Q prove that PQ is 
divided harmonically at A and B. 

1366, If AB is divided harmonically at P and Q prove that 

1 1 2 
AP + AO = AB 

1367. If O is any pt. ina /\ ABC and OX, OY, OZ bisecting | s 

BOC, COA, AOB meet BC, CA, AB in X, Y, Z respy. prove that 
BX. CY Aa 
XC Var goes 

1368. ABC is a A having AB>AC. If AD bisecting |_A outs 

BC at D and E is the mid. pt. of BC prove that 
AB+AC_ BC 
AB’ - AC ED’ 

1369. POR is a / rt.|_d at P and PS, PT are drawn equally in- 
clined to PQ; if PS meets QR in S and RQ produced in T prove that. 
TR: SR=TQ: SQ. 

1370. If I is the incentre of the (\ ABC and AI produced cuts BC 
tD shat A). AB + AC 
at D, prove that ry, = BC: 

1371. If the bisectors of the|_s A and C of a quadl. ABCD meet on 
the diag. BD, prove that the bisectors of the |_s B and D will meet on 
the diag. AC. 

1372. Prove that the internal bisectors of the angles of a /\ are con- 
current, 

* 1373. ABCD is a quadl. BD bisects |_B and BD is the mean 
proportional between AB and BC. If BD cuts AC at E prove that 
AE : EC = AD’: CD’. 
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* 1374. If a pt. moves so that its distances from 2 fixed pts. are in a 
const. ratio, prove that its locus is a ©. 

n 1305 SRT isa chd. | toadiam. PRQ ofa ©; Xisa pt. in ST 
and PX, QX are produced to cut the © at Z, V. Frove that 


VS ZS 
Wr. Zr" 
* 1376. BD, the internal bisector of the vert of » A, ABC, cuts 
; AB+BC A 
the circum-© at D; prove that BD = AD: 


* 1377. P is a pt. on a © whose diam. is QR; prove thatthe {| from 
P to Uk and the tangent to the © at P divide QR harmonically. 


* 1378. The internal bisector ot of A. ABC cuts BC at D. It 
DE | to BA cuts AC at E and DF || to CA cuts AB at F, prove that 
BF : CE = AB’: AC* 

* 1379. Two ©s touch internally at P and a chd. QR of the outer © 
touches the inner © at X; if PQ, PR cut the inner © at S, T prow 

roo OX 


that PT = RX 
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THEOREM 59. 


(Bue. V1I.19.) 


Gen. Enun. The areas of similar triangles are to one another as 
the squares on corresponding sides. 


Fie. 360. 


Part. Enun. Let ABC, DEF be similar A\s in which |_B =|_E 


and|_C=LF. 
It is reqd. to prove that 
AABC _ BC 
A DEF EF? 
Const. Suppose AG, DH drawn 1 to BC, EF respy. 
Proof. «.: As ABG, DEH are equiang. po th, 8; Core’ 
AG AB 
“DH DE’ : ‘ ‘ ; ‘ Th. 55. 
Again *.* As ABC, DEF are equiang. ; ‘ . Hyp. 
AB BC 
oe DE ee: EF ° e . r) ® CY r Th. 55. 
AG BC 


Hence nH EF 
AG, BC BC 


‘*DH.EF EF’ 

But AG. BC = 2. A ABC Th. 98 

And DH.EF = 2. /A DEF : : x : sr 
7wABC. . BC 


“ RDEF ~ EF 
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Exercises. 


1380. Inart.| _ d A ifs 1 isdrawn from the rt.|_ to the hypot. the 
A\s on each side of it are to one another as the sqs. on the sides con- 
taining the rt. |_. 

1381. E, F are the feet of the | s from B, C on to the sides AC, AB 
ofa /\ ABC. Prove that A. ABE: A ACF = AB?: AC? 

1382. PQ, PR are tangents toa @atQand R. IfS is the centre 
of the © prove that A PQR: A QSR = PQ?: SQ? 

1383. PQ, RS are chds. of a © that intersect when produced at a pt. 
T outside the ©. Prove that (\ PRT : A QST = PR?: QS? 

1 


1384. The side AB of a A, ABC is divided at P so that a oe 
J? 


Prove that a line through P || to BC will bisect the A, ABC. 

1385. D, E are the mid. pts. of the sides AB, AC of a A. ABC and 
CD, BE intersect at F. Prove that /\ BFC = 4 A DFE. 

1386. The areas of similar /\s are to one another as the sqs. on their 
circum-radii. 

* 1387. In any rt.|_d A the areaof a /\ descd. on the hypot. = the 
sum of the areas of similar /\s descd. on the sides containing the rt. |_. 

* 1388. PT is the tangent at P to a © whose centre is O; a diam. 
QOR when produced meets PT at T ; the tangent at R meets PT at 
S; prove that A. RST: A PTO=TR: TQ. 

* 1389. D, E are the feet of the | s from A, C to the sides BC, AB 
ofa A, ABC. Prove that A, ABC: A DBE = AB?: BD? 

* 1390. If the areas of 2 isos. /\s are to one another as the sqs. on 
their bases, prove that they are similar. 

* 1391. PSR is a diam. of a © whose centre is O, and S is the foot 
of the | upon it from any pt. Q on the circumfce. If the tangents at 
P and Q meet at T, prove that \. PTQ: A QOR = PS: SR. 

* 1392. ABC is a A rt.|_ dat A and BCP, CAQ, ABR are equilat. 
as descd. on BC, CA, AB respy. If D is the foot of the | from A on 

C, prove that A, ABR = /\ BPD and A ACQ = A CPD. 
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PRACTICAL SECTION. 


PROPORTIONALS. 
PROBLEM 25. 
(Euc. VI. 12.) 


Gen. Enun. 70 find the fourth proportional to three given straight 
kines. 


Fia. 3€. 


Part. Enun. Let AB, CD, EF be 3 given st. lines. 

It is reqd. to find the fourth proportional to AB, CD, EF. 

Const. Draw 2 st. lines GH, GK making any convenient |_. 
From GH cut off GL = AB and LM = CD. 
From GK cut off GN = EF. 
Join LN. 
Through M draw MP || to LN cutting GK at P_ Prob. 6. 
Then shall NP be the fourth proportional to 


AB, CD, EF. 
Proof. -. LN is || to MP a side of A, GPM ‘ ‘ Const. 
GL _GN 
tM NP ’ ‘ ‘ Th. 54 
But GL = AB, LM = CD, GN = EF. 
AB _ EE 
‘CD ~ NP 


That is NP is the fourth proportional to AB, CD, EF. 
Q.E.F. 
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Cor. To find the third proportional to two given straight lines. 
{Kuc. VI. 11.) 


Exercises. 


1393. Find by construction the 3rd proportional to 8°7 in. and 2°8 in. 
and verify by measurement and calculation. 

1394. Find by construction the 4th proportional to 4°3 cm., 6°6 cm., 
7-1 cm., and verify by measurement and calculation. 

1395. Find by construction the following lengths and verify by 
measurement and calculation :— be ai 


(2) —e7 om. 
(3) 1°] x 4°3 in, 
(4), 0-9 in, 
1396. Divide a given st. line internally into segments proportional 
to 2 given st. lines, 
1397. Divide a given st. line éxternally into segments proportional 
‘to 2 given st. lines, 
1398. Divide a given st. line into segments proportional to 8 given st, 
lines. 
1399. Divide a given st. line into segments proportional to the seg. 
ments of a given divided st. line. (Huc. VI. 10.) 
* 1400. Given a st, line representing a in., draw lines to represent the 
following lengths :— 
(1) a? in. 
(2) a’ in, 
(3) a* in. 
“1401. Construct a /\ of given perimeter whose sides are proportiona} 
to 8 given st. lines. When is the construction impossible ? 


*1402. AB, AC are st. lines of indefinite length and P is 4 pt. between 
them. Through P draw a st. line terminated by AB at Q and by AC 


PQ 
at Rso that PR = ?- 


* 1403. Construct a A of given base, of one given base| and whose 
sides are proportional to 2 given st. lines. Show that there may be 
2 such /\s. When is there only one, and when is the construction 
impossible ? 

* 1404. Construct a /\ of given base, of given vert.| and whose sides 
are proportional to 2 given st, lines, 
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PRosBLemM 26. 
{Euc. VI, 13.) 


Gen. Enun. To find the mean proportional between two given 
straight lines. 


Fig. 362. 


Part. Enun. Let AB, CD be 2 given st. lines. 
It is reqd. to find the mean proportional between AB, CD. 


Const. From any st. line EF of indefinite length cut 
off EG = AB, GH = CD. 
On EH as diam. desc. a semi-© EKH. 
From G draw GK {| to EH meeting the semi-© 
EKH at K ? ; ‘ ‘ ‘ . Prob. 3. 
Then shall GK be the mean proportional be- 
tween AB, CD. 


Proof. Join EK, KH. 


--EKH isasemi-© . : . . . Const. 
‘ |_EKH isart.|_ . ; ‘ ° ° Th- 45. 
.L_EKG = 90° - LHKG 
=| KHG. | 
. As EKG, KHG are equiang. .- * Th. 8, Cor. 2. 
EG GK 
6K" Ga ; i , . ° . Th. 55. 
But EG = AB, GH = CD. 
AB_ GK 
(arte 
That is GK is the mean proportional be- 
tween AB, CD. 
Q.R.F. 


Exercises. 


1405. Find by construction the mean proportional between 87 mm 
and 42 mrm., and verify by measurement and calculation. 


876 ELEMENTS OF GEOMETRY 


1406. Represent graphically the following lengths and verify by cal- 
culation and measurement to 2 places of decimals :— 


(1) / 13 x 1°7 in. 
(2) 8 cm. 

(8) V1 in. 

(4) 2/3 cm. 

(5) 11cm. 

(6) (6) mm. 


MAXIMA AND MINIMA 377 


MAXIMA AND MINIMA. 


If a geometrical magnitude varies its position continuously ac- 
cording to any Jaw its value may or may not vary with its position. 


Fria. 363. 


In Fig. 363, for example, the positiun of the triangle ABC varies | 
continuously if its vertex C is supposed to move along a straight 
line parallel to its fixed base AB. But the area of the triangle 
joes not vary with its position, and so is said to be constant. 


Fia. 364. 


In Fig. 364 the position of the chord AB varies continuously if 
its extremity B is supposed to move along the circumference of 
the circle, its other extremity A remaining fixed. In this case, 
however, the length of the chord varies with its position and in- 
creases until it becomes a diameter of the circle when it begins to 
decrease. 

In Fig. 365 the position of the line AB varies continuously if its 
extremity B is supposed to move along the straight line XY, its 
other extremity A remaining fixed. In this case, also, the length 
of the line varies with its position and decreases until it becomes 
the perpendicular to XY, when it begins to increase. 
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Def. 72. When a geometrical magnitude, varying its posttilon con- 
tinuously according to any law, stops increasing and begins to decrease 
Its value is said to be a maximum, and when it stops decreasing and 
begins to increase its value is said to be a minimum. 

Hence it follows that a maximum value of a continuously moving 
geometrical magnitude is greater while a minimum value is less than 
the values which immediately precede and follow. 


Exercises. 


1407. If A, B are two fiwed points on the same side of a fined straight 
line XY and P is a moving point on XY, then AP + PB is a minuunum 
when P occupies a position such that |_APX = |_BPY. 


1 eh E+ Det 


Fic. 366. 


Const. and Proof. Suppose |_ APX = |_ BPY and ANA’ drawn 
1 to XY meeting BP produced at A’. 
Join Q, which is any pt. in XY other than P, to 
A, B, A’. 
Now'../A\APN=/AA’‘PN . . (Why?d 
..AP+PB= A’P + PB = A’B. 


MAXIMA AND MINIMA 379 


Again’.. A AQN=A)AA‘/QN .. - (Why?) 
AQ + QB= AQ + OB. 

But A’B< A/Q + QB : : ‘ Th. 18; 
.. AP + PB<AQ + QB. 

Q.E.D. 


Note. Fig. 366 illustrates an important law in Optics, namely 
that a ray of light AP incident upon a plane mirror XY will be 
reflected along PB. Hence in passing from A to B by reflection in 
the mirror the light travels by the shortest possible path. 

1408. Given the base of a /\ and its area find the position of its 
vertex so that the sum of its sides may be a minimum. 

1409. Given the area of a 5-sided polygon prove that the perimeter 
is least when it is equilat. 

1410. Given the base of s /\ and the sum of its sides, prove that its 
area is a maximum when it is isosceles. 

141z. Given the perimeter of a / prove that its area is a maximum 
when it is equilat. 

1412. If A, B are two fixed points on opposite sides of a fixed straight 
line XY and P is a moving point on XY, then the difference between 
AP and PB is a maximum when P occupies a nosition such that 
| APX=l. BPX 


Fig. 867. 


Const. and Proof. Suppose |_ APX = |_ BPX and ANA’ drawn 
| to XY meeting PB or PB produced at 


A’. 
Join Q which is any pt. in XY other than P, 
to A, B, A’ 


Now -..: A, APN =A A’PN (Why ?) 
.*. diffee. between AP and PB = diffce. between 
13 A’P and PB = A’B. 


14 
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Again «.© A AQN=AA‘QN (Why?) 
.*. diffee. between AQ and QB = diffce. between 


A'Q and QB. 
But A’B > ditice. between A’Q 
andQB . ; ; . Th. 18, Cor. 
.*. diftce. between AP and PB > difice. between 
AQ and QB. 
Q.E.D. 


1413. If AB is a finite straight line and P a moving point on a fixed 
straight line XY of indefinite length, |_ APB will be a maximum when 
© APB touches line XY. 


Fic. 368. 


Const. and Proof. Suppose © APB touches line XY. Take Q 

which is any pt. on XY other than P 
and on the same side of AB as P. 

Join QA, QB. 

Let QA cut © APB at R. 

Join BR. 

Now __ APB = |_ ARB : . Th. 43. 

But __ ARB>\L_ AQB . Th. 8, Cor. 4. 

.. |) APE aoe: 


Q. E.D. 


Note. —Since two circles can be described to pass througn A, B 
and to touch XY there are two points in XY at which the angle 
subtended by AB will be a maximum but they are on opposite 
sides of AB. 


1414. AB is 4 finite st. line outside a given ©. Find «a pt. on the 
sircumfce. of the © at which AB subtends, (1) the maximum angle, 
(2) the minimum angle. 
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1415. If P 1s any pt: in a given st. line AB, rect. AP. PB is «2 
maximum when P ts the mid. pt. of AB. 


Fic. 369. 
Proof. If Q is any pt. in AB other than the mid. pt. P 
' AQ.QB + PQ*?= AP’ . . Th. D, Cor. 1 (p. 326). 
= AP. PB 
.. AP. PB>AQ. QB. Q.E.D. 


1416. Of all rectangles of given perimeter the square has the maxi- 
mum area. 

1417. If P ts any point in a given straight line AB, AP? + BP® 
se @ minimum when P is the middle point of AB. 


Be @ 


Fia. 370. 


Proof. If Q is any pt. in AB other than the middle pt. P 
AQ’ + BQ? = 2AP?+ 2PQ? ._ Th. F, Cor. 1 (p. 331), 
= AP? + BP? + 2PQ? 
.*, AP? + BP?< AQ? + BQ’. QB. 
1418. Of all rectangles of given area, the square has the minimum 
perimeter. 


Fia. 371. 


Const. and Proof. Let ABCD bea rect. of the given area. 
Construct the equivalent sq. DF? . Prob. 24. 
Now AE, the diam. of the semi-© AFE, is 
half the perimeter of the rect. ABCD. 
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And 2DF is half the perimeter of the sq. 
DF?. 
But of all st. lines that can be draw= in a 
© the diam. is the greatest. 
.. ABS SDF. 
And 2AE > 4DF. 
Q.E.D. 
It follows from Def. 72 that if a geometrical magnitude, varying 
its position continuously, can occupy two positions of equal value, 
there must be an intermediate position of maximuni or minimum 
value which can be determined by making the magnitudes of equal 
value gradually approach (while always remaining equal) and ulti- 
mately coincide. 
Many of the Exercises that follow are solved by the application 
of this principle. 


Exercises. 


1419. Hind the minimum straight line from a point P to a straight 
dene AB of indejfinite length. 


Fia. 872. 


Const. and Proof. A © desed. with centre P so as to cut AB wi 
meet it in two pts. Q and R such tha 
PQ = PR. 

.’. by diminishing the radius of the © so tha 
the equal lengths PQ and PR gradual; 
approach (while always remaining equal 
and ultimately coincide in PS, we arriv 
at a max. or min. st. line from P to AB. 

This happens when the © touches 
AB and .*. PS is 1 to AB : Th. 4 

The Fig. shows that PS cannot be a maximur 
.. it must be a minimum. 

2.E.F 


1420. Find (1) the maximum (2) the minimum st, line from a give 
pt. to the circumfce. of a given ©. 
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1421. Through a point P within a given circle of centre Q find the 
minimum chord of the circle. 


Fre. 373. 


Const. and Proof. Desc. a © with centre Q and radius < PO. 

Through P draw AB and CD tan- 

cents to this © and chds. of 

the given@® . ‘ . Prob. 16. 
Then AB=CD . , ‘ Th. 39. 
.*. by increasing the radius Ey the 

inner © so that the = chds. 

AB, CD gradually approach 

(while always remaining equal) 

and ultimately coincide in EF, 

we arrive at a max. or min. 

chd. through P. 
This happens when the inner © 

passes through P and .°. EF 

is 1 to POU, ‘ Th. 49. 
The Fig. shows that EF iatiot be a maximum 

*, it must be a minimum. 


Q.E.F, 


Notice that by decreasing the radius of the inner © the equal 
ehards AB and CD can be made to gradually approach (while 
arways remaining equal) and ultimately coincide in a diameter of 
the given © which is evidently the maximum chord through P. 


1422. Find the triangle of maximum area having a given base AB and 
& given vertical angle a. 
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Fra. 374. 


Const. and Proof. On AB desc. a segment of a © containing an 
a? a - , . |. rob.-21. 

Draw any st. line | to AB cutting the are of 
this segment at C and D. 

Join AC, BC, AD, BD. 

Now /\s ABC, ABD have each the given base 
and the given vert. |_. 

And are equal in area : Th. 28, Cor. 2. 

.°. by increasing the distance between the 

arallels CD and AB so that the equiva- 
ent /\s ABC, ABD gradually approach 
(while always remaining equal) and ulti- 
mately coincide in /\ AEB, we arrive a 
a max. or min. /\ on base AB and havin 
vertical |_ = La. 

This happens when CD touches the © at E 
and it can easily be shown that /A\ AE 
is isosceles. 

The Fig.‘shows that area of (A, AEB canno 
be a minimum 

>. it must be a maximum. Q.E.F 


1423. A ladder leans against a vertical wall; in what position does i 
intercept with the vertical wall and the horizontal floor a A of max 
area ? 


1424. Of all rectangles that can be inscribed in a © the square ue: 
the max. area. 


1425. Find the A, of max. vert. |_ having a given base and a grve 
area. 


1426. Inscribe a rect. of max. area in a given semi-(). 
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31427. Construct the triangle of maximum area, its two sides AB and 
AC being given. 


Fia. 378. 


Coast. and Proof. Desc. a © with centre Aand radius = AC and 
suppose it to meet a parallel to AB at D 
and E. 

Join AD, BD, AE, BE. 

Now As ABD, ABE have each two sides 
equal to AB, AC respy. 

And are equal in area . Th. 28, Cor. 2. 

.*. by increasing the distance between the 
parallels DE and AB so that the equiva- 
lent /A\ss ABD, ABE gradually approach 
(while always remaining equal) and ulti- 
mately coincide in /\ ACB we arrive at a 
max. or min. /\ having sides of the given 
lengths. 

This happens when DE touches the © at C, 
and it can easily be shown that AC is | 
to AB. 

The Fig. shows that area of A. ACB cannot 
be a minimum. 

.*. it must be a maximum. Q.E.F. 


1428. Construct the parallelogram of maximum area, its two adjacent 
sides AB and AC being given. 

* 1429. From a pt. A outside a © of centre K draw a st. line to ont 
the circumfce. in B and C so that the /(. BCK may be of max. area. 

* 1430. Construct the (/gm. of max. area its 2 diags. being given. 

* 1431. Through a pt. of intersection of 2 ©s draw the max. st. line 
terminated by the circumfces. 

* 1432. Find the pt. in a given st. line of indefinite length from 
which the tangents drawn to a given © contain the max. |_. 

* 1433. Through a given pt. P between 2 intersecting st. lines OX, OV 
draw @ line which shall form with OX and OY a A of min. area 
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* 1434. Through a given pt. P between 2 intersecting st. lines O} 
OY draw a line meeting OX and OY in A and B respy. so that rec 
AP . BP may be a minimum. 

* 1435. Construct the /\ of min. area having given its altitude an 
vert. |_. 

* 1436. AB is a finite st. line outside a given ©. Find a pt. Po 
the circumfce. of the © such that area of /\ APB may be (1) 8 max 
mum, (2) a minimum. 

* 1437. If AB is a chd. of given ©, and C is any pt. on tk 
circumfce., find the position of C so that the perimeter of /\ ABC ms 
be a maximum. 

* 1438. Of all A\s that can be inscribed in a © the equilateral hi 
the maximum perimeter. 
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DEFINITIONS, POSTULATES, AXIOMS AND HYPOTHETICAL 
CONSTRUCTIONS. 


DEFINITIONS. 


r. A potné is that which has position but no length, breadth or 
thickness. (P. 82.) 


2. A line has position and length but no breadth or thickness. (P. 32.) 

3. A straight line lies evenly between its extreme points. (P. 33.) 

4. A surface has position, length and breadth but no thickness. (P. 33.) 

5. A plane surface or plane is a surface in which, any two points 
being taken, the straight line that joins them lies wholly in that sur- 
face. (P. 33.) 

6. A soltd has position, length, breadth and thickness.  (P. 83.) 

7. When two straight lines meet in a point they are said to make 
with each other a plane rectilineal angle or, shortly, an angle, (P. 34.) 

8. Two angles are said to be adjacent when they have a common 
vertex and lie on opposite sides of acommon arm. (P. 35.) 


g. A plane figure is a part of a plane bounded by one or more lines. 
(P. 35 

10. When a straight line standing on another straight line makes the 
adjacent angles equal to one another each of these angles is called a right 
angle, and the straight line which stands on the other is called a per- 
pendicular to it. (P. 37.) 

11. An obtuse angle is greater than one right angle but less than two 
| right angles. (P. 37.) 
12, An acute angie is less than a right angle. (P. 87.) 


13. A circie is a plane figure contained by one line which is called the 

| circumference and is such that all straight lines drawn from ao certain 
within the figure to the circumference are equal to one another. 
his point is called the centre of the circle. (P. 88.) 


14. Any straight line drawn from the centre of a circle to its circum- 
ference is called a radius of the circle, and any straight line drawn 
through the centre of a circle and terminated both ways by the circum- 
| ference is called a diameter of the circle. (P. 38.) 

15. The bisector of a magnitude is that which divides it into two 
equal parts—the trisectors into three equal parts. (P. 38.) 

16, When two angles are together equal to two right angles each ia 
said to be the supplement of the other and the two angles are said to be 
suppummtary. (P. 47.) 
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17. When two angles are together equal to one right angle, each is 
said to be the complement of the other and the two angles are said to be 
complementary. (P. 47.) 


18. A corollary is a geometrical truth that can be easily deduced from 
a proved proposition. (P. 47.) 


19. Two theorems are said to be converse each of the other when thé 
hypothesis of each is the conclusion of the other. (P. 49.) 


- 20, Of the four angles formed by two intersecting straight lines thos« 
that are opposite one another are called vertically opposite angles. (FP 
50.) , 


21. Straight lines in the same plane, which do not meet, howeyer fa 
they are produced in either direction, are said to be parallel. (P, 52.) 


_ 22. A triangle is a figure bounded by three straight lines. (P. 60.) 
23. An equilateral triangle is one which has its three sides equal 

(P. 60.) \ 
24. An isosceles triangle is one which has two sides equal. (P. 60.) 

. 25. A sealene triangle is one which has three unequal sides. (P. 61. 

- 26. A right-angled triangle is one which has a right angle. (P. 61,) 

oe An obtuse-angled triangle is one which has an obtuse angle. {FP 


28. An acute-angled triangle is one which has three acute angles. (E 
61.) 


29. A quadrilateral is a plane figure bounded by four straight line 
(P. 62.) ; 


30. A polygon is & plane figure bounded by four or more straig 
lines. (P. 62.) 

31. A convex polygon has each of its angles less than two right angle 
(P. 62.) 

32. A regular polygon has all its sides equal and all its angles equ 
({P. 62.) 

33. The diagonals of a polygon are straight lines joining opposi 
corners. (P. 63.) 

34. Figures which can be made by superposition to coincide or 
exactly are said to be congruent. (P. 69.) 

35. Three or more lines are said to be concurrent when they meet 
the same point. (P. 69.) 

36. Three or more points are said to be collinear when they lie on t 
same straight line. (P. 69.) 

37. An azts of symmetry of a figure is @ line about which the 
can be folded so that one half may coincide with the other half. (P. 7 

38. The distance of a point from a straight line is the perpendicu! 
from the point on to the line. (P. 99.) 

39. A parallelogram is a quadrilateral whose opposite sides are paral] 
(P. 101.) 


40. Arhombus is a parallelogram having two adjacent sides equ 
(P. 101.) 
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at, 5 Sine is a parallelogram having one of its angles a right angle. 
tr... 101. 

42. A square is a rectangle having two adjacent sides equal. (P. 102.) 

43. A trapezium is a quadrilateral having only one pair of opposite 
sides parallel. (P. 102.) 

An tsosceles trapezium is a trapezium in which the sides that are 
not parallel are equal to one another. (P. 102.) 

45. The orthogonal projection of one straight line on another of un- 
limited length is the portion of the latter intercepted between the 
perpendiculars drawn to it from the extremities of the former. (P. 102.) 

46. If every point on a line, or group of lines, satisfies a given condi- 
sion, and no other point does so, then that line or group of lines is 
called the locus of the point satisfying that condition. (P. 111.) 

47. The parallels to the sides of a parallelogram through any point 
in one of the diagonals divide it into four parallelograms, of which the 
two through which the diagonal passes are called the parallelograms 
about a diagonal, and the other two are called the complements of the 
parallelograms about a diagonal. (P. 222.) 

48. A chord of a circle is a straight line joining any two points on 
the circumference, (P. 231.) 

49. An arc of & Circle is any part of the circumference. (P. 231.) 

50. A sector of a circle is a figure bounded by two radii and the aro 
intercepted between them. (P. 231.) 

51. A figuré is said to be symmetrical about a line if the line divides 
it imto two parts which coincide when the figure is folded about the 
line. The liné is called the axis of symmetry of the figure. (P. 232.) 

52. A figure is said to be symmetrical about a point if the point bi- 
sects every line drawn through it to meet the boundary of the figure in 
both directions. The point is called the centre of symmetry of the 
figure. (P, 232.) 

53. A circle is said to be circumscribed about a rectilineal figure, and 
the figure is said to be tnscribed in the circle if the circle passes through 
all the vértices of the rectilineal figure. (P. 237.) 

Points are said to be concyclic when they lie on the same circle. 
(P. 237.) 

55. A secant of a circle is a straight line of indefinite length which 
meets the circumference of the circle in two points. (P. 247.) 

56. A tangent to a circle is a straight line which meets the circum- 
ference of the circle in one, and only one, point, however far produced. 
This straight line is said to touch the circle, and the point where it 
mééts the circle is called the point of contact. (P. 247.) 

57. A tangent to a circle is a straight line which meets the circum- 
ferénce of the circle in two consecutive points. (P. 248.) 

58. Two circles which meet in one, and only one, point, are said to 
touch one another, and the point at which they meet is called the pod 
of contact. (P. 249.) 

59. Two circles which meet in two consecutive points are said to 
Wich one another, (P. 249.) 
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60. Common tangents to two circles are said to be direct or trans- 
verse according as the two circles lie on the same side or on opposite 
sides of the common tangent. (P. 250.) 


61. Two circles are said to cwt orthogonally when the two tangents at 
either point of intersection are at right angles to one another. (P. 251.) 


62. A circle is said to be inscribed in a rectilineal figure, and the 
Jigure is said to be circumscribed about the circle if the circle touches 
all the sides of the rectilineal figure. (P. 251.) 


63. A segment of a circle is the figure bounded by a chord of the circle 
and one of the arcs into which it divides the circumference. " (P. 261.) 


64. An angle in a segment is the angle subtended by the chord of the 
segment at a point on the arc. (P. 262.) 


65. A cyclic quadrilateral is one whose vertices lie on the same circle. 
P. 269.) 


66. If a point B is taken in a straight line AC, then AC is said to 
be divided internally at B into the segments AB and BC. If a point 
B is taken in a straight line AC produced, then AC is said to be 
divided externally at B into the segments AB and BC, (P. 324.) 


67. If a straight line AB is divided internally or externally at E so 
that AB. BE = AE’, then the straight line AB is said to be divided 
at E in medial section, (P. 828.) 


68. If the ratio of one magnitude to a second is equal to the ratio of 
a third magnitude to a fourth, the four magnitudes are said to be in 
proportion, and the first and second are said to be proportional to the 
third and fourth, (P. 353.) 


69. If the ratio of one magnitude to a second is equal to the ratio of 
the second to a third, the three magnitudes are said to be in proportion. 


(P. 353.) 
70. ix . = é = 5 = etc., the magnitudes A, B, C, D, eto., are said 


to be in continued proportion. (P. 353.) 


71. Astraight line AB divided internally at P and externally at Q 
fon, AQ .c.. eae 
so that BP ~ BO is said to be divided harmonically. (P. 869.) 

72. When a geometrical magnitude, varying its position continuously 
sccording to any law, stops increasing and begins to decrease its value 
is said to be a maximum, and when it stops decreasing and begins to 
increase its value is said to be a minum. (P. 378.) 


PosrutatTes. (P. 39.) 


Let it be granted :— 


1, That a straight line may be drawn from any one point to any other 
point, 

2. That a finite straight line may be produced to any length in that 
straight line, 


3. That a circle may be described with any centre and with a radius 
equa! to any finite straight line, 
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Axioms. (P. 41.) 


. Things which are equal to the same thing are equal to one another, 
. If equals be added to equals the wholes are equal. 

. If equals be taken from equals the remainders are equal. 

. If equals be added to unequals the wholes are unequal. 

Tf equals be taken from unequals the remainders are unequal. 

. Things which are halves of the same thing are equal to one another 
The whole is equal to the sum of its parts. 


Any magnitude can be transferred from one position to another 
without its shape or size undergoing any change. 


9. Magnitudes which coincide with one another, that is which exactl; 
fill up the same space, are equal to one another. 


10. Two straight lines cannot enclose a space. 
1x, All right angles are equal. 


12, (Playfair’s Axiom).—Two straight lines that intersect one another 
cannot both be parallel to the same straight line. 


[Ow AN RW ND A 


- Hyporueticat Constructions. (P. 45.) 


(a) A line or angle can be divided into any number of equal parts. | 

(>) A line can be drawn from any point in any desired direction ané 
of any desired length. 

(c) A figure can be reproduced or placed in any pdaition. 
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ANSWERS, 


Part II, 


Exp. 127. (11, 6), (— 11, 6), (- 11, - » — 6), (4, 
re x rien © of )» ( 6), (11, - 6), (4, 0), (0, 4), 

Exp. 138. (i) 11 in,, (ii) 0°8 in., (iii) 1°5 in., (iv) 0-9 in., {v) 0°55 in. 
{vi) 1°21 in. 

Exp. 139. (i) (0, 0), (ii) (0, 9), (iii) (-3, 0), (i ‘ 
a ay fa tiee (0, 0), (ii) (0, 9), (iii) (-3, 0), (iv) (16, 0), (v) (0, 8-9), 

Exp. 141. (i) (5, 5), (ii) (5, 8), (iii) (5°5, 8-5), (iv) (— 2, - 5) 

Exp. 142. (2, — 1). 

Exp. 145. (6°5, 3°5). 

Exp. 147. (3:1, 1) and (7°9, 7). 

Exp. 148. (11°8, 6) and (— 1°8, 6). 

Exp. 149. (— 2°5, — 1°9). 

Exp. 150. (8°7, 0°3). 

Exp. 156. (3, 2). 

Exp. 157. © =0,y=0; 2 m2,y =- 2, 

Exp. 158. 20 miles an hour, 324 miles an -hour, 85 miles an hour, 
20 miles an hour, 354 miles an hour, 32 miles from B, 

Exp. 163. 100, y4y. 

Exp. 167. 1°6 sq. in. 

Exp. 168. (i) 1°54 sq. in., (ii) 2°21 sq. in., (iii) 1:066 sq. in., (iv) 0°4368 
aq. in. 


Exp. 169. (i) 3°57 sq. in., (ii) 3°8775 sq. in., (iii) 1°7424 sq. in., (iv) 2-14.24 
aq. in. 


Exp. 170. (i) 3 sq. ft. 33 sq. in., (ii) 26°22 sq. cm., (iii) $3 sq. ft., 48 sq. 
in., (iv) 3446 sq. yds. 6 sq. ft., (v) ry sq. in., (vi) 3ad sq. ft. 
Exp. 171. (i) 2 sq. ft. 73 sq. in., (ii) 8 sq. yds. 4 sq. ft. 81 sq. in., 
{iii) 9a? sq. in., (iv) (2? + y? + 2zy) sq. cm. 
144p 
q 


Exp. 172. (i) 5 ft. 8in., (ii) 121 yas., (iii) ; in., (iv) — in. 

Exp. 176. (i) 13 in., (ii) \/a in., (iii) (a + b) miles. 

Exp. 180, £3 11s. 1}d. 

Exp. 181. £117 6s. 8d. 

Exp. 182. 9 yds. 2 in., 6 yds. 1 ft. 7 in. 

Exp. 183. 450. 

Exp. 185, (i) 0°385 aq. in., (ii) 0°82.8q. in., (iii) 10452 sq. in., (iv) 110285 
sq. in, 
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Exp. 19x. (i) 0°84 sq. in., (ii) 0-77 sq. in., (iii) 1°3 aq. in., (iv) 0°36 
sq. in. 

Exp. 192. (i) 1°12 sq. in., (ii) 1°1655 sq. in., (iii) 2-2311 sq. in., 
{iv) 2°5833 sq. in. : sa 5 


Exp. 193. (i) 10 sq. ft., (ii) 17 aq. yds. 5 sq. ft. 126 sq. in., (iii) 13324 
acres, (iv) 12ay sq. in. 


Exp. 194. (i) 15 chains, (ii) oe ft 

Exp. 196. (i) 1°67 sq. in., (ii) 4-06 sq. cm., (iii) 0°84 sq. in., (iv). 3°04 
sq. cm. 

Exp. 204. (i) 0°6 sq. in., (ii) 0°525 sq. in., (iii) 0:405'sq. in., (iv) 0°385 
sq. in. 

Exp. 205. (i) 0°675 sq. im., (ii) 0-935 sq. in., (iii) 0°87125 sq. 
“ia 0°77405 sq. in. 

. 206. (i) 1 sq. ft. 185 sq. in., (ii) 540 sq. yds., (iii) 110 acres 

1 55, , (iv) 6pq sq. in. 

Son, 207. (i) 9 chains 30 links, (ii) 11 yds. 2 ft. 8 in. 

Exp. 208. (i) 13 chains 72 links, (ii) 18 ,/2 ft. 

Exp. 210. (i) 16°17 sq. cm., (ii) 1°16 sq. in. 

Exp. 216. (i) 9°06 sq. cm., (ii) 1°05 sq. in., (iii) 1°64 sq. in., (iv) 1-9 
sq. in., (v) 10°84 sq. cm. 

Exp. 221. 0°67 sq. in. 

Exp. 222, 0°515 sq. in., 0°675 sq. in. 

Exp. 223. (i) 0°455 sq. in., (ii) 0-3u sq. in., (iii) 0-955 sq. in., (iv) 0°606 
$q. 1n. 

Exp. 229. (i) 1°48 in., (ii) 1°25 in., (iii) 1°43 in., (iv) 1°66 in. 

Exp. 230. (i) 1°43 in., (ii) 1°92 in., (iii) 1°86 in., (iv) 2°15 in, 

Exp. 231. Scalene. 

Exp. 234. (2, 4). 

Exp. 235. 5°92 cm. 

Exp. 236. 38 mm. 

Exp. 239. 1°41 in. 

Exp. 241. 3°54 cm. 

Exp. 243. 1°52 in. 

Exp. 244. 12369... in., 1298... sq. in. 

Exp. 246. 2°14146... cm., 3°139 ... om., 64... sq. om. 

Exp. 249. (i) 306 sq. “yds. +» (ii) 90 aq. miles, (iii) 16 sq. ft, 6 sq. in, 
(iv) 66 sq. yds. 8 sq. ft. 12 sq. in. 

Exp. 251. 44 mm. 

Exp. 258. 0°6 iu, 

Exp. 259. 0°49 in, 

Exp. 260. 5 cm. 

Exp. 262. 2°41 in,; 0°97 in, 
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Exp. 
Exp. 
<p; 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 
Exp. 


~ 
Ce sh 


304. 
305: 


306. 4%. 


317- 
318. 
319. 
320. 
327- 
328. 
330. 
335. 
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. 0°49 cm.; 2°37 cm. 

Oh ae 

- 4:13 cm. : 

. (i) 0°82 in., (ii) 1-08 in., (iii) 0°48 in., (iv) 0°92 in. 
ie 

. 25°5 mm, 

« 2°73 tg 

. (i) 154 in., (ii) 88 miles, (iii) 352 mm, 

. (i) 14 ft., (ii) 3°5 metres, (iii) 490 miles. 


59°690 in, 


. £7746 mm, 


360. 


. 104 days 18 hours 17} minutes 
- 20 sq. yds. 106 sq. in. 


39°2 yds. 


. 29 acres 4°625 poles. 


2:89... in, 
£19 Os. 334, 


. £75 19s. 55444, 

. 21°46 sq. in. 

. 17°3 mm, 

. Oin., 0°74 in., 0°58 in. 


1°30 cm, 


Ex. 571. 1°59 in., 2°06 in., 0:98 in, 
Ex. 572. 
Ex. 573. 


Ex. 574. 
Ex. 575. 
Ex. 576. 
Ex. 577. 


2°62 in., 0°93 in., 1°79 in. 
2°36 .in., 1°38 in., 1°69 in. 
] 1 ] 1 1 ’ 
36" 63360’ 102’ 95040’ gag-371428 171178... < 
8°696 in, 
1 
9382336" 
10°00405 . . . miles, 


ANSWERS 


2x. 578. 1°65 in. nearty. 
Ex. 580. 19 miles, 22 miles. 
Ex. 581. 2°65 miles nearly. 
Ex. 582. 38°42 ft. nearly. 


1 
Ex. 584. 116-65" 
Ex. 594. 3 miles 7 fur. 
Ex. 595. 19 miles. bias 
Ex. 596. BC = 2:21 metres nearly, CD = 2:55 metres nearly, 
Ex. 1131. 37 acres 0 roods 30,5, poles. 
Ex. 1132. 94 acres 1 rood 2,38 poles. 
Ex. 1133. 27620 sq. yds. 
Ex. 1134. 3°772 acres. 
Ex. 1135. 5 acres 0 roods 5°84 poles. 
Ex. 1136. 75626 sq. yds. 
Ex. 1137. 0°6538 acres. 
Ex. 1138. 2°05 acres. 
Ex. 1139. 1°499 acres nearly. 
Ex. 1140. 5°62 acres nearly. 


Part IIL 


Exp. 355. 2°164 cm. 
Exp. 356. 1°41... in. 
Exp. 359. 2°94... cm, 
Exp. 360. 1°53... in. 
Exp. 362. 1°8 in. 


‘Part IV, 


Ex. 1261. i8° 


Ex. 1262. 0°481, 
Ex. 1263. ./2. 


Ex. 1264. ~~. 


Ex. 1265. 37 in. to 60 in, 
Ex. 1266. 17 ft. 

Ex. 1267. 8 in., 10 in. 
Ex. 1268. 15 cm., 10 om. 
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. 1269. 
. 1270. 
- i271 
. 1272. 
. 1273. 
. 1274. 
. 1275. 
. 12°70. 
. 1277. 
. 1278. 
. 1279. 
. 1280. 
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85°, 153°. 
3, -—4- 
Yes. No. 
32 0z. 

150. 

135. 

9 sq. in. 

4 8Q. se. 

1 shilling. 
1 shilling. 
7+57 2 
7°5 per cent, 


GEOMETRY 


HINTS TO THE SOLUTIONS OF EXER- 
CISES MARKED WITH AN ASTERISK 
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HINTS TO THE SOLUTIONS OF EXERCISES MARKED WITH 
AN ASTERISK. 


Ex, 18 |_ tee DCA -|_ ACE. Also|_ ECD ={_ ECB. 
~{| BCD. a| “dep = eA - tL. BCD. = 

Ex. 24. Let oc be the ae of the acute |_ AOB, and OD the: 
bisector of the reflex| AOB. Then |_ AOC+|_ AOD = 3 (acute 
| AOB + reflex |_ B) vs oats 

Ex. 30. Produce FE toG, Then| AEF=| BEG(Th. 3). Also: 
Cec. | DEG (Th. 3). But|_ AEF =|_ CEF.. ..|. BEG= 


5. At C in AB let, if possible, CD, CE be drawn {8 to AB.. 
Thea it will follow that Iie DCA is at the same time equal to and un.- 
equal to|_ ECA. 

Ex. 46. Let EF cut the ||s AB, CD at E, Fas in Fig.66. Let EG,. 
EH, FG, FH be the bisectors of the 4 int. |_s. Then GEF = 

HFE. .:. GE is || to HF he: 4). Similarly HE is||to GF, Also 
GFH = art. — (Ex. 14). .. |_s FHE, HEG, EGF are all rt. |_ 5 
(Th. 6). 

Ex. 47. All the | 8 of the 4-sided fig. formed by the bisectors can be 
shown to be rt.|_s as in Ex. 46, and it follows that its opp. sides are || 
(Th. 5). 

Ex. 48. Prove by Playfair’s Axiom. 


Ex. 49. Draw a@ at. line through the vertex || to the base and then 
use Th. 6 and Th, 1, 


Ex. 53. Draw a st. line cutting AB, CD, EF (Fig. 71) and show that 
alternate | 8 are =. 


Ex. 54. LetAB CL.’ > pon-|| st. lines. Let them be cut by one st. 
line in EB, F ceopy ‘and vy another st. line in G, H respy. Through 
E,G draw i. lines f; & CD. Then these st. lines will be |] to one 
another (Ti. 4, and their correspg. |_s with AB will be = (Th. 6). 

Ex. 82. Waxk |_ ot the quadl. formed by the bisectors is an Lot a /\ 


whose other 2| 3 are halves of ext. |_s of the given quadl. ow use 
Ths. 8, 1 and "x. 66. 


Ex. 83. eo he ee 4_C) (Th.8). Butg] B+ 
aL = 907-4 [A (Th 

Ex. 84.| B+LC+|B-{| C#=2 B = 126° +74. .% 

B= 100° and|_ C= a 100° Los. 2°. ey = 180° — 100° — 26° = 
4° (Th. 8). 

Ex. 85. The bisectors include an |_ = 180° - § sum of ext. |_& 
(Th. 8) = 180° — $(360° — sum of base |_s) (Th. 1) = 4 sum of base |_6. 


Ex. 86. | BDC=3}(_B+|_C) (Ex.85). Buty] B+ L_C)= 
90° - 4|_ A (Th. 8). 
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Ex. 87. If DEF is the A formed,|_ EDF = | EBA + Seen 
(Th. 8, Cor, 3) = i Eae + Bee = CBA. Similarly |_DFE= 


Le BAC and ee = | 

Ex. 88. Let yee bea /. Riss BC to D and let CE, a trisector 
of ext.|_ ACD, be || to BG, a trisector of int. | B. Let CF be the 
other trisector of ext. ( ZAGD, Then aL B ee his ale | ECD 


(Th. Or 41 Be ence 8). os + Lo Bee ee. 
Ea ae 
Ex, II. Hach ext.|_ of a es ae of m sides = rt.[_s (Th. 9). 


4 
Now 5, rt.|_s = 15° when m = 24 and = 20° when ” = 18, but is not = 
25° for any integral value of n. 


4 
rt. Ls 


2n-4 
(Ex. 105). Now = rt. |_8 = 135° when n = 8 and = 140° when 
n = 9, but is not = 180° for any integral value of n. 
Qn -—4 


Ex. 113. That the reg. figs. may fit together 4 rt. | 8 + ra 


rt. |_s must be a whole number where n = number of sides of each fig. 
(Ex. 105). This is only possible when » = 3 or 4 or 6. 

Ex. 114. Each |_ formed by producing alt. sides of the polygon is at 
the vertex of a /\ whose base |_s are ext. |_s of the polygon, and the 
sum of these base|_s=2 x 4rt.[_s(Th.9). Also the sum of all the 
|_s of these /A\s = 2n rt. |_s (Th. 8). 

Ex. 151. Let AB, CD be = and |] and drawn in the same sense. 
Join BC, AC, BD. Then Ly ABC =|_ BCD (Th. 6). Hence A, 
AgC='/ BCD (Th. 10). Now use Th. 4. 


Ex. 152. Join OP, OQ, OR. Then A. MOP=A MOQ (Th. 10), 
and /\ NOP=fA NOR (Th. 10). ..|. POQ+{L_ POR = 2|_ AOB 
= 2rt.| 8. Now use Th. 2. 

Ex. 168. Let BC, terminated at B, C by AB, AC be bisected at D. 
Let EF, terminated at E, F by AB, AC also pass through D, Let 
BG, 1 to CA, meet FE or FE produced in G. Then A BDG=A 
CDF (Ths. 6, 11), .*. ED is not = DF. 


Ex. 169. Let AD bisect the vert. |_ A of A. ABC meeting BC in 
D, and let CF, 1 y. AD, meet AD in Eand ABin F. Then ars 


Ex. 112. Hach int. |_ of a reg. polygon of n sides = an 


ZA AEC (Th. ae that is| FBC +|_ BCF (Th. 
Cor. 3) = Bach orl F F ACB =2|_ACF. Again|_ FCB 
= ACE = -%|_F C4 [| ACB (just 


proved) =4 (| ACB-|_ BO). 


Ex. 196. A, BCF=A CBE (Ths. 12, 10), ..|_ AFK=|_ AEL. 
andFB=EC. Hence) AFK=/A AEL (Th. 10). 

Ex. 197. Let ABC, DEF be 2 /\s having AB = DE, AC = DF, 

ABC =|_ DEF. If|_BAC= a fe then| ACB=|_ DFE 
(Th. 10). lf L_ BAC is not = DE ‘one of them must be the 
greater. Suppose|_ BAC >|_ EDF. ‘ep in ED suppose|_ EDG 
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made =| BAC and DG to meet EF produced in G. Then A BAL 
=/AE (Th. 11) and|_ ACB =|_ DGE also AC=DG. But 
AC=DF. ..{|_ DFG=[_ DGF (Th 12). .-. | 8s DGF, DFE are 
supplementary, ..|_s ACB, DFE are supplementary. 

Ex. 198. Produce AB to D so that BD = AB. Join CD. Then 
mn ABC=/A DBC (Th. 10). Hence ADC is an equilat. A, and As 

CD=2{ ACB. 

Ex. 199. C’A’C =|_ A’'CB + |_ C’BA’ (Th. 8, Cor. 3). But 

C’A’B’=|_ ABC. ..|_ A’C’B=[_BV’A'C. Hence A C’BA’ = 
Ly ACB’ (Th. 11). Similarly A. C’BA’= A B’AC’. 

Ex. 223. Suppose DF drawn || to AB. Let DE cut BCinG. Then 
L_ DFC =|_ ABC (Th. 6)=|_ ACB (Th. 12). .:. DF = DC (Th. 13) 
= BE. Hence (. DGF= A EGB (Ths. 3, 6, 11). 

Ex. 224. There are 2 converses. (i) If AB=ACand| BAD = 
CAE then AD=AE, (ii) If AB = AC and AD = AE then | BA 
=| CAE. Proof of (i): | ABC =| ACB (Th. 12). Hence A 
ABD= A ACE (Th. 11). Proof of (ii): |_ ABC = |_ ACB (Th. 12) 
end|_ADE=|_ AED (Th. 12). Hence \ ABD=/ ACE (Th. 11). 

Ex. 225. Produce AD and BC to meet (if possible) at E. Then AE 
= BE (Th. 13) and DE=CE (Th. 18). .. AD=BC. If AD and BC 
do not meet when produced, the |_s of the quadl. are all rt.| 8 (Th. 6). 
.’. the opp. sides of the quadl. are |] (Th. 5)... AD = BC (Hx. 163). 


Ex. 226. Produce AD and BC to meet (if possible) at E. Then 
L_ EDC=|_ ECD (Th. 6) and AE = BE (Th. 13) and DE = CE 
(fh. 13). .. AD = BC. If AD and BC do not meet when produced, 
the opp. sides of the quadl. are || and therefore = (Ex. 163). 

Ex. 227.|_BDC =|_ DBA +|_A (Th. 8, Cor. 3)=2] Aa 
 O BC SD (Th. Ls) But BD = AD (Th. 13). L L 

Ex. 228. Join AD. Produce AD to E so that DE = AD. Join 
EC. Then A CDE= A BDA (Ths. 3, 10). .. CE=BA and | CED 
=| BAD=| CAD. Hence AC = EC (Th. 13) = AB. 

x. 229. If YXZ is drawn in the same sense as AB, |_ XDZ =|_ 
8DZ =|_XZD(Th.6). .«.XZ=XD (Th. 13). Simily. XY = XD. 

Ex. 230. Let ABC be the A and let| B=2| C. Let Dbethe 
foot of the | from Aon BC. From DC cut off DE= DB. Join AE, 
Then A ABD=A AED (Th. 10). .».| AEB=|_ B=2 LL See 
{| EAC =| C (Th. 8, Cor. 3) and EC = EA (Th. 13) = BA. 

Ex. 231. FE = 3 AB = FD (Ex. 212). 

e at DF =%; BC=DE (Ex, 212). Now use Th. 12 and 

x. 211, 


Ex. 260. Let ABC bea / and let the | s at E, F, the mid. pts. of 
BC, AC, meet at D. Let G be mid. pt. of AB. Join DG, DA, DB, 
DC. Then A DEB = A DEC (Th. 10). .. DB = DC. Simily. 
DA=DC. ..DB=DA. Hence A DGB = A DGA (Th. 14). 
| DGB=|_DGA. 

Ex. 261. lf possible let one © cut another in 8 pts. A, B,C. Let 
P, Q be the centres of the @s. Join PQ, PA, PB, PC, QA, QB, 
QC. Then e PAQ = A PCQ (Th. 14) and A PBQ = A PCQ 
(Th. 14), ..| QPA=|_QPB=|_QPC, which is impossible. 
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Ex. 262. Let ABC be a A. Through A, B, C suppose EF, FD, 
DE drawn || to BC, CA, AB respy. Then A, B, C are the mid. pts. 
of EF, FD, DE (Ex. 165). Now the |s at A, B, C to the sides of the 
Z\ DEF are concurrent (Ex. 260) and these are the |s from the 
vertices to the opp. sides of /\ ABC (Th. 6). 

Ex. 263. Let K, L be the mid. pts. of AB, AC. Now A ABD= 
A. ACD (Th. 14). Hence AE is | to BC and A ADG=/A EDG 
(Th. 10). «.AG= EG. Simily, AF = EF. Again KAE = 
Z\ LAE (Th. 10). ..L. FED =|_GED. Hence EF = EG (Th. 1). 

Ex. 264. /(\ YBC=/A XCB (Th. 10). .:.| OBC =|_OCB and 
OB = OC (Th.13). Hence A OAB=A OAC (Th. 14) and|_ BAO 
=| CAO. Now use Ex. 121. . 

Ex, 272. Let BD, CD, the bisectors of the int.| s B and C of 
A, ABC, meet at D. Join DA. Suppose DE, DF, DG drawn | 5 to 
BC, CA, AB. Then A DCE=A DCF (Th. 11). .. DE = DF. 
Simily. DE = DG. ..DF=DG. Hence A ADF=/A ADG (Th. 
15). .°.|_. DAF = |_ DAG. 

Ex. 273. Proof similar to that of Ex. 272. 

Ex. 274. Let ABCDE be part of a reg. polygon. Let the bisectors 
of | s Band C meet at O. Join OD. Then AOCB=/A OCD 
id Se | 1) 5 OBC =| ODC. But |_ OBC=4| ABC and 

yer =| EDC. ..[| ODC=%|_EDC. Simily. OE bisects 

gi SUCs, ~ 

Ex. 275, In the fig. of Ex. 274, suppose OF drawn | to BC, Then 
A OFB=A OFC (Th. 11). .. BF = CF. Simily. {8 at mid. pts. 
of CD, DE. . . will pass through O. 

Ex. 284. Produce BA, CD to meet in E, Then BE = CE (Th. 13) 
and in the A. ADE the greater side has the greater |_ opp. to it (Th. 
16). Hence|_BAD>|_ ADC. 

Ex. 285. Let ABC be a / having A for its vert. | and AB> AC, 
Join A to D the mid. pt. of BC. Produce AD to E so that DE = AD. 
Join EC. Then A ABD=A ECD (Ths. 38, 10). ..| BAD= 
| CEAandAB=EC, Hence|_EAC> | CEA (Th.16). .°.|_ EAC 
>LL. BAD. 

Ex. 286. Let ABC bea / having A for its vert.|_ and AB >AC, 
Let AD bisect |_A and let E be the mid. pt. of BC. Then AE falls 
between AB and AD (Ex. 285), thatis BD > DC. 

Ex. 200, Join DC, Then|_ DEC> |_ A (Th. 8, Cor. 4)>|_ ACB 
(Ex. 67) >|. ECD. ..DC>DE (Th. 17). Again] BDC>| A 
(Th. 8, Cor. 4) >!_ ABC (Ex. 67)... BC>DC (Th. 17)... BC 
> DE. 

Ex. 301. | ACB<|_ ABC (Th. 16). Hence | BCD>|_CBD 
(Ths. 1, 3). .. BD >CD (Th. 17). 

Ex, 302. |_ DEC>|_ ECF (Th. 8, Cor. 4). ‘But|_ECP =| ACB 
(Th. 3)=|_ ABC (Th. 12)>|_BDE (Th. 8, Cor. 4). ..|_DEC> 
| BDE.. AD>AE (Th. 17). 

Ex. 303. Join A, B, C to O the centre of the semi-circle. Then 

OBe = |_ OCB (Th. 12). .. | ABC>\|_BCA. ..AC> AB 

h.17). Simily. AC> BC. 
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Ex. 304. |_FAE =|_ DAE AEF (Th. 8, Oor. 4). .». EF > 
AF (Th. an L > , 
Ex. 305. Let ABC be the rt. L¢ LA and AD the given line. Then 
BAD is > or<|_ ABD according as |_ CAD is < or >|_ ACD 
h. 8). .*. AD is < or > BD according as it is > or < CD ae yf 
Ex. 320. Produce BO to meet AC in D. Then BA + AD>BD 
{Th. 18). .. BA + AC>BD + DC>BO + OC (Th. 18). 


Ex. 321. Let O be the centre of the © and let POM, PN be at. 
lines drawn to the circumfce. Join ON. Then PO + ON>PN 
(Th. 18). ButON=OM. ..PM>PN. 


Ex. 322. Proof similar to that of Ex. 321. 
Ex. 323. Proof similar to that of Ex. 321. 
Ex. 324. Proof similar to that of Ex. 321. 


Ex. 325. (AB + AC) + (BC + BA) + (CA + CB) >(OB + OC) + 
ene OA) + (OA + OB) (Ex. 320). ..AB+ BC +CA>OA+OB 
a 


. 


Ex. 326. Produce AD to E so that DE=AD. Join EC. Then 
A ADB=A EDC (Ths. 3, 10). .«. EC=AB. But AC + CE> 
AE (Th. 18). ..AB + AC>2AD. 


Ex. 327. This follows immediately from Ex. 326. 


Ex. 328. OB + OC>BC (Th. 18). But BC = AC and AC>AO 
{Ex. 294), 


Ex. 329. Let D, E, F be any 8 pts. within A. ABC. Join DE and 
roduce DE both ways to meet BC, AC in G, H. Join GF, DF, 
F, HF. Produce GF to meet AC (or AB) in K. Then DE + EF 
+ FD< GH + HF + FG (Th. 18) << GH + HK + KG (Th. 18) < 
AB + BC + CA (Th. 18). 


Ex. 330. Let AD, BE, CF be the medians of the A ABC. Then 
AD > AB-BD, AD>AC-CD, BE > BC-CE, BE > BA-AE, 
CF > CA-AF, CF > CB-BF (Th. 18, Cor.). .. 2(AD+BE+CF) 
> AB + BC + CA. 


Ex. 331. From AB cutoff AD=AC. Join DE. Then A ADE 
= A ACE (Th. 10). .. DE=CE. Now BE - ED < BD (Th. 18 
Cor.). .. BE-EN<AB-AD. .. AB - AC>EB - EC, 

Ex. 332. Produce BA to D sothat AD = AC, Join DE. Then 
A ADE = A ACE (Th. 10). .. DE= CE. Now BE+ED>BD 
(Tbh. 18). »«. EB + EC > AB + AC. 


Ex. 338. Let AC, AD be drawn from A to the circumfce, of the © 
#uch that|_ BAC <|_ BAD. Join C, D toO the centre of the ©. 
Case I. Let C, D be on the same side of AB. Then the pt. D lies 
between C and A. ..| COA>|_DOA. Hence AC >AD (Th. 
19). This solution assumes an obvious property of thecircle. Oase LI. 
Let C, D lie on opposite sides of AB, and prove by symmetry. 


Ex. 339. Proof similar to that of Ex. 338. 


Ex. 3490. BC = AD (Ex. 163). Also |_ BAD is acute (Th. 6). 
.. AC > BD (Th: 19). 


Ades 


eT Saas ONG RQ Ali tee Se lel aoe 
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ee 34r. | ECB >| DBC (ih: 16). 2. BE > DC (The19); 

ea, 342. | ABC>| ACBi(TH 16). .°. | BCE>|. DBC (th.1). 
Hence BE > DC (Th. 19). 

Ex. 349. |_ ECB >|_ DBC (Th. 20). .. AB > AC (Th. 17). 

Ex. 350. |_ BCE >|_CBD (Th.20). ..| ABC>|_ACB (Th. 1). 
fe > AB (Th. 17). ) 

Ex. 351. Join PR, QS. Now PR>QS (Th. 19). Hence] PQR 
>L. QPS (Th. 20). 

Ex. 352. DB > DC (Th. 17). ..| BAD >|L_ CAD (Th. 20). 

Ex. 366. Let. PM be | to AB from an outside pt. P. Let PN, PR 
be drawn to AB such that |_MPN<|_MPR. Case I. Let N, R 
be on the same side of M. Then|_ PNM is acute (Ex. 67). ..| PNR 
ig obtuse (Th. 1). ..| PNR>|_ PRN (Ex. 67). .. PR >PN (Th. 
17). Case II. Let N, R be on opposite sides of M, and prove by sym- 
metry. 

Ex. 367. If possible let the © whose centre is O cut AC in 8 pts. 
A, B, C. . Join OA, OB, OC. Then OA = OB = OC, which is 
impossible (Ex. 366). 

Ex. 398. AD, FE are each = and || to BC (Th. 22). Hence ADEF 
is a / /gm (Hx. 151) and C is the pt. of intersection of its 2 diags. 
(Th 23), 

Ex. 399. A, AEG = A BEC (Ths. 3, 10). Hence GA is |] to BC 
(Th. 4). Simily. FA is |] to BC. .. G, A, F are collinear (Playfair’s 
Ax.). 


Fx. 400. Let AE, BE, CF, DF, the bisectors of the {_s A, B, C, 
D of aquadi. ABCD, form arect. EGFH. .Then|_EAB+|_ EBA= 
Irt.|_ (Th. 8). ..| DAB+[ CBA=2rt.|_s. .. ADis||to BC 
(Th. 5). Simily. AB is || to DC. 

Ex: 4or. |_ APQ =|." AQP (Th. 12). Also| B= |_ € (fh. 12). 
re APO ov B oh By .. PQ is || to BC (Th. 5). ) 

Ex. 402. Suppose PQ, PR drawn [8 to AB, AC. Also CS | to 
ABand PT | toCS. Then PT is |] to AB (Th. 5). .«.[| TPC= 
fp =| C (Ths. 6, 12). Hence /\ TPC= / RCP (Th. 11)... PR 
= Cr. Also PQ = TS (Th. 22). oe PQ + PR=CS<=a eonst. 
length for all positions of P. 

Ex. 403. Through P draw a || to a side of the /\ and use the result 
of Hix. 402. 

Ex. 404. Use the result of Ex. 197. 

Ex. 405. AEDP is a (/gm. .. EA = DP (Th. 22). Simily. FB 
= CP. .. EF = 2 DC. 

Ex, 406. Let ABCD be a (/gmsuch that AB=2AD. Join E,F, 
the mid. pts. of AB, CD. Then AEFD is a rhombus (Ex. 151) and so 
is EBCF. Let the 2 diags. of each rhombus intersect in G, H respy. 
Then GFHE is the (/gm enclosed by the lines bisecting |_s A, B, C, 
D (Ex. 380, Th. 4). And EF = AD (Th. 22). 

Ex. 407. Complete the (J/gm ABCK. Then BD produced will 
pass through K (Th. 22). Also BK = 2 BD (Th. 22) and A BCK = 
Z\ HBE (Ths. 6,1 Cor. 2,10). .. EH = BK = 2 BD, 
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Ex. 408. Let EG, FH be the extreme | from the angular pts. of 
the squares descd. upon the sides AC, BC of art. |_d A. ABC upon 
the hypot. produced. Suppose CD drawn | to AB. Then A. DBC 
= A HFB (Ths. 8,1,11). .. HF = BD. Simily. GE = AD. 

Ex. 409. |_ AFB +|L_ FBA+|_ BAF = 2 rt. |_s (Th. 8). But 
| FBA +|_ BAF = 4 rt.|_s - 2 x 60° -1rt.|_ (Ths. 1, 8) = 150°. 
| AFB = 80°. Now|. FEC = 60°. .». BC is | to DF (Th, 8): 
Simily. DC is | toEF. .. FC is | to DE (Ex. 262). 

Ex. 414. Let D, E be the mid. pts. of the sides AB, AC of a A, 
ABC. Join DE and suppose EF drawn |} to AB. Then DE is |] to 
BC (Th. 23, Cor. 2). ... DE = BF (Th. 22). Also F is the mid. pt. of 
BC (Th. 23, Cor. 1). 

Ex. 415. Let G be the mid. pt. of AB and suppose AE, GH, BF 
drawn {sto CD. Join AF meeting GH in K. Now AE, GH, BF 
are || (Th. 5). .. EH = HF (Th. 23). .. HK = 4 AE (Th. 23, Cor. 1, 
Bx. 414). Simily. GK = 4 BF. 

Ex. 416. PR and QS bisect each other (Th. 22). Now use the 
result of Ex. 415. 

Ex. 417. Each line is || to a diag. of the quadl. (Th. 28, Cor. 2). 

Ex. 418, These lines are the diags. of a (77gm (Ex. 417). 

Ex. 419. Each line is || to one of two opp. sides of the quadl. (Th. 23, 
Cor. 2). 

Ex. 420. This follows from Ex. 418, Ex. 419 and Th. 22. | 

Ex. 421. If the diags. are at rt. |_s, the lines bisecting opp. sides are 
the diags. of a rect. (Ex. 417). If the diags. are =, the lines bisecting 
opp. sides are the diags. of a rhombus (Hx. 414). 

Ex. 422. DF and EB are = and] (Th. 22). .*. BF is || to ED (Ex. 
151) and they trisect AC (Th. 23, Cor. 1). 

Ex. 423. Complete the rect. of which the A ABCishalf. BC is one 
of the diags. of this rect. and the median of the /(\ ABC through A is 
4 the other. 

Ex. 424, Let E, F be the mid. pts. of the diags. BD, AC of a 
trapezi'im ABCD whose || sides are AB, CD. Now the line through 
E || to DC will pass through the mid. pt. of BC (Th. 28, Cor. 1). But 
the line through the mid. pt. of BC || to AB will pass through F (Th. 
28, Cor. 1). 

Ex. 425. Join E, F, the mid. pts. of the non-||sides AD, BC of 4 
trapezium ABCD. Let EF cut the diag. AC inG, Then G isthe 
mid. pt. of AC (see solution of Hx. 424). And EG = gone of the || sides 
of the trapezium and GF = 4 the other (Ex. 414). 

Ex. 426. Let G be the pt. of intersection of the medians BE, CF of 
a /\ ABC. Join AG, Produce AG to H making GH =AG, Join 
BH, CH. Then GE is || to HC (Th. 23, Cor. 2), and FG is || to BH 
(Th. 23, Cor. 2). .. GBHC is a (/gm and AH passes through the mid. 
pt. of BC (Th. 22). 

Ex. 427. In the fig. of Ex. 426, let D be the mid. pt. of BC, then 
GD =4 GH (Th. 22)=34 AG=3 AD. Simily. GE =}4 BE and 
GF = 4 CF. 


ey a 4 
a 


ey ae 
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Ex. 428. Join AC. Let CP, CQ, CAcut BDin R, S, T. Then S 
is the centroid of the A. ACD (Th. 22, Ex. 426). .. DS =% DT (Ex. 
427) = 4 DB (Th. 22). Simily. BR = 4 DB. 

Ex, oo In the fig. of Ex. 426 if BE = CF, then BG = CG and 
GE = GF (Ex. 427). .«. A BGF= A CGE (Ths.3,10). ... BF = CE. 
..AB=AC. Simily. if BE = AD, BC = CA. 

Ex. 430. Let AD, BE, CF be the medians of a /\ ABC and let G 

be its centroid (Ex. 426). Then BG + CG>BC, CG+ AG>CA, 
AG + BG>AB (Th. 18). .. 23BG +CG + AG)> perim., that is 
2 x 4 sum of medians (Ex. 427) >perim. 
_ Ex. 431. Let P, Q be the feet of the | s from B and C, the ends of 
the base of a /\ ABC, upon the bisector of the vert.|_. Join P, Q to 
M the mid. pt. of BC. Suppose MN drawn | to the bisector. Then 
CQ, MN, BP are||s (Ths. 4, 5). Also BM = CM (Hyp.). .. PN = QN 
(Th. 23). .. A MNP=AJA MNQ (Th. 10). 

Ex, 432. Proof same as that of Ex. 431. 


Ex. 433. Through P, the mid. pt. of the base BC of a A, ABC, 
suppose PS drawn || to AB cutting AC in Q and the int. and ext. 
bisectors of the vert.|_ Ain R,S. Then Q is the mid. pt. of AC (Th. 
93, Cor.1). Also SQ = QA = RQ (Ths. 6,13). .. RS =2 AQ = AC, 

Ex. 434. BFGE is a (/gm (Th. 23, Cor. 2). ... F@= BE (Th. 
22). Also EG = BF = 4 BA = DE (Ex. 414). Hence A). AED= 
A CEG (Ths. 3,10). .«. CG = AD. 

Ex. 435. Join C to F the mid. pt.of AB. Now| DAC=|_ AFC 
+| FCA (Th. 8, Cor. 3). But|_ AFC=|_FCA (Th. 12). Hence 
FC is || to AE (Th. 4). .. BC = CE (Th. 23, Cor. 1). 

Ex. 436. Join FC. Now EFDC is a rect. (Th. 23, Cor. 2). Also 

AEG = A CEG (Th. 10) and A. AEF = A CEF (Th.10). Hence 
CFAG =| FCG. Simily.|_FCH=|_FBH. Hence AG is || to 

(Th. 4), 

Ex. 444. The reqd. locus is st. line || to the given st. line and 
bisecting the | from the given pt. to the given st. line. 

Ex. 445. The reqd. locus is a st. line || to the given st. line, on the 
side of it remote from the given pt. and at a distance from it = the 
distance from it of the given pt. 

Ex. 446. The reqd. locus is a quarter of a © descd. with the vertex 
of the rt. |_ as centre and with 4 the line of given length as radius, 

Ex. 447. Let AB, CD cut at E,. Draw Ils to CD on both sides of 
it and at distances from it = the const. diffce. Let them cut AB in 
F,G. Through F, G draw ||s to the bisector of |_AEC, The reqd. 
locus will lie along these ||s and along lines drawn in a similar way || to 
the bisector of |_ AED. 

Ex. 448. Let AB, CD cut at E, Draw ||s to CD, on both sides of 
it, and at distances from it = the const. sum. Let them cut AB in 
F,G. Through F, G draw | 8 to the bisector of |_ AEC. The reqd. 
locus will lie along these | s and along lines drawn in ® similar way 
Lto the bisector of |_ AED. 
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Ex. 461. Draw ||s on both sides of the 2 given st. lines and at the 
given distance from them. The reqd. pts. are the intersections of these 
4 lines. There is no such pt. when the given lines are || and the dis- 
tance between them is greater or less than twice the given distance. 


Ex. 462. Draw ||s on both sides of the given line and at the given 
distance from it. The reqd. pts. are the intersections of these |}s and 
the perp. bisector of the line joining the 2 given pts. There is no such 
pt. when the bisector is || to the given line and at a distance from it 
greater or less than the given distance. 


Ex. 463. Describe a © with the given pt. as centre and the given 
distance as radius., The reqd. pts. are the intersections of this @ and 
one of the ||s drawn on both sides of the given st. line at the given dis- 
tance from it. There is no such pt. when the |/s lie outside the ©. 
Ignore for the present the special case in which the given pt. lies on 
the given line, 


Ex. 485. Let AB=thesum. Produce AB to C so that BC =the 
diffce. Bisect AC in D (Prob. 2), Then AD and DB are the reqd. 
lengths, 


Ex. 486. Bisect FG (Prob. 2). Then the line of bisection is the 
reqd. line. 


Ex. 487. Join AC, BD. Bisect AC, BD (Prob. 2). Then their 
lines of bisection will cut at the reqd. pt. P. 


Ex. 488. See fig. 114. 


Ex. 493. Draw 2 st. lines bisecting one another at rt. |_s, each equal 
to the given diag. and join their extremities. 


Ex. 494. Draw 2 st. lines bisecting one another at rt. [_s, equal 
respy. to the two diags. and join their extremities. 


Ex. 497. Let AB be the given st. line and C, D the given pts. 
Draw CE | to AB (Prob. 4). Produce CE to F so that EF = CE. 
Join DF cutting ABin G. Join CG. 


Ex. 498. Const. similar to that of Ex. 497. 


Ex. 499. Let E be the given pt. and AB, CD the given || st. lines 
drawn in the same sense. Through E draw EF | to AB meeting, 
produced if necessary, CD in G (Prob. 4). From FA cut off FH — 
EG and from GC (if E lies between AB and CD), or from GD (if E 
lies outside AB and CD), cut off GK = EF, Join EH, EK. 


Ex. 505. Draw any st. line PC from P to AB. At P in PC make 
an|_ = the given diffce. (Prob. 5). 

Ex. 506. Draw any st. line PC from P to AB. At P in PC make 
an|_ = the supplement of the given sum (Prob. 5). 


Ex. 507. Let ABC be a A rt.| d at B. At B in AB make 
| ABD ={[_A (Prob. 5). 


Ex. 515. Let ABC be the given Land D the given pt. Draw DE 
| to CB (Prob, 6), meeting AB in From EA cut off EF = BE, 
Join FD and produce FD to meet BC in G, 


a ee Pear BE? Gm ue stay oo 
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Ex. 516. Bisect| B (Prob. 1). Let the bisector BE cut AC in E. 
‘Draw ED || to CB (Prob. 6). | 

Ex. 517. In AB take any pt. D. Draw DE || to the given line 
{Prob. 6) and of the given length. Draw EQ || to BA meeting AC in 
‘Q (Prob. 6). Draw QP || to ED meeting AB in P (Prob. 6). 


Ex. 518. Draw AG || to ED an arm of |_ DEF (Prob. 6) meoting 
EF in H. Bisect EH in B (Prob. 2). Join AB and produce AB to 
meet ED (or DE produced) in C. 


Ex. 519. Bisect|_s A and C (Prob.1). Let their bisectors meet at 
Ff. Draw DFE || to AC (Prob. 6). 


Ex. 520. Let A be the lesser base|_. Bisect int.{[ Aandext.| C 
{Prob. 1). Let their bisectors meet at F, Draw F | to CA (Prob. 
6). 

Ex. 521. Let ABC be the given A. Bisect B (Prob. 1). Let 
its bisector BD cut AC in D. Draw DE || to CB and DF || to AB 
{Prob. 6). 

Ex. 522, Let AB, BC be the intersecting st. lines. Bisect | B 
4Prob. 1). At any pt. F in the bisector BD draw FE {| to BD and 
= 4 the given length (Prob. 3). Draw EG|/| to DB meeting AB in G 
and draw GH || to EF meeting BC in H (Prob. 6). 

Ex. 523. From CA or CA produced cut off CF = the given length. 
At F in CF draw FG cutting CB in G and making| CFG=4| A 
(Prob. 5). Draw GE || to AB cutting AC in E (Prob. 6). Draw ED || 
to CB (Prob. 6). 

Ex. 528. Join BC. Find a pt. D in BC or BC produced such that 
BD = 2 CD (Prob. 7). Join AD. 

Ex. 553. Let AB = the given base. Draw CD | to AB at its mid, 

t. C. Make CD =the given sum. Join AD. Make |_ DAE = 
ADC (Prob. 5). Join B to the intersection of AE, CD. 

Ex. 554. Let AB =the perim. Draw CD | to AB at its mid. 
pt. C. Wiraxe CD =the given altitude. Join DA, DB. Maka 
{_ ADE =|_ DAC and |_ BDF = |_ DBC (Prob. 5). 

Ex. 555. Let ABC be the rt.[_. With centre B and any radius 
desc. a © cutting BA, BC in D, Erespy. With centres D, E and the 
same radius desc. @s cutting the first © in F,G. Join BF, BG. 

Ex. 556. Let AD =the given altitude. At A, D draw EAF, 
GDH |sto AD (Prob. 3). Make|_ EAB = one of the base |_s and 
|_ FAC = the other (Prob. 5). 

Ex. 557. Let AB =the base. Make BAC = the given base | _ 
(Prob. 5). Make AC = the given sum. Join BC, Make|_ CBD = 
| BCA (Prob. 5). 

Ex. 558. Let AB = the greatest side. Make| BAC = the given 
adj. |_ (Prob. 5). Make AC = the given difice. Join BC, Produce 
AC to E and make |_ CBD = |_ BCE (Prob. 5). 

Ex. 559. Let AB = the perim. Make|_ BAC = 4 one of the base 
| sand| ABC = 4 the other (Prob. 6). Make|_ ACD=|_A and 
j BCE =|_B (Prob. 5). 
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Ex. 560. Let AB = the givensum. Make|_ ABC = 45° (Ex. 490). 
With A as centre and the given hypot. as radius desc. a © cutting BC 
in D, E. Draw DF, EG [sto AB (Prob. 4). Join AD, AE. 

Ex. 561. Let AB = the given base. Make |_ ABC = 3 given 
diffce. of base |_s (Prob. 5). With A as centre and given difice. of 
remaing, sides as radius desc. 8 © cutting BC in Dand E. Let E lie 
between Band D. Join AE. Produce AE to F. Make|_EBG = 
|_ BEF (Prob. 5). 

Ex. 562. Const. same as that of Ex. 559. 

Ex. 563. Let P, Q, R be the given pts. and let P lie on AB the line 
of the base. At Amake| BAC = 60° and at B make|_ ABD = 60° 
(Ex. 555). Through Q, R draw ||s to CA, DB (Prob. 6). 

Ex. 564. Const. an equilat. /\ ABC (Ex. 530). Produce AC, BC to 
D, E so that CD=CE=CA. Join DE. Draw GCF bisecting 
|_ BCD (Prob. 1) so that CF = CG = AB. Complete the hexagon. 

Ex. 565. Const. a /\ ABC having § of each of the given medians for 
its sides (Probs. 7, 10). Produce CB to D so that BD =CB. Bisect 
CB in E (Prob. 2). Join AE and produce AE to F so that EF = AE. 
Join AD, FD. 

Ex. 566. Let AB = the given diag. On each side of AB const. am 
equilat. /\ (Ex. 530). 

Ex. 567. Let AB = the given diffce. Make|_ ABC =jrt.|_ (Ex. 
490). Make|_ BAC = §rt.|_ (Prob. 3, Ex. 491). Then BC = side 
of reqd. square. 

Ex. 568. This construction requires a ruler marked in 2 places. Let 
ABC be the given|_. With B as centre and with the distance between 
the 2 marks on the ruler as radius, desc. a © cutting BC, BA and CB 
produced in D, Eand F respy. Place the ruler so that its edge passes 
through E and its marks lie one on the © (at G say) and the other on 
CB produced (at H say). Then |_EHC=3| ABC. For proof, 
join BG and use Th. 12 and Th. 8, Cor. 3 (Pappus). 

Ex. 608. Produce BC both ways to meet FL in P and KM in O. 
pa tbe that CP and BQ are each = the | from A on B 

rai A iw BE are = and || to CL (Th. 22). ... ABED is 
& gm (Ex. 151). And (7/gm ABED = ([Jgm ADLC + (Jgm 
Oana (Th. 27, Cor. 2) = (Jgm AFGC + (7gm CBHK (Th. O7, 

or. 2). 

_ Ex. 636. Apply one A to the other so that one pair of = sides coin- 
cide ap ne eee, eee |_s form a straight |_. Then the other 
pair of = sides will lie in one and th t. li . 2). 
pe th. 8 Wee: @ an e same st. line (Th. 2). Now 

Ex. 637. Area of polygon = 4 side of polygon x sum of distances of 
any pt. within the polygon from the sides (Th. 28, Cor. 1). 

Ex. 638. AFHG is a (7gm (Th. 28, Oor. 2), .°* FGH = 
AFG (Th. 22) = } A ABC (Th. 28, Cor. 2). A si 

Ex. 639. Produce AO to G so that OG = AO. Then BOCG is a 
(/7gm (Th. 28, Cor. 2) and ZL BOG = A ABO (Th. 28, Cor. 2) = tA 
ABC (Ex. 622), But the sides of the A. BOG are = in length to 
AO, BO, CO (Th. 22). 
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Ex. 640. Let PQRS be a trapezium having PQ || to RS and let 
T, X be the mid. pts. of PQ, RS. Let TX meet QS in V and join 
PV, RV. Then, by Th. 28, Cor. 2, A VXS = A VXR and A VTP 
=f VTQ. Hence A PVS= A OVR (Ex. 624) and fig, PVRS = 
AQSR. Hence PVR is a st. line (Th. 28, Cor. 2). 

Ex. 641. F, G are pts. of trisection of AC, AB (Th. 23), .. A 
AFH =4/\ AHC (Th. 28, Cor. 2). Similarly A. AGH=i A AHB. 
Also /(\ HDE = 3 A HBC (Th. 28, Cor. 2). 

Ex. 642. VZ = 34 PR (Ex. 428). .. A QVZ = 4 PQRS (Th 
28, Cor. 2). Also QTSX = 4 PQRS (Th. 28, Cor. 2), .*. PORS = 
3 x TSXZV. 

Ex. 643. Let PR, QS intersect at O and complete the sq. POQV. 
Then PSOV is a (7gm and V, T, S are collinear (Th. 22), .°. PX 
= 4 PQ (Ex. 428). 7 

Ex. 655. Join AC, AE, BD, BF. Then A AFB =}4/A ADB 
(Th. 28, Cor. 2). Similarly A. BEA =3/A BCA. But A. ADB = 
A BCA (Th. 28, Cor. 2). Hence EF is |] to AB (Th. 29). 

Ex. 656. A. PDQ = A DPB. .:. PBRD is a (/gm (Th. 29). 
Also ABCD isa (/gm. Hence CR = AP (Th. 22). 

Ex. 669. Through E draw FG || to AB meeting AD, BC in F, © 
Then A EFD=A/ EGC (Th.11). .:. quadl. ABCD = ~/gm ABG} 
= 2 A AEB (Th. 30). 

Ex. 670. Ais the mid. pt. of EF (Th. 23). Hence EBCF = 2 A 
ABC (Ex. 669). | 

Ex. 671. Through the vertices of the quadl. draw |is to the diags. 
Then quadl. = 4 (/gm so formed (Th. 30) = a A having 2 sides equal 
to the diags. of the quadl. and the contained |_ equal to that between 
the diags. 

Ex. 672. A, ADF = 3 (7gm ABCD = A AED + A BEC (Th. 
80). .. A AEF = A BEC. .. A ABF = A CFE. 

Ex. 673. A, AFC + A BFD + A ABF + A BFC = A ABC + 
A BFD = A BCD +A BFD. ..A AFC + A BFD = A BCD 
+ /\ BFD — A ABF - A BFC =A CFD - A ABP. 

Ex. 678. Draw a st. line from C || to AE, and then use Th, 11. 

Ex. 679. A, AEC = 34 AE x 1 from C on AE (Th. 28, Cor. 1). 
Similarly ), AEB =4 AE x | from Bon AE and A. AED =3 AE x 
{ from Don AE, Hence A AEC = difference between /\s AEB, 
AED (Ex. 678) = 4 difference between //7gms BE, DE (Th. 30). 

Ex. 680, They have their greatest value when their common vertex 
is the mid. pt. of the diag. of the given (7gm. Prove by reductio ad 
absurdum, using Th. 31 and Th. 27, Cor. 2. 

Ex. 694. Draw CE | to AB, Then CD? = DE? + CE? (Th. 32). 
But DE? = 25BE? and CE? = 8BE? (Ex. 690). ... CD*? = 28BE? = 
TAB’ 


1 
Ex. 695. Let ABCD be a rect. Then AB = 7a * diag. of sq. on 


1 ; 
AB (Ex. 682). Similarly BC = ~p x diag. of sq. on BC, .°*. rect, 
AB, BC = rect. contained by diags. of sqs. on AB, BC. 
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Ex. 696. Proof similar to that of Ex. 695. é 


Ex. 697. Through P draw a | to two opposite sides of the rect, 
and use Th, 32, 

Ex. 698. AE? + BF? + CD? = AB? - BE? + BC? ~ CF? + CA? 
- AD? (Th. 32) = CA? - CF? + AB? —- AD? + BC? - BE? = AF? + 
BD* + CE? (Th. 32), 

Ex. 699. Through A drawa | to BC and B’C’; through Ba | to 
CA and C’A’; through Ca | to AB and A’B’. Now use Th. 82 and 
Ex. 698. 

Ex. 700. PR is || to VT (Th. 4). .«. A PVT = RVT (Th. 
28, Cor. 2). Similarly /\ QKS = A RXS. .. A PVT +A QXS 
= (A QRT + A PRS) = 4 equilat. A. descd. on PQ (Ex. 693) = a 
const. - 

Ex. 7o1. Let BE cut CD at F and CAatG. Now A DAC=/A 
BAE (Th. 10)... | FCG =|_ AEG. Also|_FGC =| AGE 
(Th. 3).° #|° CFG = |_ EAG (Th. 8) = a rt. ius 

Ex. 702. Draw AP | to BE and AQ | to CD. Now A BAE= 
A\ DAC (Th, 10)... AP = AQ (Ex. 155). Hence|_AFE=| AFD 
(Th. 15). 

Ex. 703. Join M to E, a corner of the sq. ACDE, and join N to F, 
a corner of the sq. ABGF. Then /\ BME = A ABC (for A AME + 
A CMD = 3sq.AD=A BCD. ..A AME =A BCM). Similarly 
AV CNF = A ABC. .. A’; BME = /) CNF. But BE=CF. .. 
AM = AN (Th. 29, Cor.). 

Ex. 704. Exs. 701, 702. 


Ex. 707. Let ABC be a A having AC? > AB? + BC? Draw BD 
1 toAB and=BC. Join AD. Then AD? = AB? + BD? (Th. 32) 
= AB? + BC <.ACt 2 AD =< AC... 4. Beene, Eee: 
(Th. 20). 

Ex. 708. Proof similar to that of Ex. 707. 

Ex. 709. 1? + (V2n + 1)? = (n + 1)°. 

Ex. 710. 42 linear units, or /82n! + 2 linear units. 


Ex. 715. Let BC cut EF at G. Join AG, DG. Then AG = CG 
(Ex. 712). Similarly BG = DG. Hence|_ AGB =|_ CGD (Th, 14). 
.. AG and DG are in the same st. line (Ex. 23). 

Ex, 716. Fold the fig. about AB. Then semi-@ ACB coincides 
with semi-@ ADB (Th. 34) and AC lies along AD. .*. C coincides 
with D and AC = AD. 

Ex. 717. The 4 parts coincide with one another when the © is 
folded about the 2 diams. successively (Th. 34). 

Ex. 718. The pts. of intersection of the 2 @s are the images of one 
another in the line of centres because this line is an axis of symmetry 
of the fig. (Th. 34, Cor. 2.) 

Ex. 719. Join the centres to a pt. of intersection of the @s and to 
one another, and see Ex. 718 and Ex. 691. 


Ex. 720. The bisector of the vert. | can be seen to be an axis of 
symmetry by folding. 


—- 
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Ex. 721. Let the bisector of one base |_ B cut the bisector of the 
vert. |_A at O. Join OC, and show that OC is the bisector of the 
base|_ C, See Ex. 720. 

Ex. 722. See Ex. 720 and Ex. 715, 

Ex. 727. Yes, about the mid. pt. of a diag. Prove by Th. 11. 

Ex. 728. Let P, Q be the centres of the @s that intersect at A, O 
and R the centre of the © that intersects the © with centre P at B. 
O. Then PBRO and QCRO are rhombi. .-. PB is = and || to Qc 
(Th. 7). .*. PQ is || to BC (Ex. 151). But OA is | to PQ (Ex. 718) 
.. OAis | to BC (Ex. 42). Similarly OB OC are {8 to CA, AB 
respy. 

Ex. 743. Let A, B be the given pts. and C any pt. on AB. Join 
A, B, C to O, the centre of the ©, and show that OC < OA (Th. 8, 
Cor. 4, Th. 12,28.-17). 

Ex. 744. Draw |s from P and Q to AB, and use Th. 35 and Th. 22. 

Ex. 745. Draw |s from the centres to AB, CD, and use Th. 35 and 
Th, 22. 


Ex. 746. Let T be the pt. of intersection and X, V the centres of 
the ©s. Draw |s from X, V to PT, QT, RT, ST and |\s from X, 
V to PQ, RS. Now proceed as in Ex. 745, and use Ths. 6, 8 and 11. 

Ex. 747. Let T be the pt. of intersection and X, V the centres of 
the ©s. Draw PTQ || to XV and any other st. line RTS, both 
terminated by the ©s. Draw |s from X, V to PT, QT, RT, ST 
and a || from V to RS. Now proceed as in Ex. 745, and use Ths. 6 
and 17. 

Ex. 748. If PS, QR intersect at the centre of the ©, it follows that 
| QPS =|_ RSP (Ths. 3, 10) and QP is || to SR (Th. 4). 

Ex. 754. The pt. can be shown by Th. 14 to lie on the | bisector of 
the chord joining any 2 of the given pts. on the ©. 

Ex. 755. The circum-centres are the pts. of intersection of the | 
bisectors of PT, QT, RT, ST (Th. 35, Cor.). 

Ex. 756. An isos. trapezium is symmetrical about the | bisector 
of its || sides and a © can be desed. through any 8 of its vertices 
(Th. 36). 

Ex. 761. Join E to F, the centre of the ©. Then|_ BFE =|_ 
FEC (Th. 6)=|_ FCE (Th. 12) =|_ BFD (Th. 6). «. arc EB = 
arc BD (Th. 37). 

Ex. 762. Join E and G to K, the centre of the semi-€ Then |_ 


DKE =|_ KEH +|_ KHE (Th. 8. Cor. 8) =|_ KGE (Th. 12) + {— 
KHE = GKF (Th. 8, Cor. 8, Th. 12). .. arc FG = } arc DE 
(Th, 37). 


Ex. 767. Let AB, BC, CD be consecutive sides of a reg. polygon 
insced. ina ©. Join AC, BD. Then A. ABC =A BCD (Ex. 766, 
Th. 14). ..L. B=|_C. Similarly remaining |_s of polygon can be 
shown to be =. 

Ex. 768, Let DE cut AB at Gand AC at H and join D, E to F, the 
centre of the @. Then DF, EF are | 8 to AB, AC (Ths. 88, 14, 10). 
Now |_ AGD = EDF + art. L. (Th. 8, Cor. 3) =|_ DEF (Th. 12) 
+art.| =|_AHE (Th. 8, Cor. 3), 


14 


15 
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Ex. 785. The sum of the | sfrom R, S upon PQ = 2 x | from the 
centre of the © upon PQ (Ex. 415) = a const. for all positions of RS. 


Ex. 786. Proof similar to that of Ex. 785. 
Ex. 787. See Ex. 780 and Ex. 754, 


Ex. 788. Join F, the centre of the ©, to Band C, Then A ABF 
=/f/\ ACF (Th. 14), BD, CE are equidistant from F (Ex. 155). 
* BD = CE (Th. 39) oA AD = AE. 


Ex. 789. Let CD, EF be chords of a © bisected at Q, R by a fixed 
chord AB whose mid. pt.is P, Let PQ be< PR. Join O, the centre 
of the ©, to P, Q, R. Then OQ < OR (Th. 35 and Ex, 366). 
CD > EF (Th. 39). 


Ex. 823. QPR = 180° - 2|_ PQR (Ex. 798, Th. 8) = 180° - 
2(90° — ey RQS) (Th. 40). 

Ex, 824. The quadl. so formed is a rhombus (Ex. 790, 805). Now 
see Ex. 820. 


Ex. 825. S, T are the mid. pts. of PQ, PR (Ths. 40, 35)... ST 
= $QR (Ex. 414). 


Ex. 826. Join O,. the centre of the ©, to S. Then | ' OSP =|_ 
OPS (Th. 12) =|. OPS. «OSs |.to PQ (Th.-4)... bai OS aa 
to the tangent to the © at Ss (Th. 40). 


Ex. 827. Let the in-© touch AC at E and AB at F. Then differ- 
ence between AB and AC = difference between BF and CE (Ex. 798) 
= difference between BD and CD (Ex. 798). 


Ex. 828. Let A be the fixed pt. and AB, AC, BC the 8 tangents. 

nee I, the centre of the ©, to B and C, ‘Then a BIC = 180° - $(|_ 
+L © (Th. 8) = 180° — 4 (180° — |_A) (Th. 8) = 90°+4| Az=a 

ai or all apie of BC, | 

Ex. 829. Join O, the centre of the ©, toP and Q. Then|_POQ 
= 180° - 4(|_ P + |_ Q) (Th. 8) = 180° — 90° (Th. 6).= 90°. 

Ex. 830. The in-centre lies on the bisector of the vert. i (Th. 25), 
which is:also the | bisector'of the base (Ex. 121) and, therefore, passes 
through the circum-centre (Th. 24). 


Ex. 831. Let ABC be the A. Then the internal bisector of |_ A 
passes through the-in-centre [ (Th. 25) and one of. the e-centres, say 
I, (Th. 25), of the A. Also|_ I, Al,=L 1, AI, =90° (Ex. 14). Similarly 
I,B is | toI,I,. 

Ex. 832. (i) vem az a (Ex. 798).- AE, + AF, = AC + CD, + 

+ BD, ' =2s. .. AE, =s. Similarly BF, = 
BD, = CD, = CE, = s. 
(ii) AE = AF (Ex. 798). * AE + BD+CD= AF + BF 
, + ». AE &8 —a. Siniladly eee 
— db; ‘CD = CE=s-c - 

(iii) BD, : = "BF, (Ex. 798). BD,= CD, - BC =s - aii). 
Similarly CD, = CE, =s - a; Chie CE, = AE, 
= AF, =s- 06; AE, = = AF, = BD, = BF, =s-c. 

(iv) AE=s-—a (ii), also CH, : = 8 — a(iii). Similarly BF 
= AF,; CD = BD.,. 
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(v) EE, = FF, (Ex. 801). EE, = AE, - AE =s — (s —a) 
(i, ii) =a. Similarly PRj=DD,=6 ;'DD,=EBs=< 
(vi) D,D.=CD,+CD, = (s — 6)+(s -— a) (ili)=c. Similarly 
yin = A; * = 0. 

(vii) DD, = BD - BD, = (s - 8) - (8 - 9) (ii, iii) =¢ - 6 

Simiarly EE, =a-—¢ec; FF, =a —- 6, 
Ex. 845. The common tangents meet at the in-centre of the A\ 

whose vertices are the centres of the @s (Ths. 41, 40, 15). 


Ex. 846. See Ex. 845. 


Ex. 847. Let CD, the common tangent at C, meet AB at D. Then 
CD is | to the line of centres (Ths. 41, 40) and D is the centre of the 
© descd. on AB as diam. (Ex. 798). Now see Th. 40, Cor. 2. 


Ex. 848. PR + QR = rad. of © with centre P + rad. of © with 
centre Q (Th. 41) = const. for all positions of R. 


Ex. 849. Let D, E be the centres of @©s touching externally at A 
and let || tangents be drawn, one to each ©, touching the © with 
centre D at B and the © with centre E at C. Join DA, DB, EA, 
EC. (1) Suppose the tangents to lie on opp. sides of A. Then BD is 
| to CE (Th. 40, Ex. 43). ..| BDA ={|_ CEA (Ths. 41, 6). Hence 
__ DAB =|_ EAC (Ths. 8, 12)... AB, AC are in the same st. line 
(Ex. 23). (2) Suppose the tangents to lie on the same side of A. Then 
BD is || to CE (Th. 40, Ex. 43). .. | BDA+| CEA=2 rt. |» 
(Ths. 41,6). Hence|_ BACisart.|_ (Ths. 8, 12, Hx. 3). When the 
Os touch internally similar proofs apply. : 


Ex. 850. Let the chord RS be drawn in the © with centre P. 
Join PS, QT. Now PQ passes through R (Th. 41) and |_ PRS + 
| ORT = 90° (Ex. 3). .. |. SPQ +|_ TQP = 180° (Ths. 12, 8). 
-. PS, QT are = and |j (Th. 5). .*. ST, PQ are = and || (Ex. 151). 

Ex. 851. Let X, V, Z be the centres of the ©s and let XV pass through 
P, VZ through Q, ZX through R (Th.41). Join SZ, TZ.. Then SZ, 
TZ are both || to XV (Ex. 841) .*. ST is || to XV (Ax. 12). 


Ex. 852, Let D, E be the centres of the ©s intersecting at A, B. 
Join AD, AE, BD, BE, CD, CE. Now both AB and AC are | 
bisectors of DE (Ths. 41, 14, 10). 


Ex. 853. Consider 2 positions of the smaller @. In the first let R 
be the pt. of contact. In the second let S be the pt. of contact and 
let R now occupy the position R’ and the centre of the smaller © the 
position Q. Join P, the centre of the larger ©, to R and R’ and join 
Q to R’. PQ produced will pass through S (Th. 41). Now|_ R’QS 
=2|_ RPS (Th. 37). But|_R’QS = 2|_ R’PQ (Th. 8, Cor. 3, Th. 
12),"..{ RPS =|_RPS. .°. R’ lies on RP. 


Ex. 872. Join BC. Then|_ AOC+|_ BOD=2(|_ EBC + |_ 
BCE) (Th. 42) = 2|_ AEC (Th. 8, Cor. 3). 

Ex. 873. Let I be the in-centre of (\ ABC. Join ID, IE, IF, 
Then |_ FDE =4|_ FIE (Th. 42) = § (180° —-|_ A) (Ths. 40, 8). 


B C 
Similarly |_ DEF = 90° - 5, L_. EFD = 90° - >: 
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Ex. 874. Join E, F, the centres of the @s, to A, B. Join AB. Then 

AEB = are (Th, 14),: .. | ACB = |_ ADB ( Th. 43). 34 BG 
= BD (Th. 1 

Ex. 875. Joln DB, DC. Now DE = DF ‘as 11) and DB = DC 
AST ESTi. © 3% A BDE = A CDF (Th.15). «. BE=CF. .. AE= 
4 (AB + AC). 


Ex. 876. Join AD, AE. Now A ae |_ ADF +|_ DAF and 
AGF =|_ AEG +|_ EAG (Th. 8, Cor. 3). But | ADF =|_ 
AG and|_DAF =|_ AEG (Ex. 855). 


Ex. 877. Join BE, EC. Then BEC is an equilat. A... | BCE 
= 60° (Th. 8). ..|_ BDE = 30° (Th. 42), 

Ex. 878. PT, Q%, RS are the internal bisectors of the |_s of A 
PQR (Ex. 855). .*. they are concurrent (Ex. 272). 


Ex. 879. Join E, F, the centres of the @s, to A, B. Join EF, 
Then |_ AEB = AFB = 120° (Th. Be ee ACB = ADB = 
60° (Th. 42). ..|_ CBD = 60°(Th. 8). ... CD = DB = BC(Ex. 200). 

Ex. 880. fink PS lie between ¥ ond PQ. Join SQ. Then 
SPI = QF! ~| OPS = 4 (180° — Os? ng} 13, 
=$|_ P- 4 (1807~ 2|_ R) (Th. 42) = aT Re 

Ex. 881. Let AC, PR intersect at E and BD, QS = “ie PC 
OD. Now arc AP = arc DS and are CR = arcB (Ex. 861). .* 
ACP =|_DQSand|_ CPR = |_ BDQ (Ex. 855)... |_ AEP = 
BFQ (Th. 8, Cor. 8). 

Ex. 890. Join PS. Then |_ SPT =|_ Sain PSQ (Th. 8, 
Cor. 3) = const. for all positions of R (Th. 43). . arc ler eg for 
all positions of R (Ex. 854). 


Ex. 891.|_ ADE +|_ ADF = a ee |_ ACF (Th. 43) = 3 
B+|C)=34 (80° L. A) ( Similarly |_ E = 90° - 


g and |_ F = 90° - 5- 


Ex. 892, Join QS. Then RT is || to QS (Th. 23, Cor. rE x7 ae 
PTR =|_ PSQ (Th. 6) = const. for all positions of S (Th. 48). 

Ex. 893. J oinSQ. Then|_ SQR and, oie |_ SQT is const. 
(Ex. 889). .*. arc ST is of const. length (Ex. 8 54). 

Ex. 894. ‘Let the median of (\ PTR through T meet PR in X and 
QS inV. Then QTV = 0 PTX (Th. 3) =|_ TPX (Ex. 212) = 

QST (Th. 43). Hence As OVT, OTS , equiang. (Th. 8) and |_ 
QVT =(_ QTS =art.[. 

Ex, 895. Join BQ, AO, BO. Then BO) (2 tL. AOB (Th. 42) 
=%4|_ APB bo. mae? d vee OB + Is ) (Th. 8, Cor. 8). o L_ 


PQB =|_P 
Ex. 896. Ait 10, He Phen cats SPQ + L. tye (Th. 
43) =| SPR+ | PRI = (Th. “a Dor. 3). ~ ‘SR 


(Th. 13). Similarly SQ = 


Ex. 897. Produce BO to “= AC at F, Join BE. Then A\s BOD, 
AOF are equiang. (Ths. 3, 8). DBO = OAF 2 DBE (Th. 
43). Hence /A\ DBO — A DBE ms 22). 
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Ex. 907. Let ABC bea A of given base BC and of given vert. 
A, and let O be its orthocentre. Then | BOC = 180° — 

(Ths. 3, 8). .. | BOC is @ const. .. locus of O is the aro of a 
pets). containing an |_ = 180° - |_ A and having BC for base 
Ex. 908. Let ABC bea J of given base BC and of given vert. 

A, and let I be its in-centre. Then|_ BIC = 180° - 3 (_B+L. te 


(Th. 8) = 180° — 4 (180° - |_ A) (Th. 8) =90°+ >. | BIC ise 


const. .*. locus of I is the arc of a segment containing an|_ = 90° + : 
and having BC for base (Th. 44). 
Ex. 909. Proof similar to that of Ex. 908. 


Ex. 910. Let ABC be a A of given base BC and of given vert, 
es and let the medians AD, BE, CF intersect at the centroid 
(Ex. 426). Draw GH || to AB and GK || to AC. Then BH = CK = 
} BC (Ex. 427, Th. 23). .. H, K are fixed pts. Also|_ HGK = |_ A 
(Th. 6) = aconst. .*. locus of G is the arc of a segment containing an 
{|_ =A and having HK for base (Th. 44). 


Ex. 911. Let PS, QR intersect at T. Now arc RS is always of 
const. length (Th. 38). .. are PR + arc QS =a const. . | POR 
+|_ QPS = 4 const. (Ex. 855)... L_ PQ =a const. (Th. 8). 
locus of T is the arc of a segment having PQ for base (Th, 44), 


Ex. 922. See Ex. 867 and Ex. 912. 
Ex. 923. See Ex. 867 and Th. 45. 
Ex. 924. See Ex. 922 and Th. 37. 


Ex. 925. Let the tangent to the © at S cut QRat T. Join QS. 
Then QSR is a rt. Li A (Ths. 45, 1) and TQ = TS (Th. 40, Cor, 2 
Ex. 793). .. TQ = TR (Ex. 211). 


Ex. 926. PQ is a diam. of the © (Ex. 791). ..| PXQ=|] PT 
=art.| (Th. 45). Hence PTQX is a rect. (Th. b- Q=L Q 


Ex. 927. The locus is (i) the ©, (ii) an arc of the ©, having for 
diam. the st. line joining the fixed pt. to the centre of the given © 
(Ths. 35, 45). 


Ex. 928. Produce RO to meet the © at T. Join TQ. Then Ag 
PRS, TRQ are equiang. (Ths. 45, 43, 8). ..|_ PRS =| ORQ, 

Ex. 929. EF passes through O (Th. 41). Also AC, BD are diams, 
of the @s (Th. 45), Hence EA is || to CD and FD to BA (Ths. 10, 4). 
Produce EA and FD to meet at G, Then | _ EGF isart.|_ (Th. 6) 
and GF = AB, EG =CD. .°. EF? = AB? + CD? (Th. 82). 

Ex. 930. Let PQR be a rt. ~ Z\ on the given hypot. QR. Then 
the locus of Pisa © having QR for diam. (Ex. 912). Produce QP to 
S making PS = PR. Join SR, Then|_QSR = 45° (Th. 8, Cor. 3, 
Th, 12) and the locus of S is the arc of a seginent having QR for base 
(Th. 44). But QS = QP + PR = a maximum when it is the diam, of 
the © QSR (Ex. 338), that is when /\ QPR is isos, 

Ex. 931. Proof similar to that of Ex. 930, 


’ 
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Ex. 932. See Ex. 981. 


Ex. 945. Let the st. line PQ be equally inclined to the sides AD, 
BC of a cyclic quadl. ABCD. Through E, the pt. of intersection of 
BA, CD, draw a st. line || to PQ meeting AD at F and BC at G. 
Then|_AFG=|_BGF (Th. 6). But |_ AFG (orits supplement) = 
{| ‘AEF + | EAF (Th. 8, Cor. 3) and BGF (or its supplement} 
={ 'CEG + |. ECG (Th. 8,, Gor. 3).~ .-. | AEP 2] 
(Hix. 934). .. PQ is equally inclined to BA, CD (Th. 6). 

Ex. 946. Let the st. line PQ be equally inclined to the sides AD, 
BC of acyclic quadl. ABCD. Let PQ meet AD, BD, AC, BC at E, 
F, G, H respy. Then |_ BFH = | BHQ -|_ FBH (th. 8, Cor. 3) 
and|_ AGE =| AEP-| _ GAE (Th. 8, Cor.3). But | BHQ= 
| AEP and|_ FBH =|_ GAE (Th. 48). 

Ex, 947. See Ex. 946 and Th. 11. 


Ex. 948. Let AD, the ext. bisector of the vert.|_ A of a L\ ABC, 
meet the circum-© at D. Join DB, DC. Then|_ DBC = | DCB 
(Ex. 934, Th. 43). ... DB = DC (Th. 18). 

Ex. 949. Let D be a pt. on the circum-@ of a A ABC equidistant 
from the ends of the base BC, Then |_DBC=|_ DCB (Th. 12). 
Now apply Th. 48 and Ex. 984. 

Ex. 950. Let P be the pt. of intersection through which AB, CD 
pass and let Q be the other. Produce AC, DB to meet at E and join 
PQ, CQ, DQ. Then |_ E = 180°- ((_ EAB +|_ EBA) (Th. 8) = 
180° - |_ CQD (Th. 43, Ex. 934) = a const. (Ex. 889). 

Ex. 951. Produce DA to cut the © ACB again at E. Join BE. 
Then BE = BD (Ex. 874). ..| BDE=|_ BED (Th. 12) = | DCA 
(Hix. 934)... AC = AD (Th. 13). 

Ex. 952. A is the centre of the © passing through B, C, D. i 28 
{_ BAD = 180° - |_ BCD (Ths. 42, 46) =|_ CBD +|_ CDB (Th. 8). 

Ex. 962. If = chords subtend = |_s at the circumferences they also 
subtend = |_s at the centres (Th. 42). Hence the radii of the @s are 
= (Ths. 12, 8,11). If = chords subtend supplementary |_s at the ciz- 
cumferences they also subtend = |_s at the circumferences (Th. 46) 

Ex. 963. In an acute |_d A | BOC +|_ BAC = 180° Ths. 3, 8) 
.". circum-@s of /(\ ABC, BOC are = (Ex. 962). Similarly circum-@s 
of /\s ABC, COA, AOB are =. A similar proof applies to any /\. 

Ex. 964. Let the circum-© of A BCF meet EF at G. Join CG. 
Then |_ EDC + |_ EGC = ABC + |_ FBC (Ex. 934) = 180° 
(Th. 1). .*. the circum-© of AV CDE passes through G (Th, 47). 

Ex. 965. Let T lie nearer P than R and let the ‘ircum-@© of 
RQT meet QS at X. Join XT, XR. Then lL TXQ =] “Te 
(Th. 43) = TPS (Th. 6). Hence cireum-© of A. PST passes 
through X (Ths. 1,47). A similar proof applies when T lies nearer R 
than P, ; 

Ex. 966. Let O be the orthocentre of an acute| d A ABC. Then 
D, O, E, C are concyclic (Th. 47). ». | EDC =| EOC (Th. 48) = 
|_ FOB (Th.3) = Lb F DB (Ths. 47, 43). Similarly [~/ DFB = | EFA 
and|_FEA=[_DEC. A similar proof applies to any A. 
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. Ex. 967. See Ex. 966. 


Ex. 953. The in-centre of /\ ABC is the orthocentre of the A hkhIL 
(Ex. 831). s : 


Ex. 969. Let P be a pt. on the minor arc BC of the circum-© of a 
LA ABC, and let D, E, F be the feet of the | s from Pon BC, CA 
ana AB produced respy. Join FD, DE, PB, PC. Then FBDP is a 
cyclic quadl. (Th. 47)... | PDF ={_ PBF (Th. 43) =|_ ACP 
{Ex. 934) = 180° - |_ PDE (Ths. 44, 46). ... FD, DE are in the same 
st. line. Similar proofs for other cases. 


Ex. 970. Let PQ pass through B, QR through C, RS through D, 
SP through A. Then |_ PBA+|_ QBC+|_RDC+|=-SDA= 
etn, 6)... [| B+ {_ D=180" (fh. 1). .. ABCD a cyclic 
quad]. (Th. 47). oy Set ea Biers: 

Ex. 971. Join BG, CG, DG and use Ths. 43, 44, 46,47, 

“Ex. 972. Let the circum-@s of /\s AQR, BRP intersect at S. Join 
SP, SQ, SR. Then |_| RSQ. + [_ A= 180° (Th. 46). Similarly |_ 
POR +[|  B=180°. Hence | QSP +|: C = 180° (Thi 8). «. S 
lies on the circum-© of /\ CPQ (Th. 47). _, : 


Ex. 973. Let PQR bean acute| d /\ having|_ PSR obtuse, and let 
the | s atQand S meet at T, at S and R meet at V, at Q and R meet 
at X. JoinPT, PV. Now-PQTS isacyclic quadl. (1h. 47). ..| PQS 
=f PS (Th. 43). Similarly { PRS =|'-PVS.: i+ R=. 
fewe V-(ch. 8). But| QPR+ |] .QXR.=— 180° (Th.'8), .. |. DPV 
+|. TXV =180°. .. P, T, X, V are concyclic (Th. 47).. A similar 


proof applies when |_ PSR is acute and for any /\. : 

Ex. 974. O, S, R, T lie on a © (Th. 47) whose diam. is OR 
(Th. 45). .*, |_ SRT = 180° - |- SOT (Th. 46) = a const. for all. 
. of R. .*. ST is of const. length for all positions of R (Ex. 854,, 
Th. 38). 

Ex. 975. Let P, Q, R be the mid. pts. of the sides BC, CA, AB of 
an acute | _d /\ ABC whose orthocentre is O, and let X, Y, Z be the 
mid. pts. of OA, OB, OC. Join RP, RX, QP, QX. Then RX is || to 
BO (Th. 23, Cor 2). Similarly RP is || to AC. But BOis | to AC. 
“, RXis | to RP. Similarly OX is [ to QP. .. R, P, Q, X are 
concyclic (Th. 47). Similarly Y and Z may be shown to lie on the 
same © as P, Q, R. A similar proof applies to any /\. . 

Ex. 976. In the fig. of Ex, 975 let D, E, F be the feet of the | 8’ 
from A, B, C to BC, CA, AB. Now|_s PDX, PQX are both rt. |_s, 

., P,D,Q, X are concyclic.. Similarly E and F may be shown to lie on 
the © passing through P, Q, R, X, Y, Z.: | 

Ex. 977. Because it passes through the feet of the |s from the 
vertices to the opp. sides (Ex. 976). , 

Ex. 978. Let O be the orthocentre and'S the circumcentre of an 
acute-angled A, ABC. Let D, E, F be the feet of the | s from A, 
B, C to BC, CA, AB. Let P,Q, R be the mid. pts. of BC, CA, AB. 
Let X,Y, Z be the mid. pts. of OA, OB, OC. Join SQ, SR, YZ, 
RQ. Then YZ, RQ are each || to BC (Th. 23, Cor. 2) and = 4 BC 
(Ex. 414). .. YZ is = and || to RQ. Hence A YZO=/A QRS 
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(Th. 11). .. SQ =OY=4% OB. Similarly SP = 4 OA and SR = 
3 OC. A similar proof applies to any /. 

Ex. 979. In the fig. of Ex. 978 SP = 4 OA (Ex. 978). _.. SP is = 
and ||} to AX. .. AS is = and || to XP (Ex. 151). But XP is a diam. 
of the nine- points © (Th. 45) and AS 1s the circum-radius of /\ ABC. 


Ex. 980. In the fig. of Ex. 978 lets OS meet XP at N. Now SP = 
OX (Ex. 978). Hence A. PNS = A XNO (Th. 11). .*. N is the 
_ nine-points centre, and it is midway between O and S. 


Ex, 989. Use Th. 43, and see Exp. 333. 


Ex. 990. Draw a common tangent to the 2 @s, and use Ths. 48, 
Ry 


Ex. 99gt. |. BAC =4 |_ BCA (Th. 8) = =|_ BPA (Th. 42). Now 
see Ex, 981. 


Ex. 992. Let AF be the tangent at A to the © ACE and AG the 
tangent at A to the © ADB. Suppose B to lie within| DAF and 
F within |_ BAG. Now Le CAE =|_ ABE + “+ — (Th. 8, 


Cor. 8). Na i GpRG el L. EA (Th. Ly and |. DBA 
{Th. 48). | between BD and EC ( 
Ex. 993. ‘Cee F be the centre of the O- Then i AF = AP 


{Ex. 212). .. ACF is an equilat. A. ABC = 30° (Th. £3). 
‘:| EDC = 60° (Th. 8). Also|_DCE = ae AF (Ths. 3, a 


Ex. 994. Let O be the centre of the ©. Then AOP= ete 

ae ST). .°.|_ ABP = 2|' BAP (Th. 49). > RP +|_ BPR = 

BAP (Tn. 8). But BPR = [_ BAP (Th. 48). bn BRP 
BAP. Now see Ex. 211. 


"Ex. 995. Let the ©s touch at F and let their common tangent at 
F meet AC at G. Tnen|_ DFG=|_ FAD (Th. 48). Also| BFG 
FCB (Th. 48). .. | AFB+|(_CFD=|_FAD+|_ FCB + 
fe FC = 2 rt. |_s (Th. 8). 
Ex. 996. L_. NPR =|_ PQR (Th. 48) = |_ NPB (Ex. 81). Hence 
A RPN=A BPN (Th. 1]). ag 


Ex. 997. __ CBD =|_ CAD (Th. 43) = |_ CAB (Ex. 798, Th. 14) 
= |_ between BC and the tangent at C (Th. 48). 

Ex. 998. Let PQ, ST be the common tangents and R a pt. of in- 

tersection. Then PS is || to OT, for each is | to the line of centres. 

PRQ = 180° - a RPQ + Lane dey! (Th. 8) = RPS + |_ 

RO (Th. %) = L. RST +{_ RTS (Th. 48) = 180° - |_ SRT (Th. 8). 


Ex. 1005. On one side of the rect. const. an equiv. (J/g having a 
aide AB = one of the given lengths (Hx. 1002). Similarly on AB coust. 
an equiv. (/]7gm having a side = the other given length. 


Ex, 1013. On one of the given lengths as base const. a rect. = the 
given area (Th. 26), then, on the base ‘of this rect. , const. an equiv. A, 
shaving a side = the other given length. 

Ex. 1014. Const. a (77gm cn 4 the base of the given / as base and 
of the same altitude as the given /A\ but having a -ide = 4 the sum of 
¢4he sides of the given /\. 
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Ex. rors. The diags. of a (7gm bisect each other (Th. 22) and divide 
«he (7gm into 4 equiv. /\s (Th. 28, Cor. 2). Hence const. as in Ex. 1013. 


Ex. 1016. Let D be a pt. in the side AB of a A ABC. Join DC. 
Oraw BE || to DC (Prob. 6) meeting AC produced at E. Join DE. 

Ex. ror7. Let ABC be the given A and let D be a pt. on BC such 
<hat BD =the given base. Now const. as in Ex. 1016. 


Ex. 1018. Let ABC be the given A and let D bea pt. on AB (or 
on BA produced) such that | from D to BC = the given altitude. 
ifow const. as in Ex. 1016. 


Ex. ro1g. Const. equiv. /\s of the same altitude (Ex. 1018). — 

Ex. 1020. Const. equiv. /\s of the same altitude (Ex. 1018). 

Ex. 1021. Const.a /\ of the given area having its base along the given 
+t. line and then const. as in Ex. 1018. 

Ex. 1022. Join the given pt. to the mid. pt. of a diag. and produce, 

Ex. 1023. Const. as in Ex. 1022. 

Ex. 1024. Let D be any pt. in the side BC of a A ABC and let E 


ue the mid. pt.of BC. JoinDA. Draw EF || to DA (Prob. 6) meeting 
w side of the A, at F. Join DF. 


Ex. 1025. Trisect the side (Prob. 7) and const. as in Ex. 1024. 

Ex. 1026. Divide the side into 4 = parts (Ex. 477) and const. as in 
fix. 1024. 

Ex. 1027. Divide the side into » = parts (Prob. 7) and const. as in 
45x. 1024. 


Ex. 1028. Let A be an angular pt. of a quadl. ABCD. Join AC, 
BD. Through E, the mid. pt. of BD, draw EF || to AC meeting a 
side of the quadl. at F. Join AF. 


Or; 

On AB as base const. a /\ ABE equiv. to and having|_ B in common 
with the quadl. ABCD (Prob. 13). Bisect BE at F (Prob. 2). Join 
AF. This const. fails when CE > CB. 

Ex. 1029. See Ex. 1028, second solution. Trisect BE (Prob. 7). 

Ex. 1030. See Ex. 1028, second solution. Divide BE into = parts 
(Prob. 7). 

Ex. 1031. See Ex. 1027. 

Ex. 1032. Produce QP to X, making PX = PS. Join XR. Draw 
PT || to XR (Prob. 6) meeting QR in T. 

Ex. 1033. Find the centroid of the /A\ (Ex. 426) and join it to the 
vertices. 

Ex. 1034. Let ABCD be the given (Jgm. Produce AB to E so that 
BE =the given st. line. Complete the (7gm DAEF. Join. FB. 
Produce FB and DA to meet at G. Complete the (7/gm FDGH. 
Produce CB to meet GH at K. 

Ex. 1035. See Exs. 1012, 1034. 

Ex, 1036. Divide the given rectil. fig. into /\s by drawing diags. 
Now see xs. 1012, 1035. 
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Ex. 1037, Makea /\ ABC rt.|_d at B such that AB, BC are respy’ 
= the sides of the given sqs. Then AC? = AB? + BC? (Th. 82). 


Ex. 1038. See Ex. 1037. 


Ex. 1039. Make a /A\ ABC rt. |_d at B such that AB, AC are respy. 
= the sides of the given sqs. (Prob. 12). Then BC? = AC? — AB?’ 
(Th. 32). | i 


Ex. 1040. Let AB be the given st. line and CD a side of the given 
sq. Make |_ ABE = 45° (Ex. 490), and with centre A and rad. CD 
desc. &@ @ cutting BE at F and G. From ForG drawa tJ to AB 
(Prob. 4). 


; i : 
Ex. 1041. Let ABCD be the given sq. Produce AC to E go that 
AE = 2 AC and on AE const. a sq. 


Ex. 1042, Let ABCD be the given sq. With centre A and rad. AC 
desc. a © cutting AD produced at E. Draw EF || to AB (Prob. 6) 
meeting AC produced at F, 


Ex. 1043. Draw BC | to AB (Prob. 3) and =a side of the given 
sq. JoinAC. Make |_ ACD =|_ BAC (Prob. 5) on the same side 
ot AC, 


Ex. 1044. Makes (A. ABC rt.| d at B such that AB =a side of 
the given sq. and |_ A = 30° (Ex. 555). Then BC? = 4 AB? (Ex. 690). 


Ex. 1045. Let ABCD be the given sq. With centre A and rad. AB 
desc. a © cutting AC at E. Draw EF 1 to BCand EG | toCD 
(Prob. 4). Then FG is a side of the reg. octagon. 


Ex. 1046. See Ex. 166 and Th. 82. 


Ex. 1047. Draw BC | to AB (Prob. 3). Draw AC making|_ BAC 
= 224° (Ex. 491) and meeting BC at C. Make | ACP =|_ BAC 
(Prob. 5) on the same side of AC. 


Ex. 1048. Let AB = a side of the given sq. Draw BC | to AB 
(Prob. 3). From BC cut off BP = AB, BQ = AP, BR = AQ, BS = 


AR andso on. Then BQ? BR’, BS’ . . . shall be twice, three times, 
four times .. . AB? (Th. 82). ° ae 

Ex. 1049. In the fig. of Ex. 1048 let AB =1 in. Then BQ, BR, 
BS ... shall be ,/2, ,/8, /4... inches. 


Ex. 1056. At the given pt. draw the | to the diam. through the 
given pt. (Prob. 3), 

Ex. 1057. Draw the shortest chord through the given pt. (Ex. 1056). 

Ex. 1058. See Prob. 10. 


=x. 1059. Find S, T the centres of the @s (Prob. 14). Join R to 
X, the mid. pt. of ST (Prob. 2). Draw PRQ | to RX (Prob. 3). 


Ex. 1073. Let P be the given pt. Place a chord in the © of the 
given length and desc. a concent. © to touch this chord (Ex. 1060) and 
draw a tangent to this © through P (Prob, 16). 

Ex. 1074. Const. as in Ex. 1073. 

Ex. 1075. Place a chord in the © of the given length and desc. a 
sonoent. © to touch this chord (Ex. 1060). Now const. as in Hx. 1066. 
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Ex. 1076. Place a chord in the © of the given’ length and desc. a 
concent. © to touch this chord (Ex. 1060). Now const. as in Ex. 1067. 


Exs. 1077, 1078. Solve by the method of the Intersection of Loci. 
Ex. 1079. See Th. 25. 


Exs. 1080, 1081, 1082, 1083. Solve by the method of the Intersection 
of Loci. 


Ex. 1084. Let a,b,c be the given radii of the 3@s. Const. a /\ 
having sides = (a + b), (0 +c), (e+ a) respy. (Prob. 10). Then the 
vertices of this /\ will be the centres of the reqd. ©s. 


Ex. 1085. Let a,b be the given radii of the 2 ©s that touch ex- 
ternally and c the given radius of the third ©. ‘Const. a /\ having 
sides = (c — a), (c — 6), (@ + 0) respy. (Prob. 10). «Then the vertices of 
this /\ will be the centres of the reqd. Os. ' . 


Exs. 1086, 1087, 1088. Solve by the method of the Intersection of 
Loci. 


Ex. 1089. Let C be the given pt. in the given st. line AB and let D 
be the centre of the given @©. Draw EDF | to AB meeting’ the cir- 
cumference of the given © at E (Prob. 4) and draw CH | to AB 
(Prob. 8). Join EC cutting the given © at G. Join DG and produce 
DG to meet CH at H. Then H will be the centre'of the reqd. ©. 


Ex. 1090. Let AB be the given st. line and G the given pt. on the 
given © whose centre is D. Draw EDF | to AB meeting the cir- 
cumference of the given @ at E (Prob. 4). Join EG and produce EG 
to meet AB atC. Draw CH | to AB (Prob. 3). Join DG and pro- 
duce DG to meet CH at H. Then H will be the centre of the reqd. ©. 

Ex. 1096. Place a chord in each © of the length to be intercepted in 
each case. Desc. concent. @s to touch these chords (Ex. 1060) and 
‘draw a common tangent to these ©s (Prob. 17). | 

Ex. 1097. In the © tobe cut by the st. line place a chord of the 
length to be intercepted. Desc. a concent. © to touch this chord 
(Ex. 1060) and draw a common tangent to this © and the © to be 
touched by the st. line (Prob. 17). . . 

Ex. 1104. Draw 8 diams. inclined to one another at angles of 60° 
(15x. 555). eer. 

Ex. 1105, Insc. a reg. hexagon (Ex. 1104) and join alternate vertices. 

Ex. 1106, Insc. a reg. hexagon (Ex. 1104) and bisect the arcs cut off 
by the sides (Prob. 15). ae 

Ex. 1116. Find the angular pts. of a-reg. octagon inscd. in the © 
(Ex. 1103) and draw tangents to the © at these pts. (Prob. 16). 

Ex. 1117. Find the angular pts. of a reg. hexagon inscd. in the © 
(Ex. 1104) and draw tangents to the © at these pts. (Prob. 16). 

Ex. 1118, Find the angular pts. of a reg. dodecagon insed. in the © 
(Ex. 1106) and draw tangents to the © at these pts. (Prob. 16), 

Ex. 1119. Draw 2 diams. of the © inclined to one another at an |_ 
= the given (Prob. 5) and draw tangents to the © at their ex- 
tremities (Prob, 16). 
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Ex. 1120. If I, I,, I; are the given e-centres, the vertices of the reqd. 
A are the feet of the {s from I,, I, I; upon I,I,, I,1,, 1,1, respy. 
(ix. 968). 

Ex. 1127. On AB the given base, describe a segment containing an 

= the given |_ (Prob, 21). Complete the © by describing the arc 

EB. Bisect the arc AEB at E (Prob. 15). Join E to the given pt. 
Din AB. Produce ED to meet the © at F. Join AF, BF. 


Ex. 1128. Let AB be the given base, a the given vert. and D 
the given median. Bisect AB at C (Prob. 2). On CB describe a seg- 
ment containing an |_ = Le (Prob. 21). With centre A and radius 
= D describe a © cutting the segment at E. Join BE and produce 
BE to F so that EF = BE. Join AF. 


Ex. 1129. Let AB be.the given base, C the given vert. [| andDa 
line = the sum of the remaining sides. On AB, and on the same side 
of it, describe 2 segments containing |_s = |_ C and $|_ C respy. 
(Prob. 21). In the second segment place a chord AE = D and cutting 
the first segmentat F. Join BF. 

Ex. 1130. Let AB be the given base, C the given vert. | and Da 
line = the difference of the remaining sides. On AB, and on the same 
side of it, describe 2 segments containing |_s =|_ C and 90° + 3 We, 
respy. (Prob. 21). In the second segment place a chord AE = D and 
produce AE to cut the first segment at F. Join BF, 


Ex, 1145. AH. AL = AH?- AH.HL (Ex. 1143, ii.) = AB. BH 
- AH.HL = HL(AB - AH) = HL?, 


Ex. 1146. AC. BD = AB. BD + BC. BD (Th. A) = AB(BC+CD) 
+ BC.BD (Th. A) = AB.CD + BC(AB + BD) (Th. A) = AB.CD 
+ AD. BC (Th. A). 


Ex. 1147. Let D, E, F be the feet of the | s from A, B, C to the 
opp. sides of the A\. Then (AP + PD)BC + (BP + PE)CA + 
(CP + PF)AB=6 A ABC (Th. A, Th. 28, Cor. 1). But PD.BC + 
PE.CA + PF.AB = 2 A ABC (Th. 28, Cor. 1). 


Ex. 1148. CE.ED = (AE - AC) (EB + BD) = AE.EFB + 
AE.BD - AC(EB + BD) = AE. EB + AC(AE - EB - BD) = 
AE.EB + 2AC?, 

Ex. 1149. Draw AF {| to BC. Now BD.CE + BE.CD = 
BC. DE (x. 1146) = 2.AF.DE = 4 A ADE = 2.AD.AE. 


Ex. 1163. AC? + BD*= AB? + BC? + 2AB. BC (Th. B) + BD? 
= AB’ + BD* + 2AB(BD - CD) + BC? = (AB + BD)? (Th. B) + 
BC* - 2AB.CD. 

Ex. 1164. PS’? + RQ? —- 2PQ.RS = PR? + RS? + 2PR.RS 
(Th. B) + RS’ + SQ? + 2RS.SQ (Th. B) - 2PQ.RS = PR? + SQ? 
+ ?RS(RS + PR + SQ — PQ) (Th. A) = PR? + SQ? 

Ex. 1165. BE* = AB? + AE*® + 2.AB.AE (Th. B) = AB* + 
AB.BC + 2AB.AE = AB(AB + BC + 2AE) (Th. A) = AB. DE. 

Ex. 1166. AF? = AB? + BF? + 2AB.BF (Th. B) = AB? + 4AH? 
+ 4AH.AB = AB’ + 4AB,BH + 4AH.AB = AB? + 4AB(BH + 
AH) (Th. A) = 5AB? (Th, A). 
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Ex. 1172. (AB + BC)? = AB? + BC? + 2AB.BC (Th. B) = 83AC? 
(Ex. 1171) + 2AC% 

Ex. 1181. Join P to the mid. pt. of QR and use Th. D, Cor. 1, or 
Th. D, Cor. 2, according as S divides QR internally or externally. 

Ex. 1182. Use Th. D, Cor. 2. 

Ex. 1183. Use Th. D, Cor. 2 

Ex. 1184. Use Th. D, Cor. 2. 

Ex. 1185. Use Th. D, Cor. 1. 

Ex. 1186. Drawa | from the rt. |_ to the hypot. and use Th. 23, 
Th. D, Cor. 2, and Ex. 1158. 

Ex. 1187. AQ. QS + PQ? = PS? (Th. D, Cor. 1) = AR.RS + PR’ 
(Th. D, Cor.1). But PQ< PR. ..PQ’< PR. ..AQ.QS> 
AR.RS. 

Ex, 1188. Let P be the mid. pt. of the side BC of a (A, ABC and Q 
the foot of the | from Aon BC. Suppose AB >AC, Then AB* - 
AC? = BQ? + QA? - CQ? - QA? (Th. 32) = (BQ + QC) (BQ - QC) 
(Th. D) = 2BC, PQ. 

Ex. 1189. For the foot of the | from the vertex to the base is always 
at a constant distance from the mid. pt. of the base. See Ex. 1188. 

Ex. 1190. See Ex, 1188. 

Ex. 1191. See Ex. 1188. 

Ex. 1192, AB. BE = AB? —- AB. AE (Ex. 1143, ii.) = AC? - BC? 
(Th. 32) - AB. AE = (AC - BC) (AC + BC) (Th. D) - AB. AE = 
AE(AC + BC - AB) = AE(AE + AB — AB). 

Ex. 1197. AQ? + QB? = 2AP? + 2PQ? (Th. F, Cor. 1) = 2(AQ. QB 
+ PQ?) (Th. D, Cor. 1) + 2PQ*. 

Ex. 1198. Draw AE | toBC. Then BD? + CD? = 2BE?+ 2ED’ 
(Th. F, Cor, 2) = 2AE? + 2ED? = 2AD? (Th. 32). 

Ex. 1199. EK? + GK? = 2EH? + 2HK? (Th. F, Cor. 2). Also HF* 
4 HG? = 2KF? + 2HK? (Th. F, Cor. 2). Hence, by subtracting, EK? 
4 GK?-- HF? - HG? = 2EH? - 2KF*. .. EK’ + SFR? = FH + 
3EH?’. 

Ex. 1200. Draw AE | toBC. Then BD? + CD? = 2BE? + 2DE? 
(Th. F, Cor. 1) = 3BE? - BE? + 9DE? = AE? (Ex. 690) + DE* - 
(BE? - DE?) = AD? (Th. 32) - BD. CD (Th. D). 

Ex. 1202, Draw AE | to BC. Then AD? = DB? + BA?’ + 
2.DB.BE (Th. 49) = DB? + 83BA* .. 2DB. BE = 2BA? = BC? 
(Th. 32). Hence DB = BC. 

Ex. 1203. Let the projection of the 5 ft. side on the 3 ft. side 
measure x ft. Then 7? = 3? + 5? + 6x (Th. 49). .. & = 4. Hence the 
7 ft. side subtends an |_ of 120°. 

Ex. 1204. Draw EF || to AB and EG | to BC. Then BE? = BF? 
4 FE? + 2BF.FG (Th. 49) = BF(BF + 2FG) (Th. A) + CE? (Ths. 
6, 13) = BC. DE + CE’. 

Ex. 1205, AB? = BC? + CA’ + 2BC. CD (Th. 49) = BD’? - CD* 
+ CA? (Th. B). .. DF? + CD? = BD? + DG*%. .. FC? = GB’. 
(Th. 32), 
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Ex. 1208, Join OA, OB, OC and use TY 50. 

Ex. 1209. Draw |s from the ends of one of the |] sides to the other 
anda use Ths. 49, 50, A. 

Ex. 1210. See Ex. 1209. 

Ex. 1211, See Ex. 414, Ex. 417 and Ex. 1210. 

Ex. 1212. Draw AE | toBC, Now AB’?’< BC?+ CA? .-. AB 
subtends an acute |_ at C. .. AB? = BC? + CA? - 2BC.CE 
(Th, 50). ..2CE=CA. Hence|_ C= 60°. 

Ex. 1213. PQ? = QR? + PR’ - 2PR.RS (Th. 50). Also PR? = 
QR? + PQ? - 2PQ.QT (Th. 50). .., by adding, 2QR? = 2PQ.QT 
+ 2PR.RS. 

Ex. 1214. Suppose ABC an acute |_d A, anddraw HM | to FC 
produced and AL | toBC. Then FH? = FC? + CH?+ 2FC.CM 
(Th. 49). Also AB? = BC? + CA? - 2BC.CL (Th. 50). But CM = 
CL (Th. 11). ~:.. FH? + AB*= 2BC? + 2CA*, Similarly KE? + BC? 
= 2CA? + 2AB? and DG* + CA? = 2AB?+ 2BC*% Now add. A 
similar proof applies to any /\. é 

Ex. 1215. Suppose AB >AC, Now AP?=PB?+AB?-2.BN.AB 
(Th. 50). Also AP? = PC? + AC? - 2.CM.AC (Th. 50). Hence 
PC? - PB? = AB* —- AC? =a constant for all positions of P. Now 
see Hx. 1189. 

Ex. 1216. Draw AE T to BC, and, by using Ths. 49, 50, obtain an 
expression for p. AD? + q. AD’. 

Ex. 1223. Let ABCD be the quadl. and P, Q the mid. pts. of AB, 
CD. Then AD? + AC? + BC?+ BD? = 2DQ? + 2AQ? + 2DQ? + 
2BQ? (Th. 51) = CD? + 4AP? + 4PQ? (Th. 51) = CD? + AB? + 4PQ* 

Ex. 1224. Let AG produced meet BC at E. Then DB? + DC? = 
2BE? + 2DE? (Th. 51) = AB? + AC* - 2AE? + 2DE? (Th. 51) = AB? 
+ AC? ~ 10AD? (Ex. 427). \ 

Ex, 1225. Let AC, BD intersect at E. Join PE. Then 2AE? + 
2PE? = 2BE? + 2PE? (Th. 51). Hence AE = BE and AC = BD. 

Ex..1226. Let O be the centre of the © and E the mid. pt.-of CD. 
Then AP? + BP? = 2. OA? + 2, OP? (Th. F, Cor. 1) = 20C? + 20P? 
= 2CE? + 2EP? (Th. 32) = CP? + DP? (Th. 51). 

Ex. 1227. Let O be the centre of the @s, R the mid. pt. of PQ and 
S the mid. pt. of OT. Then OP? + OQ? = 2OR? + 2RQ? (Th. 51) = 
2OR? + 2RT? (Ex. 212) = 40S? + 4SR?* (Th. 51). But OP? + OQ? - 
40S’ is a constant. Hence the locus of Ris a © having S for centre. 

Ex. 1232. Produce CI to cut the © at A. Then|_ ABO = art. 
(Th. 45) =|_ AQO. .:. A, Q, B, O are concyclic (Th. 44). ...OC.C 

Ex. 1233. AK. KL = BK. KC (Th. 52). But BK. KC cannot be 
greater than BP? (Th. D, Cor. 1) and BP? = OB? — OP? (Th. 82). 

Ex. 1234. Draw the | from B to AC and use Ths. 50, 45, 52. Cor. 1. 

Ex. 1235. Draw | s from the centre of the © to the chords and use 
Ths. B, 52, F, Cor. 1, and 82. 

Ex. 1236.|_ BFA=|_FEA+|_FAE (Th. 8, Cor. 8) =|_ BCD 
+| FCD (Th. 43) =|_BCF. .. AF touches the cireum-© of A 
BCF (Ex.98)). .. AF? = AB. AC (Th. 52, Cor.1) = AD. AE (Th. 52). 
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Ex. 1237. Let R be the foot of the | from Q on AB. Then B, P, 
Q, R are concyclic (Ths. 45, 47)... AP. AQ = AB. AR (Th. 52) = 
a constant for all positions of P. 

Ex. 1238. Let EF cut AB at G. Now DF? = DB.DA (Th. 52. 
ee = eae — CE? (Th. 52, Cor. 1). .. DF = CE. Also 

= E (Th. 3) and |_ DFG is supplementary to CEG. 
.. DG = CG and AG = BG. 4 y tol | 

Ex. 1239. AE=DF (Ex. 801). .. AG=DH (Ex. 1229). ..GB.GC 
—HB.HC (Th. 52, Cor.1). .. GB=HC. .-. GH?=BC?+4GC. GB 
(Th. E) = BC? + 4GA? (Th. 52, Cor, 1) = BC? + AE? 

Ex. 1245. See Th. D. 

Ex. 1246. Produce AB to P so that CP = 2AB. 

Ex. 1247. Bisect the st. line (Prob. 2). 

Ex. 1248. Make the obtuse |_ = 120°. 

Ex. 1249. Produce AB to P so that BP = AB,/2 (Ex. 1049). 

Ex. 1250. Let AB be the given st. line and PQ a side of the given 
square. Bisect AB at C (Prob. 2) and produce AB to D so that CF Bi 
— CB? + PQ? (Ex. 1037). . 

Ex. 1251. Let ABC be a A rt.|_d at B. Draw BE 1 to AC 
(Prob. 4). Bisect CE (Prob. 2). ) 

Ex. 1252. Let AB be the given st. line. Draw BC 1 to AB 
(Prob. 3) and = 4AB. Join AC. From CA cut off CD = CB and 
from AB cut off AE = AD. See Ex. 1192. 

Ex. 1253. Let AB be the given st. line. Draw BC | to AB 
(Prob. 8) and = $AB. Join AC. From AC produced cut off CD = 
CB and from BA produced cut off AE = AD. ; 

Ex. 1254. Let AB be the given st. line. Bisect AB at C (Prob. 2) 
and produce AB to D so that CD = AC,/5 (Ex. 1049). 

Ex. 1255. Let AB be the given st. line. Divide AB internally at C 
in medial section (Ex. 1252). On AB desc. a semi-© and in it place a 
chord AD = AC. Join BD. 

Ex. 1256. Let A, B be the 2 given pts. and PQ the given st. line, 
and suppose AB, PQ to meet at C. Along PQ take CD such that 
CD? = AC. CB (Prob. 24). Desc. a © through A, B, D (Prob. 18). 

Ex. 1257. Let A, B be the 2 given pts. Desc. any © through A, B 
cutting the given © at C, D, and suppose AB, CD to meet at E. 
From E draw a tangent to the given © (Prob. 16) and let F be its pt. 
of contact. Desc. a © through A, B, F (Prob. 18). 

Ex. 1268. Let AB, CD be the 2 given st. lines and E the given pt. 
Let AB, CD meet at F, and suppose E to lie within| AFC. Draw 
FG bisecting |_ AFC (Prob. 1) and EG | to FG (Prob. 4). Produce 
EG to H so that GH = EG. Now desc. # © through E, H and 
touching either AB or CD (Ex. 1256). 

Ex. 1259. Let A be the given pt. and BC the given st. line. Draw 
DE a diam. of the given © | to BC (Prob. 4) and produce DE to meet 
BC at F. Join DA and produce DA to G so that DA. DG=DE.DF 
(Ex. 1242). Desc. a © through A, G and touching BC (Kix. 1256). 
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Ex. 1299. Use Th. 28, Cor. 1. 


Ex. 1300. Place the /\s so that | A and |_P may be vertically 
opposite. Join BQ, CR. Now use Th. 29 and Ex. 1293. 


Ex. 1301. Follows from Ex. 1800. 


Ex. 1302. A oev = a cs (Ex. 1299 and Th. 54). But A QSV 


= /\ RTV.. Now use Th. 29 and Th, 11. 
ee re Be”, ia ER 
ot Cees ee AK CX "EX 


Ex. 1304. Draw CG || to DF, meeting AB or AB produced at G. 
Then FG = EC, 


Ex. 1305. If TS produced cuts PQ at V, then V is the mid. pt. of 
PQ (Ex. 211). 


Ex. 1306, Produce PS and PT to meet QR (produced both ways) 
at Vand X. Then S is the mid. pt. of PV and T is the mid. pt. of 
PX (Th. 11). 


Ex. 1307. Let O be the fixed pt. Join O to the centre of the ©, bya 
line cutting the circumfce. atQand R. LetOQ bedividedat SandOR 
at T so that ia = oe = the const. ratio. Join SP, TP. Now|_ SPT 
isart.|_ (Th. 54, Th. 45 (a)), and S, T are fixed pts. 


AAFE_ AF i FE A DEF 

Ex. 1332. A DEF ~ DE (Ex. 1299) = @ (Th. 55) = A DEG (Ex. 
1299). 

Ex. 1333. Let the ©s touch at T and let TX, theircommon tangent | 
at T, meet PQ at X. If R, S are the centres of the @©s,|_RXS is a 
rt.|_ and XT is | to RS (Th. 40)... XT is the mean proportional 
between RT and ST (Hx. 1323). But XT = $ PQ (Ex. 798). 


Ex. 1334. Draw the common tangent at T, PTQ isart.|_ (Ex. 
798, Ths. 12,8). ..|_TPQ = 90° -|_TQP =[_QTR (Ths. 48, 45). 


Ex. 1336. QR subtends a rt.|_ at the centre of the © (Ex. 829). 


Hence DE is || to XY, 


Now use Th. 40 and Ex. 1323. 
: AB EG 
Ex. 1336. Draw EG |{ to AB, meeting BC atG. Then ACG “EG 
EG _ EF 
“DB DF" 


Ex. 1337. |_ADC = 180° - |_ABC (Th. 46) = 90° +|_BAE (Th. 
45) =| AEF (Th. 8, Cor. 3). 


Ex, 1338, Let ABC, DEF be 2 /\s having|_B =|_E and = 
ED 


DF Case I. Suppose|_A=| D,then|_C =| _F(Th.8). Oase IL,’ 
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Suppose LA not=| D AtD in ED make |_EDF’ =|_A. Then 
D 


BA E / 
AC = pF Bltac= pp «: DF = DF’and|_DFF’ =|_DFF. 


..L__DFE+[|_DFE = 180°. 

Ex. 1339. As PQR, TPQ are equiang., since |_Q is common and 

RiP 
-PRO =|..PQR =[_OQPT.. +. BO = a 
Ex. 1340. Join EC. | BAD =| CAE and |_ABD =| AEC 
: AD 

{Th. 43), .. As ABD, AEC are equiang. (Th. 8). .°. AE AC 

Ex. 1341. AB.AC=AD.AE (Ex. 1340) = AD. ED + AD? (‘Ih. 
A, Cor. 2) = BD. DC + AD? (Th. 52). 


Ex. 1342. Produce DA to meet circum-© of /\ ABC at E and 
proceed as in Exs. 1340, 1341. 


Ex. 1343. In /(\ ABC draw AD | to BC and let AE bea diam. of 
circum-@. Join EC. Then rt.|_ BDA=rt.| ECA (Th. 45) and 
{. ABD = Sieh (Th. 43). .. As ABD, AEC are equiang. (Th. 4). 

. ABAD 
PSEA 

Ex. 1344. Let ABCD bea cyclic quad). Join AC, BD. Draw BE 
making |_ABE=|_ DBC and meeting AC at E. Then |_ ABD 
-|_ EBC and |_ BDA=|_ BCE (Th. 48). Hence ee me ae 
.. BD.CE=BC.DA. Similarly from Ass ABE, DBC we have 


BA 
sp -~ pc °:BD.AE=BA.DC. .«. BC.DA+BA.DC-= 


8D.CE+ BD.AE= BD. AC (Th. A). 
Ex. 1345 PS. OR= FQ. RS + PR. QS (Ex. 1344). But QR 
= PQ ~ BR, “ PS = RS+ QS. 
{TGR 
Ex. 1346. Draw PL, SM |s from P,StoQR,TV. Now A S8TV 
FLE-OR PL QR _ PO, QR 
memetvy «SM TV ST TV 
Ex. 1347, As PQR, PQS are equiang. (Th. 48), .°. Qos 
PQ.QR 
Ex. 1348. Let TR cut PS at X. Join RP and produce RP 10 


nieet OT produced at V. Then PVT =|_ PQR (Ths. 40, 45, Ex. 
>1)=[L_ VPT (Ths. 48, 3)... = TP (Th. 18) = TQ (Ex. 798). 


V 
Ex. 1354. Let T be centre of © PQR and V of © POS. Then 
{_ PTR=2|_ RPS =|_ PVS (Ths. 42, 43)... As PTR, PVS are 


41uoilar. 
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Ex. 1355. Let T be centre of © PQR and V of © PQS. Then 
| RTQ=LQVS (Ths. 42,1). .. As RTQ, QVS are similar. 

Ex. 1356. See Ex. 1353. 

Ex. 1357. See Th. 52, Cor. 2. 

Ex. 1358. See Ex. 1353. 

Br BP + AP “BOsc B 

PX. 1359 ER“ ER+ DR ~ BS 4 FS ~ ES: Hence As BPQ 
Po.. BRAG 
RS ~ ER ~ DF’ 

Ex. 1360. Draw OT | to PQ and in OT or OT produced take a pt. V 
such that rect. OT. OV = rect.OR.OS. Join SV. Then ae = ate 
Hence As OSV, OTR are similar (Th. 57). ..| OSV =| OTR = 
art.[_. .*, locus of S is a © having OV as diam. (Th. 45 (a)). 

Ex. 1361. /A\s PAC, PBD are similar (Th. 57). Hence ABCD is a 


cyclic quadl, (Th. 44). Again| APB is const. (Th. 43) and ce is 


const. ratio, .*.| PCA is const. (Th. 54). .*. | ACB is const. (Th. 1). 
‘, circum-@ of quadl. ABCD is a fixed © and CD subtends a const. 
Ge in it. .*. CD is of const. length. .°. CD is ata const. distance from 
the centre of a fixed © (Th. 39 (a) ). 
A= AB AB? D? 
Ex: 137% EC = BC = BD? (Ex. 1282) = gat (since As ABD, 
DBC are equiang.). 
Ex. 1374. Let A, B be the fixed pts. and P.the moving pt. Then 
PB = the const. ratio. Bisect |_APB internally by PQ meeting AB 
at Q and externally by PR meeting AB produced at R. Then 


50 = ae = the const. ratio. .*. Q, R are fixed pts. and | QPRisa 


ERS are similar and 


rid 
a Vet OX £, 
Ex. 1375. |_TVX =|_SVX (Ex. 855). .*. UT ~ Tx: Similarly 
ZS _ Sx 
Ys Wea Ps 
AB AE AB + BC 
Ex. 1376. Les BD cut AC at E. Thenpe=po -- a 


AE + EC BC BD... en 
=—KE- Put RE = ap (since As BEC, BAD are similar). 

Ex. 1377. Let | from P meet QR at S and let tangent at P meet 
QR produced at T. Now| RPT =|_PQR (Th. 48) =|_ RPS (Ex. 
81) and|_ QPRisart.| (Th. 45). Now see Exs. 1862, 1365. 

ao.) 6 6ShDhLCUBFF fre eo; DE 

Ex. 1378. AG = €D = DE (Th. 55). Also AG “= CD = CE °° 

AB ABVWoEr ~ DF 
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Ex. 1379- Draw the common tangent at P. | QOPX = toP te 
1 PRE Thy 48). = | TXR. (Th.i8, Cora 38) = | TPX (Th. 48). 


P 
% Be = Rx Again| PST =|_PQR (Th. 48.) ... ST is||toQR 
r iS 
(Th. 5) and aS = ee (Th. 54 Cor.). 


Ex. 1387. Let BCP, CAQ, ABR be similar /\s described on the 
bypot. BC and the sides CA, AB of a rt. |_d A. ABC. Then 
L\CAQ_ CA? qg DABR AB? Th. 59 , ACAQ + AABR 
ABCP 2 BC and ABCP’™ BCHinaee -' ABCP 

A 
~ “gor But CA? + AB? = BC? (Th. 82). 


Ex. 1388. /A\s RST, PTO are similar (Th. 40). ... ARST: APTO 
= TR’: TP? (Th. 59). Now use Th. 52 Cor. 1 and Ex. 1282. 


Ex. 1389. ACDE is a cyclic quadl. (Th. 44). .. |. BED=(_ACB 
{Ex. 934) and /\s DBE, ABC are similar. 

Ex. 1390. Let ABC, DEF be the 2 isos. /\s and let AG, DH be 
their altitudes. Then Dees = oe (Th. 28, Cor. 1). .°. ae = 
ee . Hence{|_B=|_E (Th. 57). 

Ex. 1391. As PTQ, QOR are similar since each is isos. and 


| QOR=[_ PTQ (Th. 47, Ex. 984), «* eee = FO (Th. 59) = 


“* A QOR © QR? 
PS7.24EsS 
SO} = SR (Exs. 1828, 1262). 
7eeBPD BD BD? BA’ 
Ex. 1392. ZA BPC = BC (Ex. 1299) = BA? (Exs. 1328, 1282) = BC? 


A at (Th. 59). .«. A ABR=/ BPD. Similarly A ACQ = 


LA CPD. 

Ex. 1400. Find the 3rd proportional to (1) 1 in. and a in., (2) a in. 
and a? in., (3) a? in. and a’ in. 

Ex. 1401. Divide the given perimeter into segments proportional to 
the 3 given st. lines (Ex. 1398) and then use Prob. 10. Construction 
impossible when two of the three given st. lines are not greater than 
the third. 

Ex. 1402. Draw PD || to BA, meeting AC at D (Prob. 6). From 


DR 5 
DC cut off DR so that DA 73° 


Ex. 1403. The locus of the vertex of a /\ of given base, and whose 
sides are proportional to 2 given st. lines is a © (Ex. 1374). The locus 
of the vertex of a /\ of given base and of one given base|_ is a st. line, 
The required vertex is the intersection of these loci. 


Ex. 1404. See Ex. 1374 and Prob 21. 
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Ex. 1429. BC must subtend a rt.|_ at K. 
Ex. 1430. The diags. of the (/gm must be at rt. |_ sto one another. 
Ex. 1431. The reqd..st. line is |] to'the line of centres. 


Ex. 1432, The reqd. pt. is the foot of the | from the centre of the 
given © to the given st. line, 


Ex. 1433. The reqd. st. line is bisected at P. 
Ex. 1434. The reqd. st. line is equally inclined to OX and OY. 
Ex. 1435. The reqd. / is isos. 


Ex. 1436. The reqd. pts. are at ths intersection of the circumfce. with 
the | from the centre to AB. 

Ex. 1437. The reqd. position of C 1s an intersection of the circumfoe 
with the perp. bisector of AB. 


Ex. 1438. See Ex. 1437. 
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INDEX. 


ABBREVIATIONS, 44. 
Abscissa, 154. 
Acute angle, 37. 
Acute-angled triangle, 61. 
Addition of angles, 8. 
» of lengths, 3. 
Adjacent angles, 10, 35. 
Algebraical equations, graphs of, 158. 
identities, geometrical il- 
lustrations of, 319. 
Alphabet, Greek, 9. 
Alternando, 354. 
Alternate angles, 12, 52. 
segment, wee. in, 205, 275, 


of a circle, 204, 
275, 295. 
Altitude of a parallelogram, 101. 
», Of triangle, 60. 
Ambiguous case of triangle, 137. 
Analysis, 118, 
Angle, 4, 34. 
», acute, 37. 
arms of, 4, 34. 
equal to a given angle, to de- 
scribe a segment of a circle 
containing, 295. 
at or a given angle, to make, 


128. 
exterior, 16, 17, 52, 63. 
external bisector of, 48. 
in alternate segment, 205, 275, 


3° »» 


» in @ major segment, 203, 267. 
in a minor segment, 203, 267. 
in a segment, 201, 262, 

in a semicircle, 203, 267. 
interior, 13, 15, 52, 63. 
naming of an, 4, 34. 

obtuse, 37. 

plane rectilineal, 34. 
properties of circles, 201, 259. 


Angle, re-entrant, 34, 

», reflex, 34, 

», right, 4, 37. 

»» Straight, 35. 

»» to bisect, 121, 

», vertex of, 4, 34, 
Angles, addition of, 8. 

», adjacent, 10, 35. 

», alternate, 12, 52. 

»» ata point, 9, 46. 

»»  atcentre and circumference of 

circle, 201, 259. 

» complementary, 47. 

» corresponding, 13, 52. 

»  divisidn of, 8. 

» drawing of, 4. 

++» measurement of, 4. 

» Of aconvex polygon, 16, 67. 
»» Of acyclic quadrilateral, 270. 
»» of a triangle, 15. 
», subtraction of, 8. 
», supplementary, 47. 
» _ vertically opposite, 11, 50, 51. 
Angular point, 34. 
Answers, 392. 
Antecedent, 351. 
Apex of a cone, 208. 
Arc of a circle, 188, 231. 
height of, 188. 
major, 231. 
minor, 231. 
to bisect, 282. 
» ony: tO find centre of, 281. 
Arcs of a circle, conjugate, 231. 
equal, 191, 240, 242. 


” iF) 99 
9? 99 ry ) 
99 ” ” 
9) 9) 9 


9 > Lh) 
Area, B38. 
determined by squared paper, 

163 e¢ seq. 
measurement of, 162, 194. 
of a circle, 194. 
of a parallelogram, 169, 214. 
of a rectangle, 163, 211. 


” 
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Area of a rectilineal figure, 177, 299. 
,, of aright-angled triangle, 168. 
,, Of a trapezium, 217. 
,, Of atriangle, 172, 216. 
Areas, equivalent, 210, 278. 
of irregular rectilineal figures, 
practical determination of, 
299. 
Arms of an angle, 4, 34, 
Axes, coordinate, 153. 
Axiom, Plavfair’s, 56, 
Axioms, 40, 391. 
a general, 40, 41. 
- geometrical, 40, 41. 
Axis of circular cone, 208, 
9's eee cylinder, 207. 
»» 99 S9ymmetry, 75, 186, 232. 


BaSE and perpendicular of a right- 
angled triangle, 61. 
Base-line, 299. 
Base of a circular cone, 208. 
5, Of an isosceles triangle, 60. 
,, ofa parallelogram, 101. 
,, ofa segment. of a circle, 261. 
», Of a triangle, 60. 
Bisect an angle, to, 121, 
», anare ofa circle, to, 282. 
,, a Straight line, to, 122. 
Bisector, 38. : 
m= of an angle, external, 48, 
Block, rectangular, 25, 


CENTRE Of a circle, 20, 38, 229. 
és » 4) @ngles at the, 201, 
259; 
nA sy op oe Sond, Dsl, 
ad of an are of acircle, to find, 

281. 
ot of a sphere, 209. 
in of symmetry, 232. 

Centres, line of, 186, 233. 

Centroid, 110. 

Chord of a circle, 185, 231. 

», of circles, common, 189. 
F rectangle under segments of, 
814, 338. 
Chords of a circle, equal, 191, 196, 242, 


244, : 
Circle, 20, 38, 185, 229, 281. 
» alternate segment of, 204, 275, 
295. 


»» angles at the centre of, 201, 259. 
bis circumference of, 
201, 259. 

arc of, 188, 231. 
= of, height of, 188. 


eo ” ” 
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Circle, arc of, to bisect, 282. 


», Of, to find the centre of, 
281. 


area of, 194. 

a triangle equiangular to a given 
triangle, to  circumscribe 
about a, 297. 

a triangle equiangular to a given 
triangle, to inscribe in a, 296. 

base of segment of, 261. 

centre of, 20, 38, 229. 
gyi Ms 20. find, 281. 

chord of, 185, 231, 

circumference of, 20, 38, 192, 
229. 

circumscribed about a recti- 
lineal figure, 237. 

circumscribed about a triangle, 
to draw, 290. 

conjugate arcs of, 231. 

diameter of, 38, 185, 229. 


equal ares of, 191, 240, 242. 
i.“ 4) ‘chords of, 191, 196, 242. 
244. 


escribed, 251. 
ty to draw, 293. 
ae from definition of, 
23 


inscribed in a rectilineal figure, 
251 


as in a triangle, to draw, 
major arc of, 231. 
», segment of, 203, 262. 
minor arc of, 231. 
», segment of, 203, 262. 
nine-points, 274. 
passing through three points, 
190, 238 


, 238. 

radius of, 20, 38, 229. 

rectilineal figure circumscribed 
about a, 251. 

Bie = ae figure inscribed in a, 


secant of, 247. 
sector of, 194, 231. 
segment of, 201, 261. 
a of, alternate, 204, 275, 


295. 

Pe of, base of, 261. 

\ of, containing an angle 
equal to a given 
angle, to describe, 
295. 


symmetry of, 186, 233. 
tangent to, 197, 247, 248. 
», to, to draw, 284. 


INDEX 


Circles, angle properties of, 201, 259. 
», common chord of, 189. 
tangent to, 250. 
to, to draw, 
287. 


a? ”» 
99 Ld 99 


concentric, 188, 229. 
» cutting orthogonally, 251, 
», direct 
250. 
» equal, 38. 
», touching, 199, 249. 
transverse common tangent to 
250. 
Circular cone, 208. 
apex of, 208. 
axis of, "208. 
base of, 208. 
oblique, 208, 
right, 208. 
e skew, 208. 
3 cylinder, 207. 
axis of, 207. 
oblique, 207. 
right, 207. 
skew, 207. 
Circum- centre, 237. 
Circum-circle, 190, 237. 
Circumference of a circle, Be 192, 


9 3 
” ” 
99 +) 
99 ad 
9 99 


a” 
99 
” 3) 


- ‘4 y angles at, 
201, 259, 
Circum-radius, 237. 
Circumscribe about a circle a triangle 
{ equiangular to a given triangle, to, 
297. 
Circumscribed abouta circle, arectilineal 
figure, 251, 
about a rectilineal 
figure, a circle, 237. 
about a triangle, 
draw a circle, Fd 
Collinear points, 69. 
Commensurable, 165, 345. 
Common chord of circles, 189, 
» tangent to circles, 250. 
» to 


to 


98 


” ” ” draw, 
Comparison of special triangles, 17, 20. 
Complement, 47. 
Complementary angles, 47. 
parallelograms, 
222, 223. 


” 176, 
Componendo, 354, 

Concentric circles, 188, 229, 
Conclusion, 43. 

Concurrent lines, 69, 116a. 

Concyclie points, 237. 
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Cone, circular, 208. 

apex of, 208. 
axis of, 208. 
base of, 208. 
oblique, 208. 
right, 208. 
skew, 208. 


” 99 
99 LB) 
99 ” 
i} 2] 
a” 97 


common tangent to, Congruent, 18, 69. 


Conjugate arcs of a circle, 231, 
Consecutive points, 248. 
Consequent, 351. 

Constant, 377. - 

Construction, 43, 


sn of scales, 148, 

o, of special triangles, 17, 
20, 133, 134, 186, 187, 
139, 298. 


Constructions, h ypothetical, 45, 391. 
Contact, point of, 247, 249, 
Continued proportion, 353. 
Converse theorems, 49, 83. 
Convex polygon, 16, 62. 

x angles of any, 16, 67. 
Coordinate axes, 153. 
Coordinates, 153. 
- origin of, 153. 
Corollary, 47. 
Corresponding angles, 13, 52. 


ick sides of triangles, 19, 
347, 361. 
oy units, 162, 210. 
Cosine, 363. 
Cube, 25. 
Cuboid, 25. 
Curved line, 33. 


», surface, 33. 

Cyclic quadrilateral, 269. 
angles of a, 270. 

Cylinder, circular, 207. 
axis of, 207. 
oblique, 207. 
right, 207. 
skew, 207. 


” 9 
99 9 
” > 
99 9) 


Data, 48. 
Decagon, 62. 
Deduction, 40. 
Definitions, 387. 
Degree, 6, 37. 
Demonstration, 43. 
Determination of area by squared paper, 
163 et seq. 
Diagonal of a parallelogram, 24. 
- of a polygon, 63. 
» scales, 143, 
Diameter of a circle, 38, 185, 229. 
Dimensions, 32. 
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Direct common tangent to circles, 250./ Euclid I., 9, 121. 


Direction, 55. 

Dissection, Perigal’s, 181. 

Distance of a point from a straight 
line, 99. 

Divide a straight line into equal parts, 
to, 132. 

Divided harmonically, 369. Psi 

in medial section, straight line, 
328, 

internally and externally, 
straight line, 324. 

Dividendo, 354. 

Division of angles, 8. 

of lengths, 3. 

of ot lines, proportional, 

Dodecagon, 62, 

Drawing of angles, 4. 

of straight lines, 1. 

vi to scale, 146. 
Duplicate, 69. 


39 


9) 
93 


E-CENTRE, 251. 
E-circle, 198, 251. 
Enunciation, general, 43. 
ee particular, 43. 
Equal circles, 38. 
identically, 69. 
parts, to divide a straight line 
into, 132. 
Equalities in rectilineal figures, 60. 
Equations, algebraical, graphs of, 158. 
Pes quadratic, graphical solu- 
tion of, 318. 
Equiangular, 35, 69. 
Equilateral, 35, 60. 
up triangle, 60. 
Equivalent areas, 210, 278. 


9 
9 


9 to a given polygon, to 
construct a triangle, 
278. 


to a given quadrilateral, 
to construct a triangle, 


278. 

be to a given rectangle, to 
construct a square, 
342, 


fi-radius, 251. 
Escribed circle, 251. 
” ue to draw, 293. 
Euclid I, 1, 189. 
4 


0 5 10. 
” 5, 76, 
© 6, 79. 
9 7, 84. 


10, 122. 
11, 124. 
12, 126. 
13, 46. 
14, 49. 
15, 51. 


32, 64. 

32, corollary, 67, 
33, 72. 

34, 104. 

41, 221. 

42, 279. 

43, 223. 

44, 280. 

45, 280, 

46, 130. 
_47 (Pythagoras’ Theorem), 

224. 


1,2, 88. 


III,, 1, 281. 
2, 236. 


eee 


Buclid I11., 10, 288. 


LY 


VL. 


254, 
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Ex equali, 354. 

Exhaustion, eet by, 90. 

Experimental section, 1, 153, 311, 
345. 

Extension of Pythagoras’ Theorem, 
311, 333. 

Exterior angle, 16, 17, 52,63. 

External bisector of an angle, 48, 

me ae of square root, graphical, 
17, 343. 

Metioes” 353. 


FIELD-BOOK, 299, 
Figure, 35. 

» plane, 35. 

», _ rectilineal, 35. 

Figures, equalities in rectilineal, 60. 

», inequalities in rectilineal, 88. 
Finite line, 32. 
Fourth proportional, 353. 
Fraction, representative, 146. 


GENERAL axioms, 40, 41. 

. enunciation, 43. 
Generate, 207. 
Geometrical axioms, 40, 41. 

rs illustrations of algebraica} 
identities, 319, 
Geometry, plane, 35. 
Graphical extraction of square root, 
317, 343. 
“4 solution of quadratic equa- 


tions, 318 
Graphs, 158. 
» Of algebraica] equations, 158.. 
» of statistics, 160. 
» Plotting, 158. 
Greek alphabet, 9. 


HaRMONICALLY divided, 369. 
Height of an are of a circle, 188, 
» of aparallelogram, 101. 
» Of a triangle, 60. 
Heptagon, 62, 
Hexagon, 62. 
Hints to solutions, 398, 
Hypotenuse, 22, 61. 
Hypothesis, 43. 
Hypothetical constructions, 45, 391. 


IDFNTICALLY equal, 69. 

Identities, algebraical, geometrical il- 
lustrations of, 319. 

Image, 232. 

In-centre, 251, 

Inch-paper, 155. 

In-circle, 198, 251. 
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Incommensurable, 165, 192, 212, 345, 
351 
Indeterminate problems, 119. 
Inequalities in rectilineal figures,. 88, 
in triangles, 23. 


Inferences from the definition of a circle, | 


230. 
Inferences from the definition of a 
straight line, 33. 
Infinite line, 32, 
In order, 63. 
y Proportion, 346, 353, 
In-radius, 251. 
Inscribe a circle in a triangle, to, 292. 
» in a circle a triangle equi- 
angular to a given triangle, 
to, 296. 
Inscribed in a circle, a xestilineal 
figure, 203. 
o in.a rectilineal figure, a 
circle, 251, 
Intercepts, 24, 108. 
Interior angle, 13, 15, 52, 63. 
Internally and externally, straight line 
divided, 324. 
Invertendo, 354, 
Irregular rectilineal figures, practical 
determination of areas of, 299, 
Isosceles trapezium, 102. 
», ~ triangle, 19,\60. 
base of, 60. 
sides of, 60, 


LENGTH, 382. 
Lengths, addition of, 3, 
», division of, 3. 
», subtraction of, 3, 
Limited line, 32. 
Limiting position, 248. 
Limits, method of, 253. 
Line, 32, | 
», curved, 33, 
» finite, 32. 
» infinite, 32. 
» limited, 32. 
of centres, 186, 2338. 
»» pedal, 273. 
»» Tectangle under segments of, 
319, 
»»  simson, 273, 
» Straight, 33. 
¥! ms distance of point from, 
99. | 
divided in 
section, 328, 
divided internally and 
externally, 324. 


* * medial 
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Line, straight, inferences from defini- 


tion of, 33. 
ss sn orthogonal projection 
~ of, 102. 
a 2 to bisect, 122. 
” ” to divide into equal 


parts, 132, 
to draw a parallel to, 
130. 


perpendicular 
_ to, 124-7, 


A unlimited, 32, 


| Linear unit, 210. 


Lines, concurrent, 69, 1l6a. 
», drawing of straight, 1, 
», imcommensurab le, 165, 192, 212, 


measurement of strai ght, 1. 
»» parallel straight, 11, 52. 
»» perpendicular straight, 37. 
mS a oa division of straight, 
ie 
transversal straight, 52, 
Locus, 111 
ei plotting, 111, 


MaJor arc of a circle, 231. 
» segment of a circle, 203, 262. 
” ” ” », angle in a, 
203, 267, 
Maxima and minima, 377, 
Mean proportional, 353. 
Means, 353 


‘| Measurement of angles, 4. 


x of areas, 162, 194, 
of straight lines, L 
Medial section, straight line divided in, 
328. 


Median of a triangle, 60, 
Method of limits, 253. - 
Minor arc of a circle, 231. 
» segment ofa circle, 203, 262 
angle in a, 
203, 267. 


Minute, 37. 
Models of solids, 25, 207. 


NAMING of an angle, 4, 34. 
» Of arectangle, 165, 212, 
»» Of a square,-165, 213, 
Negative, 154. 
Net, 25. 
Nine- -points circle, 274, 
Nonagon, 62, 


OBLIQUE circular cone, 208. 
cylinder, 207, 


INDEX 


Obtuse angle, 37, 

Obtuse-angled triangle, 61, 
Octagon, 62, 

Offsets, 299. 

Opposite angles, vertically, 11, 50, 51. 
Order, in, 63. 

Ordinates, 154, 

Origin of coordinates, 153. 
Orthocentre, 85. 

Orthogonally, circles cutting, 251. 
Orthogonal projection, 102. 


w, 192. 
Parallelogram, 24, 101.. 
“3 altitude of, 101. 
” area of, 169, 214, 
a base of, 101. 
oe complementary, 176, 
222, 223. 
cy diagonal of, 24, 


height of, 101. 
Parallel straight lines, it 52. 
» to @ Straight ‘line, to draw a, 
130. 
Particular enunciation, 43. 
Parts of a triangle, 60. 
to divide a straight line into 
equal, 132. 
Pattern drawing, 307. 
Pedal line, 2738. 
», triangle, 273, 
Pentagon, 62. 
Perigal’s dissection, 181. 
Perimeter, 35, 
Perpendicular of Pda triangle, 
i . 


S straight lines, 37. 
” to a straight line, 
draw a, 124-7, 
Plain scales, 143. 
Plane, 
» figure, 35. 
», Geometry, 35, 
0 ‘Tectilineal peo, 34, 
figure, 35. 


to 


9 9 
“3 ‘surface, 33. 


Playfair’s axiom, 56. 
Plotting graphs, "158, 
47 locus, 

oints, 153. 

Point, 2, 

»» angles ata, 9, 46. 

» angular, 34, 

» distance from a straight line of, 
99. 


» of contact, 247, 249. 
Points, collinear, 69, 


Points, concyclic, 237. 
»» consecutive, 248, 
» plotting, 153. 
symmetrically opposite, 187, 
232. 


Polygon, 16, 62. 
$9 angles of any convex, 16, 


ae convex, 16, 62. 
* diagonal of, 63. 
” regular, 62, 298, 
”” to construct a triangle equi- 
valent to a given, 278. 
Position limiting, 248. 
Positive, 154. 
Postulates, 39, 390. 
Practical determination of areas of ir- 
regular rectilineal figures, 


299. 
»» Section, 118, 278, 342, 373. 
Prism, 29. 
5» right, 31. 
Ae Serres quadrilateral, etc., 


3 
Problems, 43. 
tf indeterminate, 119, 
Projection, orthogonal, 102. 
Proof, 43. 
Properties of proportion, 354. 
Proportion, 345, 353, 
7? continued, 353. 
aA in, 346, 353, 
properties of, 354, 
Proportional, 346, 353, 373. 


ae division of straight lines, 
sf fourth, 353, 
ae mean, 353. 

third, 353, 


Propositions, 43. 
Protractor, 5. 
Pyramid, 26. 
an right regular, 27. 
i triangular, quadrilateral, 
etc., 27. 
Pythagoras’ Theorem, 180, 224. 
extension of, 311, 
3 


99 ” 


QUADRANT, 231. 
Quadratic equations, graphical solution 
of, 318. 
Quadrilateral, 62. 
Pe cyclic, 269. 
os », angles of, 270. 
i to construct a triangle 
equivalent to a, 278. 
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Quesita, 43, 

Q.E D., 44. 

Q.E.F., 44. 

Quindecagon, 62. 

Quod erat demonstrandum, 44, 
» 99 faciendum, 44, 

Ravivs of a circle, 20, 38, 229, 

Ratio, 345, 351. 

Rectangle, 101. 

area of, 163, 211. 

naming of, 165, 212. 

to construct a square equiva- 

lent toa given, 342, 

under segments of a chord, 
314, 338. 

under segments of a line, 
319. 

Rectangular block, 25. 

Rectilineal, 35. 

angle, plane, 34, 

figure, area of, 177, 299. 

circle circumscribed 
about a, 237. 

circle inscribed in a, 
251. 

circumscribed about 
a circle, 251. 

equalities in, 60. 

inequalities in, 88. 

inscribed in a circle, 
203. 

a ss plane, 35. 

Reductio ad absurdum, 54. 

Reduction to a triangle, 301. 

Re-entrant angle, 34. 

Reflection, 232. 

Reflex angle, 34. 

Regular, 35. 

polygon, 62, 298. 

pyramid, right, 27. 

o tetrahedron, 28. 
Representative fraction, 146. 
Kevolution, solids of, 209. 

Rhombus, 101. 

Right angle, 4, 37. 

Right-angled triangle, 22, 61. 

area of, 168. 
base and per- 


99 
o” 
99 


9) 
” 
99 a9 


9 


circular cone, 208. 

iv ey cylinder, 207. 
prism, 31, 
regular pyramid, 27, 


ELEMENTS OF GEOMETRY 


Soak, drawing to, 146, 

Scalene triangle, 61. 

Scales, construction of, 148. 
», diagonal, 143. 
», plain, 148. 

Secant of a circle, 247. 

Second, 37. 

Section, medial, straight line divided 
in, 328. 

Sector of a circle, 194, 231. 

Segment, ear ca angle in, 205, 275, 


oz angle in a, 201, 262. 
3 major, angle in a, 203, 267. 
. minor, angle in a, 203, 267. 
os of a circle, 201, 261. 
alternate, 204, 
275, 295. 
base of, 261. 
containing an 
angle equal to a 
given angle, to 
describe, 295. 
major, 203, 262. 


9” 99 9 


ry 9) %) 
99 %) B) 


9? 99 9? 


is jp. See Diner, 208, 262. 
Segments of a chord, rectangle under, 
314, 338. 
<5 »» line, rectangle under, 
319. 
Semi-circle, 203, 261. 
A angle in a, 203, 267. 
Sense, 55. 
Set-squares, 4. 
Side, 35. ~ 
Sides i an — triangle, 60. 
», Of triangles, corresponding, 19 
’ 347, 361. po 8 49, 
Similar triangles, 348, 357, 362. 
Simson line, 273. 
Sine, 363. 
Skew circular cone, 208. 
* »» cylinder, 207. 
Solid, 33. 


Solids, models of, 25, 207. 

»» Of revolution, 209. 

» some simple, 24, 207. 
Solutions, hints to, 398. 
Sphere, 209. 

» centre of, 209, 


pendicwar of, | Square, 102. 


» equivalent toa given rectangle, 
to construct, 342, 
» naming ofa, 165, 213. 
root, graphical extraction of, 
317, 343. 
ne unit, 210, 


INDEX 
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Squared paper, determination of area | Tetrahedron, 28. 


by, 163 et seq. 
» use of, 1538 ed seq. 
Squares on the sides of a triangle, 
3 
Statistics, graphs of, 160, 
Straight angle, 35. 
‘). cline; 83% 
‘a » distance of a point from, 


divided in medial section, 


69 99 
is oi », internally and ex- 
ternally, 324. 

ys »» inferences from definition 
of, 33 

a » orthogonal projection of, 
102. 

os »» to bisect, 122 

" »» +0 divide into equal parts, 


132. 
” » to draw ‘ eat to, 


a perpendicular 
to, 124-7, 

» lines, drawing of, a 

measurement of, 1. 

parallel, 11, 52. 


99 99 
»» »» perpendicular, 37. 


proportional division of, 
357 


- »,  tm.nsversal, 52. 
Subtend, 191. 
Subtraction of angles, 8. 
is of lengths, 3, 

Superposition, 16, 41. 
Supplement, 47, 
poke oo ie angles, 47. 
Surface, 3 , 

+9 curved, 33. 

»» _ plane, 33, 
Symbols, 44. 
alee opposite points, 187, 


Symmetry, 186, 232, 
+ axis of, 75, 186, 232, 
ss centre of, 232. 
of a circle, 186, 233. 
Synthesis, 118. 


TANGENCY, 197, 247, 284. 
Tangent, 364. 
F to a circle, 197, 247, 248, 
9 oF” pee draw, 284, 
9 to circles, common, 250, 
o) ” ” ” to draw, 
287. 


— 


regular, 28. 
Theorem, Pythagoras’, 180, 224, 
extension of, 311, 


Theorems, 48. 
vs converse, 49, 83. 
Theoretical section, 32, 210, 319, 351. 
Third proportional, 353. 
Three points, circle passing through, 
190, 238. 
Touch, 197, 199, 247. 
Touching circles, 199, 249. 
Trace, 32, 33. 
Transversal straight lines, 52. 
ag common tangent to circles, 
A) 
Trapezium, 102, 
* area of, 217. 
# isosceles, 102, 
Triangle, 15, 60. 
»  acute-angled, 61. 
» altitude of, 60. 
»» ambiguous case of, 137. 
»» angles of, 15. 
»» _ area of", 172, 216. 
»» base of, 60 
y circle circumscribed about a, 


to draw, 290 
9 » inscribed in a, to draw, 
292. 
»  @quiangular to a given tri- 
angle, to  circumscribe 


about a circle, 297. 
»  equiangular to a given tri- 
angle, to inscribe in a 
circle, 296. 
» equilateral, 60. 
» equivalent to a given polygon, 
to construct, 278. 
equivalent to a given quadri- 
lateral, to construct, 278. 
‘s height of, 60. 
A isosceles, 19, 60. 
es 7 base of, 60. 
oe a sides of, 60. 
median of, 60. 
obtuse-angled, 61. 
parts of a, 60 
pedal, 273. 
reduction to a, 301. 
right-angled, 92, 61. 
area of, 168, 
base and per- 
pope ular of, 


” 9 ” 
” 9 ” 


scalene, 61. 
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Triangle, squares on the sides of a, | UNDEcaGon, 62. 
333. Unit, linear, 210. 
€ vertex of, 60. Unit square, 210. 
Triangles, comparison of special, 17, | Units, corresponding, 162, 210 
20. Unlimited line, 32. 


°° construction of special, 17, 
20, 133, 134, 1386, 137, | VERTEX of an angle, 4, 34. 
139, 298. , Ofa triangle, 60. 

e corresponding sides of, 19, | Vertically opposite angles, 11, 50, 51- 
347, 361. Volume, 33. 


* inequalities in, 23. 

es similar, 348, 357, 362. | WepeE, 31. 

Triangular, quadrilateral, etc., prism, 
30. 


x-AXIS, 153. 
Triangular, quadrilatera], etc., pyra- | x-coordinate, 154, 
mid, 27. . 
Triangulation, 30], y axis, 153, 


Trisector, 38. y coordinate, 164 


